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Abstract. The model for the analysis of compression of a long structure with a constant thin-walled cross-section is
presented. It is assumed that a structure experiences static compression and the problem of initial stability for a cross-

section is solved.

The analysis of compression of a shell-type structure is described assuming that a structure undergoes static

compression and the problem of initial stability is solved.

The results of experimental investigation of resistance to compression of paperboard packages are presented for
different grammage of the materials of paperboard and for the machine and cross-machine directions of production of
paperboard. The largest permissible vertical pressure load that the packages are able to resist is determined.

Keywords: cross-section, thin-walled, compression, stability, eigenmode, finite elements, shell, paperboard, packages,

experimental setup.
Introduction

In recent years the research of mechanical
characteristics and materials of packages are of increasing
importance, particularly when the research is devoted to
the optimization of geometrical and strength parameters of
the packages by taking into account mechanical resistance
to vibrations, impacts and static loads.

The analysis of stability of packages is based on
the relationships described in [1].

Some results of experimental investigation of
compression of packages are presented in reference [2].

Stability of along structure with a constant thin-
walled cross-section affected by the additional stiffness
due to the static compression is studied in this paper (the
first stability eigenmodes are determined).

The analysis of stability of a shell-type structure
consists of two stages:

1) static problem is solved by assuming that the
displacements at the edges of the structure are given;

2) dability of the structure is investigated since the
structure is subjected to the additional stiffness induced by
the static compression that was determined in the previous
stage.
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Modéd for the analysis of stability of a long structure
with a constant thin-walled cross-section

Further x, y and z denote the axes of the
orthogonal Cartesian system of coordinates. It is assumed
that the structure looses stability according to the first
harmonic in the longitudinal direction.

It isassumed that:

u(x,y,z)=0(x,y)s n%z, (1)
v(x,y,2)=V(x, y)s n% : )
w(x,y, 2)=W(x, Y)COS%, 3

where u, v and w are the displacements in the directions of

the orthogonal Cartesian system of coordinates and the

upper dash indicates the amplitude of the first harmonic of

the displacements, while L is the length of the structure.
The following matrixes are introduced:
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where N; are the shape functions of the analyzed finite
element.
The stiffness matrix is expressed as:

[K]=1(B.J [DI&s]+ [B. T [DIB JIoty, ()

where;

'K K K 0 0 0
K K K 0 0 0
K K K 000
[D]= , ©)
0 00GO O
000 0G O
0 0 0 00 G|
where:
K:KJG, (9)
3
K=K-26, (10)
3
E
K , 11
-2 (1)
E
G= , 12
2(1+v) 12

where E is the modulus of elasticity and v is the Poisson’s

ratio. The matrixes [Bg] and [B] are defined from:

(el y.2)}=[Bs(x y)lio}sin T + (13)

el yllofoos 2,

where {¢} is the vector of strains, {¢} is the nodal
displacement vector and:

sE

T

B,]=|  ~[Nwlp (14)

BJ=| [ | (15)

The structure is assumed to be staticaly
compressed as a bar and thus the static displacement is:

w=-2 (16)
This givesthe strain:
g, =-1 a7)

For athin-walled cross-section the stressis expressed as:

(18)

The matrix of additional stiffness has the
following form:

j[es]+

[l
: Je

dxdy,  (19)
+[GC]T(

_E
1_ 2
o o

1-y2

where [GJ and [G] are defined from the following
relationship:
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- [Nw]% Fig. 2. The second stability eigenmode
[ T
NI
[Gc]= [Nv]% . (22
[o]

Results of analysis of stability of a long structurewith a
constant thin-walled cross-section

A long structure with a square cross-section is
analyzed. The cross-section when z:% for the first

eigenmode of stability is presented in Fig. 1, for the second
eigenmode of stability is presented in Fig. 2, ... , for the
ninth eigenmode of stability is presented in Fig. 9. Thefirst
and the second eigenmodes correspond to the same
eigenvalue, as well as the seventh and the eighth ] ) o
eigenmodes correspond to the same eigenval ue. Fig. 3. Thethird stability eigenmode

Fig. 1. Thefirst stability eigenmode Fig. 4. The fourth stability eigenmode.
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Fig. 5. The fifth stability eigenmode

Fig. 6. The sixth stability eigenmode

Fig. 7. The seventh stability eigenmode

Fig. 9. The ninth stability eigenmode

Model for the analysis of stability of the shell-type
structure

First the static problem is analyzed. The element
has six nodal degrees of freedom, they are the
displacements of the lower surface of the shell in the
directions of the axes x, y and z and the displacements of
the upper surface of the shell in the directions of the axes x,
yand z

It is assumed that the displacements at the
boundary of the analyzed structure are given and they
produce the loading vector. Thus the vector of
displacements {J} is determined by solving the system of
linear algebraic equations.

In the second stage of the analysis the
eigenproblem of stability of the structure with additional
stiffness due to the static compression is solved.

The derivatives of X, y and z with respect to the
local coordinates ¢ and 5 are calculated as:
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where x;, Vi, z are the nodal coordinates of the finite

nX
element. The vector ny is the unit vector in the
r‘IZ
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0g on
direction of the vector product of 07 and & . The
0g on
al |z
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vector 11y is the unit vector in the direction of the vector
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The displacements u, v, w in the directions of the
local axes on the surface of the shell can be represented in
the following way:

u= Hgn[ﬁu]{é‘}“L%[ﬁu]w}- (32)
v= H; n [ﬁv]{5}+%[ﬁv]<5}, (33)
w= Hl_T Nuliot R, s}, (34)

where H isthe thickness of the shell and nis the coordinate
in the normal direction to the surface of the shell (n=0
corresponds to the lower surface and n=H corresponds to
the upper surface).

The strains are expressed as.
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The stiffness matrix has the form:

To@ﬁhﬁﬂmam+

' [D] 1[EHE]T[D 1[Es ]+
brb 6]+ B[ o1 6]+
+[Br[og[s +H[ag[ J+
+ [T [0} [B]

UJI
o

where;
'K K K 0 0 0]
K K Ko 0 0
K KK o o o0

[Dl=lo 0 0 ¢ 0 o0}
00002 o

1.2

0000 0 2
L 12,

(35)

(36)

(37)

(38)

(39)

rdt,

(40)

Also the following integrals have been taken into account:

H _ H

[ LH NG L g, (41)
'H H SHHO 2

H _

jHonn g A 42)
0H A"

Him 2 H/ N2

j(H ”j dn:j(ij dn=1 (43)
h U H 3

H 2

i[5 o= (49
UH H

The derivatives of the transverse displacement
with respect to the tangential coordinates are expressed as.

ow
L i 3 (45)
a
where;
oHe
E] _| gx { (47)

The stresses in the middle surface of the shell are
determined from the static problem:

Oy
Ot
o 1 = 1[=
=|D| —|[B[+=|B|+=[B|[io 48
R o T o) i A
Ttn
Trn
The matrix of stresses has the following form:
[M]:[“r t} (49)
Tt Ot

The matrix of additional stiffness has the form:
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K=
G m ]% [E]+ [E]T (M ]%[5]+ (50)
= ] drdt.

eIl el mit e

Results of analysis of stability of the shell-type
structure

A structure that is square in the xy plane and the
initial geometry of which does not change in the z direction
is analyzed. For the static problem the following boundary
conditions are assumed: on the lower boundary all the
displacements are equal to O, on the upper boundary al the
displacements are equal to 0 except for the displacement in
the direction of the z axis which is equa to -1. For the
eigenproblem on the lower and the upper boundaries all the
displacements are assumed to be equal to zero.

The first eigenmode of stability is presented in
Fig. 10, the second eigenmode of stability is presented in
Fig. 11, ... , the eighth eigenmode of stability is presented
in Fig. 17. Thefirst and the second eigenmodes correspond
to the same eigenvalue. The fifth and the sixth eigenmodes
correspond to the same eigenvalue.
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Fig. 17. The eighth stahility eigenmode

Experimental investigation

Experimental investigation was performed by
using the sample packages of two different sizes, the
general views of which are presented in Fig. 18. In this
paper the wording ,,machine direction of production®
means that the direction of production of the paperboard of
the side walls during the process of production of the
paperboard of the corresponding tested package is parallel
to the vertical axis of the package, while the wording
»Cross-machine direction of production is used when the
direction of production of the paperboard of the side walls
of the package is perpendicular to the vertical axis of the
package. The relationships of dependence of deformations
on the compression force were obtained by performing the
experiments of compression of empty boxes.

b)

Fig. 18. Examples of sample packages: @) before deformation:
Al) box of size | (H= 230 mm, L= 118 mm, B= 48
mm), A2) box of size Il (H=137 mm, L= 77 mm, B= 37
mm); b) after deformation
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Technical characteristics of the paperboard used
in experimental investigations are presented in Table 1.

Tablel
Technical characteristics of Paperboard Mirabell
Properties Piﬂpﬁr:g)éa”rd

Grammage, g/m? 400
Thickness, um 580
Stiffness, L&W?, Nm (5°)
MD? 60,9
co’ 24.4
&Y, MD x CD 38’5
Stiffness, TABER?, Nm (15°)
MD? 28,9
cp* 10,9
VMDxCD 17,8

Moment measured by the device L& W, which is necessary for
bending of the sample of material by an angle of 50 °

Moment measured by the device TABER?, which is necessary for
bending of the sample of material by an angle of 150°

3. MD (machine direction) longitudinal direction of production
of paperboard

4 . CD (cross machine direction) transverse direction of
production of paperboard

For experimental testing a setup for the
compression of boxes was used. The simplified diagram of
the setup is presented in Fig. 19.

%3

a)

IR N e

b)

Fig. 19. Equipment for experimental investigation: a) diagram of
compression of packages: 1 — upper supporting plate, 2
— the compressed package, 3 — lower supporting plate
of the setup for the anaysis of compression with
attached tensoconverters, F, N — the vertical load; b)
structural  diagram  for the measurement  of
deformations: 4 — the tensometric amplifier TS—3,5—
oscilloscope PicoScope 3424, 6 — monitor of the
personal computer
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The investigated packages 2 during the
experiments were put on the lower supporting plate 3,
which has the tensoconverters mounted on it. The
previousy mentioned plate 3 is connected with the
tensoresistor measurement block. During the experiments
with packages the electrical signal obtained from the
sensor system was amplified by the tensometric amplifier
TS — 3 (position 4). The obtained analogue signal was
transferred to the oscilloscope PicoScope 3424 (position 5)
for the conversion to the digital signal. The relationship
between the compression force and the deformations was
observed in the monitor of the personal computer 6.
During the experiment the lower support of the setup was
moving with the constant velocity of 3,5x10™ m/s in the
vertical direction upwards, the upper part of the package
contacted the immovable upper supporting plate and the
process of compression of the package started.

The obtained results of experimental investigation
of compression of packages are presented in Fig. 20.

400 - — 1-Al szebox,MD
1\ —2-Al szebox,CD
350 — 3-A2 sizebox,MD
b 200 4-A2 9zebox.CD
S 3 2
S 250
c
-% 200 // A
S 150 y
£ &
O 100 b
50 -
0 - T T T T T T T T T 1
0 1 2 3 4 5 6 7 8 9 10

Deformetion, nm

Fig. 20. Graphica relationships of resistance to compression of
boxes produced from the paperboard Mirabell 400
g/m? 1 — box of size A1 (machine direction); 2 — box
of size Al (cross-machine direction); 3 — box of size
A2 (machine direction); 4 — box of size A2 (cross-
machine direction)

From the graphical relationships presented in Fig.
20 it may be observed that the boxes of size A1 produced
from the paperboard of 400 g/m? in the machine direction
of production resist the maximum loading, which reaches
328,6 N (for the axial deformation of 5,6 mm) — see the
curve 1. The direction of production of paperboard has
influence to the strength of the box. The boxes of
paperboard 400 g/m? for the cross-machine direction of
production of paperboard resist the 30% lower load (up to
235,47 N), with the axial deformation of 7 mm (see the
curve 2).

The box of type A2 produced from the
paperboard of 400 g/m? with the machine direction of
production with the deformation of 5,6 mm resists the
loading up to 267,56 N (see the curve 3). And the same
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box produced from the paperboard of 400 g/m? with the
cross-machine direction of production of paperboard
resists the loading force, which is 15% lower (up to 228,09
N), and the deformation starts from 5,95 mm (the curve 4).

Conclusions

The model for the analysis of stability of a long
structure with a constant thin-walled cross-section was
developed.

Stability of the structure with the sguare cross-
section because of the additional stiffness due to the static
compression was studied and the first stability eigenmodes
were determined.

The problem for the analysis of stability of a
shell-type structure is based on the assumption that a
structure has additional stiffness due to its dtatic
compression.

The static problem was solved by assuming that
the displacements at the edges of the analyzed structure are
given. Then the stability of the structure subjected to
additional tiffness (due to the static compression
determined previously) was analyzed.

In the process of experimenta investigation the
maximum compressive loading was determined. When this
loading is exceeded substantial deformations of the package
are generated.

The packages of any size produced from
paperboard which has the direction of production of
paperboard of the side walls perpendicular to the vertical
axis of the package withstand lower compressive loading in
comparison to packages, which have the direction of
production of paperboard of the side walls parale to the
vertical axis of the package. However, the deformation of
the packages of the first typeislarger.

The results of the presented numerical anaysis are
applicable in the range of elastic deformations and enable to
investigate the main features of the process of compression
of packages.

The results of the presented experimental and
numerical study are applied in the design of packages.
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