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Abstract. Different schemes of numerical integration of Heeond order differential equation
using finite elements in time with linear interptdé are compared. The precision of integration
is investigated and the recommendations for thécehof the time step are provided. Precision
of the higher order three node numerical integratichemes with the displacement and velocity
as the nodal variables is investigated and themneoendations for the choice of the time step are
provided.
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Introduction

Numerical integration of equations is important fbe analysis of a number of vibrating
systems [1, 2, 3, 4]. The use of finite elementsinre for performing numerical integration is
described in [5, 6, 7, 8]. The comparison of vasicowmerical integration schemes for the
second order differential equations is performed[9h Different schemes of numerical
integration of the second order differential equatusing finite elements in time with linear
interpolation are compared. The precision of iréign is investigated and the
recommendations for the choice of the time stepeveided.

The precision of the higher order three node nuraérintegration scheme with the
displacement and velocity as the nodal variablésvisstigated and the recommendations for the
choice of the time step are provided. Also simiamerical integration scheme with quadratic
interpolation is investigated.

Application of the generalized Galerkin procedwe the numerical integration using finite
elements in time with linear interpolation is intigated.

Integration with linear interpolation

The dynamics of a single degree of freedom vibgasiystem is described by the equation:

2
md—;+c%+kx=f, 1)
dt dt
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wherem, ¢, k andf are the mass, damping, stiffness and foxds;the displacement;is the time
variable.
The displacement is interpolated as:

)

where the subscript denotes the value of the tian@ble T is the time step), while:

[N]:[Nl Nz]’ 3)
where:

t t
N, =1-— Np=— 4)

On the basis of the method of Galerkin:

][Nr[m%+cg +kx— det:O. (5)
This gives:
[ H H }dt I[NP[ }dt+ijP dt{:’}
j dx, (6)
{fj NPdt} m?xT
0 Ty

After performing the integrations:

1o1] [11) [T T T [
o T T 2 2 3 6|[J%|_¢)2 dt

RN 1”11@“1* e [ o
T T 2 2 6 3 2 dt

dxp T 1 1 T 1 1 T
m—=f——m=—-c=+k— |Xg—| —-mM=+Cc=+Kk— |X7. 8
dt 2 [ " jx‘) [ T jT ®

Investigation of precision of integration with linear interpolation
The following equation is analyzed:
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2
H-}_X:O, (9)

with the initial conditions:

dx
= —_— = O, 10
XIt:O :L dt -0 ( )

The analytical and numerical time histories of motiwvhen 14 steps in the period of
oscillations are used are presented in Fig. 1. amelytical time history is grey, while the
numerical one is black.
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Fig. 1. Analytical and numerical time histories of moti@he analytical time history is grey, while the
numerical one is black)

The value of the displacement after one periodsefli@tions as a function of the number of
time steps is presented in Fig. 2. The value ofvidlecity after one period of oscillations as a
function of the number of time steps is presenteig. 3.
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Fig. 2. Displacement after one period of oscillations Fig. 3. Velocity after one period of oscillations as
as a function of the number of time steps a function of the number of time steps

Integration with higher order interpolation

The nodes of the finite element correspond to Hiaes -1, 0 and 1 of the local coordinéte
Thus the shape functions are:
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=%(4¢2—5§3—2«:“+3§5), N2=%(§2—¢3—§4+§5)
Ny =1-262+&% N, =&-28%+&°

:%(4§2+5§3—2§4—3§5) Ne:%(—§2—§3+§4+§5) (11)

So the numerical integration is performed on theidaf the following matrix equation of
second order:

{an a12:| d)i(TT :{bl}’ (12)
Q) p Tdt b,

where:

1 1 1
m d?N dN
=—|N Sdé+c| Ne—=2dé& +KT | NeN=d&,
allTJ-lSdfz(EJ-lF’df(E .[1555
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bl_leNsd.ff = J-N5 i d.§+cj Ng o dé+KT j N5N1d§Jx_T

de

- mJl'N5 §2d§ TJ'N5 l\lfd.f +KT J'N5 ,d&
-1
_ ?st
)
d?N,

1
- mJ-lN5 P

d?N, dN
dé+c| Ne—2d&+ kT | NeN-d -
&2 S+ '[1 5d§ S+ J-l 5N3 5}‘0

( dN, 2l dx
d§+chN5d—§d.§+kT J-N5N4d§ P
-1 )

45

© VIBROMECHANIKA. JOURNAL OF VIBROENGINEERING MARCH 2010.VOLUME 12,1SSUEL. ISSN1392-8716



525.COMPARISON OF DIFFERENT STRATEGIES OF INTEGRATION GFBRATING SYSTEMS
K. RAGULSKISY, P. PASKEVICIUSY, J. RAGULSKIENE?, R. MASKELIUNASS, L. ZUBAVI CIUS®

d2N, LN h
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Investigation of precision of integration with higher order interpolation
The analytical and numerical time histories of motiwhen 4 steps in the period of

oscillations are used are presented in Fig. 4. dmaytical time history is grey, while the
numerical one is black.
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Fig. 4. Analytical and numerical time histories of moti@he analytical time history is grey, while the
numerical one is black)

The value of the displacement after one periodsefliations as a function of the number of
time steps is presented in Fig. 5. The value ofvidlecity after one period of oscillations as a
function of the number of time steps is presenteig. 6.

Integration with quadratic interpolation

The nodes of the finite element correspond to #iees -1, 0 and 1 of the local coordinate
Numerical integration is performed on the basitheffollowing equations:
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Fig. 5. Displacement after one period of oscillationsFig. 6. Velocity after one period of oscillations as
as a function of the number of timeste a function of the number of time steps

1 1 1
R a3 dN,
+cC —2d&+KT | RN xr =T | Rd&F —
dgdgé leldgf jllsdfT jllé
1 1
| _m R dN, Ny _
- j i de d§+cj Rge d§+ij RNdE X 1
- - -1
1
& dr dN dN dx_
L d'jj d; £+ J'Rl 2d§+kTJ'R1N2d§ dtT,
- -1
_ox £ dr, dN N :
& _|_mdRy dN; dNy _
Tijd.ff & .§+cJ' Ro g d.§+kTJ-R2N1d.§ X1
-1 -1
1
£ dR, dN dN
|- d; d; .§+cJ' de—;d§+kTJ'R2N2d§ Xo— (14)
-1 -1 -1
1 1
[ midr, N dNg
- 1d§ i .§+cle2 0 d.§+ij1R2N3d.§ X7,

whereN; are quadratic shape functions d@dre linear shape functions.

Investigation of precision of integration with quadatic interpolation

The values of the displacement and of the veloaitgr one period of oscillations as a
function of the number of time steps are presemtédg. 7.
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where N; are linear shape functions arf§ = N; for the Galerkin procedure, while for the
generalized Galerkin procedure:

@:coé%(1+§) LR :sin2%(1+§). (16)
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Fig. 7. Displacement and velocity after one period of ketgdns as a function of the number of time steps

Investigation of precision of integration with linear interpolation and special weighting
functions

The values of the displacement and of the veloaftgr one period of oscillations as a
function of the number of time steps are presemddg. 8. For the Galerkin procedure they are
grey, while for the generalized Galerkin procedhwey are black.

48

© VIBROMECHANIKA. JOURNAL OF VIBROENGINEERING MARCH 2010.VOLUME 12,IssUEL. ISSN1392-8716



525.COMPARISON OF DIFFERENT STRATEGIES OF INTEGRATION GfBRATING SYSTEMS
K. RAGULSKIS!, P. PASKEVICIUS?, J. RAGULSKIENE?, R. MASKELIUNAS®, L. ZUBAVI CIUS®

05

2 6 0 14 18 2 % El £l

Fig. 8. Displacement and velocity after one period of kestidns as a function of the number of time steps
(for the Galerkin procedure in grey, floe generalized Galerkin procedure in black)

Conclusions

The numerical integration scheme for integratiorthef second order differential equation
using finite elements in time with linear interptda is proposed and investigated. On the basis
of the obtained results the time step equal to tlome fourteenth of the eigenperiod is
recommended. The higher order three node numenieajration scheme with the displacement
and velocity as the nodal variables is investiga@al the basis of the obtained results the time
step equal to about one fourth of the eigenpesaééommended.

Also similar numerical integration scheme with quaditt interpolation is investigated. Of
course the precision of this integration procedsilewer than of the previous one, but it has the
advantage of more simple calculations. Applicatidrthe generalized Galerkin procedure for
the numerical integration using finite elementgime with linear interpolation is investigated.
The choice of special weighting functions enabteimitrease the precision of integration.
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