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Abstract. In this paper the Max-Min Method is utilized forhgag the nonlinear oscillation

problems. The proposed approach is applied to thyseems with complex nonlinear terms in
their motion equations. By means of this methoddiaeamic behavior of oscillation systems
can be easily approximated using He Chengtian&spaiation. The comparison of the obtained
results from Max-Min method with time marching d@n and the results achieved from
literature verifies its convenience and effectivandt is predictable that He's Max-Min Method
will find wide application in various engineeringoplems as indicated in the following cases.

Keywords: Nonlinear vibration, Max-Min method, periodic stidun, approximate frequency,
time marching solution.

1. Introduction

Oscillation systems have been widely used in maagsaof physics and engineering. These
systems have significant importance in engineegagicularly in mechanical and structural
dynamics because there are many practical engimeenmponents consisting of vibrational
elements that can be modeled using oscillatoryegystsuch as elastic beams supported by two
springs or mass-on-moving belt or nonlinear penduénd vibration of a milling machine [1-
3]. However, most of the oscillation systems aralinear, hence analyzing these equations,
due to limitation of existing exact solutions, Hasen one of the most time-consuming and
difficult affairs among researchers dealing withbrations. There is a large variety of
approximate methods for solving of nonlinear praidein dynamical systems including
Variational Iteration Method [4-6], Homotopy Peftation Method (HPM) [7-10], Energy
Balance Method (EBM) [11-13], Max-Min Method [14]1Btc.

The semi-analytical approach as Max-Min has begho#@rd to obtain periodic solution of
some types of oscillation systems. The method le&s Iprimarily proposed based on ancient
Chinese mathematics [16,17]. In most engineerigplpms, it is easy to obtain maximum and
minimum thresholds for solution of a nonlinear etpra The comprehensive explanation of the
solution procedure of the method and its impliaataye presented through some examples
[14,15]. Also, the accuracy of the method and itsofs are described for different problems in
literature [14-18].

In this paper Max-Min Method is applied to threeses addressing the nonlinear motion
equation of oscillation system, Duffing equationvesl as transverse vibration of the Euler-
Bernoulli beam subjected to an axial load, respelti The results are verified against time
marching solution and the ones available within literature. It will be demonstrated that
approximate solutions obtained by means of thishottare in excellent agreement with
solution from the former method.
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2. Application of Max-Min M ethod

In order to assess the advantages and the accofathie Max-Min Method, we will
consider the following three cases:

21.Casel

Consider the motion of mags attached to the centre of a stretched elastic with
coefficient of stiffness equal th, see Fig. 1. The length of the elastic wire wherforee is
applied to it is 2. We assume that the movement of the particle ésdimensional and this is
constrained to move only in the horizormxadlirection. The equation of motion is given by the
following nonlinear differential equation [2, 19]:

m% +2kx—%=o, )
with initial conditions:
X0)=x% and %(0): 0 2
d
> ¥ %
d

Fig. 1. Mass attached to a stretched wire

Two dimensionless variablesandt can be constructed as follows:

2k
=xd d t=,—T 3
u=x an ‘/m ©)

Substituting these dimensionless variables into(Eqgives:

2
d“u Au _0, @

t V1+u

and initial conditions are:

u0)=A and %(O)z 0. (5)
In Egs. (4) and (5) we have defined the followirggmeters:
A= % and A= E. (6)
d d

As 0<ac<d, itfollowsthatO< A <1.
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According to the initial conditions, we choose ialtfunction in the form of the following
equation which can satisfy the initial conditions

u= Acosot, (7)
wherew is the frequency. For small amountsfpfve have
2
d_zlj+u —lu =0, §d2u+u AU l——l} = 0. 8
dt A1+ u2 dt 2
Then
u? u?
—oU+u-AUu1-— |=0, = o*=1-4| -—|. 9)
2 2
So, we have:
AZ
0< a)2<1—/1(1—7j (10)

According to He Chengtian’s interpolation [14], ivave:
MO+ nA-20- K 12)_

_ {H@_EH, an
m+ n 2

wherem andn are weighting factork=n/(m+n); so the frequency and approximate solution
can be written as:

w=JkA-10- (A 12)), u(T)= Acos{[k(u @ & 12" 1j (12)

We rewrite the Eq. (8) by using the term:

2
k {1—1{1—A—H u.
2
Hamiltonian is constructed as below:

H= jf(u S hydu= jf(u—)cosa)tdt

(14)
Now, we can wr|te.

B et et

(13)

(15)
By substituting Eq. (12) into Eq. (15), where= 277 / @ , we obtain
2
B, = j ( { (1—iﬂ—1+,1] Acod wtdt
2 (16)
/4 3
B,= | -0.51A° codwtdt.

Because of the two terms in the above integral @muawe solve them one by one. So
assumd =B, + B,:
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A TA
B =|k 1—/1(1—7j -1+ A (Tj

B=B+B=0. (17)
AN (372’)
82 =| - — |,
2 16
So, we have:
1—ﬂ,+§/1A2
Ke 8 (18)

.
1—/1(1—Aj
2

The approximate Frequency and the solution areuated from Eq. (12):

O i = /1—1+§/1A2, (19)
| 3. x
Upnax_ min(t) = ACOS, | 1= 4 + 3 AN t. (20)

To show the remarkable accuracy of the obtainedltresve write harmonic balance
frequency [20] and compare the approximate perisdiations with Runge-Kutta"™4order in
Table 1 and Fig. 2. In Fig. 3 frequencies obtaibgdlax-Min Method are compared with those
of Homotopy Perturbation Method:

B = A/ 1— A(1+ 0.754% )°° 21)

Table 1. Comparison between Max-Min Method with HBM and timarching solutions for the motion
equation (8), whem = 0.5andt = 1(s).

A Runge-K utta Max-Min Harmonic Balance

0.1 0.075919071 0.075938343 0.075938824

0.2 0.151224256 0.151360321 0.151375427

0.3 0.225387308 0.225751238 0.225862397

0.4 0.298024455 0.298599735 0.299048702

0.5 0.368915818 0.369399444 0.370700183

0.6 0.437990273 0.437650634 0.440698758

0.7 0.505290595 0.502861833 0.509025932

0.8 0.570933911 0.564551436 0.575738449

0.9 0.635077221 0.622249279 0.640942900

1 0.697891859 0.675498188 0.704773650
2.2.Case?2

In this case we have Duffing equation with constarefficient as follows (see Fig. 4):
l'j+ﬁ u+ i u? =isina)ot, u(0)= A u(0)= 0 (22)
m  2mif m

The following trial function could be assumed, whigatisfies the above mentioned initial

conditions:
u(t) = Acosw t, Ut)=—-w’u(t) (23)
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Fig. 2. The comparison of Max-Min solution with Runge-Kutf&order and Harmonic Balance solutions

for 1 =05 andA=0.5
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Fig. 3. The comparison between Max-Min and Harmonic Badaviethods, whem = 0.5
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Fig. 4. The physical model of Duffing equation with comgteoefficient [21]

Substituting Eq. (23) into Eq. (22) we have:
F .
IPCTL PN, =—Lsina,t,
m  2mHi m
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F .

—a)2+£+ e u®=-2sina,t(2-u). (25)
m 2mi m

We rewrite Eg. (25) in the form of:

_ Kk el F,sinagt u+£— 2F, sina)ot.
2miY m m m
According to He Chengtian’s interpolation [14], ivave:
k, A’ . FoAsinagt+ k - 2F, sinaf
2mh’ - m _ 27)

So, following the solution routine and using thexmain of frequency, we have:
2 1 k, A F Asina,t+k — 2F, sinot
o = + J
2mi? m

wherem andn are weighting factork=n/(m+n).
So the frequency can be approximated as:

2 . _ .
e |k k, A +F0A5|na>0t+k1 2F, sinw,t ' (29)
2mif m

And the approximate solution would be:

2 . _ .
u(t) = Aco{\/ng N FyAsinayt + k — 2F, sinm t t}. (30)

2

) (26)

9<a)2<
1

(28)

mh? m

We rewrite Eq. (24) as we did in the previous case:
s k( kK FoAsinat+ k- 2F, sina)otj e Kk s F st

2mif m m 2 mh m
' i (31)
Tk k, A’ N FyAsina,t+ k — 2F, sinw t "
2mk? m
Now, we can write:
Fysinogt—ku  k,u°
B= J‘OT/4 n‘l ZmH | cosatdiz 0. -
K k, A N FAsinat+ k — 2F, sma)otjl
2mif m
whereT=2z/w andu(t) = Acosft). According to the previous case we have:
7AK 018757 A _Fosinad
k=—4m 2mit m | -
2 _ :
02504 Ko KA | F(A-2)sinayt

So the frequency is obtained as follows:
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Ak +O.1875”k2 R Fysinagt
4m 2mtt m

0,25;A(k1+ k, A N FO(A—Z)Sina)OtJ'

m 2mk m (34)

k, A . FoAsinagt+ k — 2F, sino
2miY m
The energy balance frequency for the periodic oiuf Eq. (22) is [22]:

2 4 H
o, =2 [RA 3R | FAsinad V2,
A\ 4m 32mH m 2

In Table 2 and Fig. 5 for the following parameters compare the approximate periodic
solutions with EBM and Runge-Kuttd"4rder, which obviously indicate the accuracy & th
results. Also, the obtained frequencies by Max-Miethod are compared with Energy Balance
Method (Fig. 6):

L =1Im, h=0.9m, m= 10kg, k= 1000N /m, k= 1100N /m,,= 1M

@, =1rad / s.

Table 2. Comparison between Max-Min Method with EBM and timarching solutions for the motion
equation (22), wheh= 1(s).

(39)

A Runge-K utta Max-Min Energy Balance
0.1 -0.081575101 -0.085404807 -0.085181061
0.2 -0.154875342 -0.159214473 -0.158958344
0.3 -0.207083274 -0.212350772 -0.212059076
0.4 -0.222283390 -0.228816907 -0.228491006
05 -0.182174962 -0.189217954 -0.188870436
0.6 -0.071101744 -0.075158658 -0.074814682
0.7 0.117410419 0.122530263 0.122836268
0.8 0.375215155 0.393070003 0.393303053
0.9 0.673046721 0.696204030 0.696341539

1 0.947453243 0.959562796 0.959607576

1

0ar

06F

04r

02r

ok

02k

o4l

06

QRN

e BlaeMin
<+ EBM

Runge-Kutta

L
i} 01 0z 03 04 05 0B 07 08 09

tfs)
Fig. 5. The comparison of Max-Min solution with Runge-Ku#forder and Energy Balance solutions for
A=1
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Fig. 6. The frequency comparison between Max-Min Methodh\ihergy Balance Method, wher 1(s)

2.3.Case3

Consider a straight Euler-Bernoulli beam subjedtedn axial load as illustrated in Fig. 7.
The motion equation of nonlinear vibration of thealn is obtained as follows [23]:

W (1) + (e + Pa,)W(t) +ar,w3(t) =0, (36)

where o, &, and &, are constant coefficients [23] apds a non-dimensional axial force.

s 4

. Wi, ) »

[« i >l

Fig. 7. A schematic of an Euler-Bernoulli beam subjectedrt axial load

The center of the beam is subjected to the fallgwmitial conditions:
w(0) = A, wW(0)= 0, (37)

whereA denotes the non-dimensional maximum amplitudesofllation. We consider the trial
function, which satisfies the initial conditions7{3

w(t) = Acost) = W(t)= -0’ Acospt) (38)
According to the trial function, we have:

—~0*W+ (a, + pa,) W+a, W =0, = 0’ =a+ W,+a, W, (39)
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So, we have:

O<’<a,+ pa,+a, A (40)
According to He Chengtian’s interpolation [14], wletain:

W% = m(0)+ nley + P, + a5

R)_ K(a, + pa, +a, K). (41)
m+n

So, the frequency and approximate solution canfritéew as:

a)z\/k(al+ pa, +a, K),

05 (42)
w(t) = Acos([k@l+ o, +ay K] t)
By rewriting Eq. (36) and subtracting the teki(ct, + pa, + oty A*) W :
f(w, W) = W+ Ko, + pr, +a, K) w 3
=k(a, + po, + oy K) W—(a,+ pr,) W-a, W.
Hamiltonian is constructed as below:
H= j f (w, Vi) dw:j f( w W cosw tdt (44)
Now, we can write:
/4 5
sz'o [k(a1+ P, + oy K) W (a,+ r,) W-ag vﬂcosa) tde 0 (45)
By substituting Eq. (42) into Eq. (45), where= 277 [ @, it is obtained as:
/4
B = [Ka+ pr,+a, K)=(a+ )| Acos o tdt
/4 3 4 (46)
B, = IO —a, A’ cos’ wtdt.
Therefore:
2
KAt P, +O.750532A ' 47)
o+ pa,+a; A
The approximate frequency and deflection are etatliiiom Eq. (42):
O min =01+ P ,+0.750 A2
(48)

0.5
w(t) = Acos([a1+ P, + 0.7%, A?] : t)
The Homotopy Analysis Method (HAM) for the periodiglution of Eq. (36) is [23]:

A 2 2 a 3
w(t),. =——(a, A" +320°) coswt——2- A’ cosdt (49)
ham 32(02( : ) 32°
The comparison of the Max-Min Method, Homotopy Arséd Method [23] and Runge-
Kutta 4" order solution is given in Table 3 and Fig. 8. Tdigained results demonstrate the
excellent accuracy of the proposed method.
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Table 3. Comparison of results obtained by means of Max-Method with the HAM and time marching
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A Runge-K utta Max-Min HAM
0.1 -0.044533974 -0.0445560984 -0.0445783342
0.2 -0.084666511 -0.0848343213 -0.0850056779
0.3 -0.115967829 -0.1164794128 -0.1170176727
04 -0.134005588 -0.1350238143 -0.1361524778
0.5 -0.134460788 -0.1359318489 -0.1377302081
0.6 -0.113336434 -0.1147486644 -0.1169402170
0.7 -0.067222664 -0.0673645350 -0.0690911941
0.8 0.006445098 0.009612363 0.009922395
0.9 0.109194047 0.118399631 0.122917557
1 0.241402379 0.259542274 0.270544953
15 1.252951546 1.299991637 1.324670403

Runge-Kutta

— B~ Max-Min
\ - & — HAM /
051 / E

-0.5 q

Fig. 8. The comparison of Max-Min solution with Runge-Kut#& order and Homotopy Analysis
solutions foro,1 =a,=a,=1.P= landA=15

3. Conclusion

In this study we investigated the Max-Min Methodstmve nonlinear governing equations
of the oscillators and vibrations. This method &aplied to three cases with different type of
nonlinearity to demonstrate the effectiveness dficiency of the technique. Comparison of the
obtained results with the time marching solutiodiéates that Max-Min Method is a reliable
technique to approximate the periodic solution bé toscillatory systems for the small
amplitude. However, further research is neededriteroto develop the Max-Min Method for
other applications in engineering.
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