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Abstract. The two-DOF controllable close-chain linkage mechanism system is investigated in
this paper. Based on the air-gap field of the non-uniform airspace of motors caused by the
eccentricity of rotor, the electromechanical coupling relation in the real running state of motors
is analyzed. The electromechanical coupling dynamic model of the system is established by
means of the finite element method. The dynamic equation constitutes the basis on which the
combination resonance characteristics of the system caused by electromagnetic parameter
excitations of the two motors are analyzed by the multiple scales method. The first-order
stationary solution is obtained under that condition, and the stability conditions of the stationary
solution are also given. Finally, an experiment is presented. Results indicate that it is feasible
and beneficial to explain some unexpected strong vibration phenomena in the high-speed
operation of such multi-DOF controllable close-chain linkage mechanism using nonlinear
combination resonance theories.

Keywords: multi-DOF controllable close-chain linkage mechanism, combination resonance,
electromagnetic parameter excitation.

Introduction

Multi-DOF controllable close-chain linkage mechanism, which can accurately actualize
given random trajectory, velocity and acceleration, has a wide outlook of application in robots,
automatic production lines, etc. [1, 2]. The application and study of modern mechanisms
indicate that the studies on the dynamic characteristics are necessary for mechanisms to carry
out high speed, high precision and low noise operation. Many scholars have widely studied the
nonlinear dynamics of elastic linkage mechanisms by different methods for their different
purposes. Liou [3], Ahmad Smaili [4] and Liu [5] et al. have studied the dynamic behaviors of a
DC motor single-DOF linkage mechanism system. But their analysis is based on the motor
having no eccentric vibration and treating the motor air-gap field as steady and uniform, and the
electromechanical coupling relation considered in the real running state of motor is
oversimplified. Li [6] has analyzed the nonlinear dynamics of three-phase AC motor-linkage
mechanism system. However, the studies aimed at the dynamic characteristics of the single-
DOF linkage mechanism, which only achieves simple fixed motion curve, and is rarely used.
The studies on dynamic characteristics of widely used multiple-DOF controllable linkage
mechanisms have not been extensively performed, and some unexpected vibration
characteristics of such kind of linkage mechanism system cannot be explained. For example, the
sub-harmonic resonance, super-harmonic resonance and combination resonance may occur in
the system under certain conditions.

The 2-DOF controllable close-chain linkage mechanism is investigated in this paper (Fig. 1).
The dynamic equation is the basis on which the combination resonance properties of the system
caused by electromagnetic parameter excitations of the two controllable motors are analyzed.
The work presented in this paper is beneficial for further studies on the inner connections
between dynamic characteristics and motor electromagnetism parameters of the mechanism
system. And the results indicate that it is feasible to explain some unexpected strong vibration
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phenomena in the high-speed operation of such Multi-DOF controllable close-chain linkage
mechanism using nonlinear combination resonance theories.
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Fig. 1. Diagram of the 2-DOF close-chain linkage mechanism:
1 - crank, 2 - coupler, 3 - coupler, 4 - crank, 5 - frame, 6 - motor 1, 7 - motor 2
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Fig. 2. Diagram of the controllable motor element
Dynamic model of the 2-DOF controllable close-chain linkage mechanism system

The linkage mechanism and the two controllable motors constitute an integrated system.
The two controllable motors are servomotor (motor 1) and 3-phase AC motor (motor 2).
Thereby, a 2-DOF close-chain linkage mechanism is derived by hybrid motors. Based on the
air-gap field of non-uniform airspace of controllable motors of the close-chain linkage
mechanism caused by the eccentricity of rotor, the controllable motor element [7, 8] as shown
in Fig. 2, which defines the transverse vibration and torsional vibration of the controllable
motors as its nodal displacement, are established. The electromechanical coupling relation in
the real running state of motor was analyzed, and the kinetic energy, elastic potential energy
and air-gap magnetic field potential energy of the controllable motor element are deduced.
Then, the mass matrix and stiffness matrix of the controllable motor element in the local
coordinate system are deduced respectively. In the element analysis of the mechanism, the links
of linkage mechanism are simulated using beam element, and the mass matrix and stiffness
matrix of the beam element are derived from the relationship between the strain distribution of
each part and the node displacement of the beam element. An nonlinear electromechanical
coupling dynamic model of the system, which includs electromagnetic parameters of the
controllable motors and structural parameters of the system, was established by the finite
element method as follows [8]:

Mii+Cu+(K+K)u=P-Mi, —(K +K))e—k,+s¢. (1)

where, u is the generalized coordinates array of the system, M and C are respectively the nxn
mass matrix and damping matrix of the system, K and K, are the nxn stiffness matrixes in

connection with the structural parameters of the system, K, and K, are the nxn stiffness
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matrixes in connection with the electromagnetic parameters of the system, k,is the n order

array in connection with the electromagnetic parameters, P is the external force array of the
system, i, is the rigid acceleration array of system in the global coordinates, e is an array in

connection with the eccentricity of rotor, ¢ is the nonlinear term, also is a small parameter, and:

: 13 1 1
£= ZuTGnanEZuTKnan +EZZMTGg,qu,u +EZZGg,uuTKg,u, (g,1=2,3,4,6,7,8).
n=1 g I g !

2)

G,.K,,G, and K, are the nxn matrixes in connection with the structural parameters of the
linkage mechanism, and:

M=B'R'"M RB +B'R'M:R,B,+> B'R'" M:RB,, K,=K;, +Kj,,

i=3

K=K +K, +ZB1'TR1'T Ks RB , K =K, +K},, K, =K, +K;,, K, = BerlT K R B, ,
i=3
K,=B'R"K:RB,, K., =B,/R” K:R,B,, K, =B,”R,” K» R,B,,
e=B'R'e,+BR e, e =[e,+e,cos P, e,+e,sinB 0 0],
e, =[e, +&,c08 8, e,+e,sing, 0 0, k,=B'R"k, +B, Rk, ,
N N
G,=>B'R'g . (g) =1 (i=12...8), K, =) B'R'[ jOLEAgngadf]R,.B,.,
i=3 i=3

_ 1 1 - L
g:[_z 000 Z 0 0 0]T5(Ka)ij:7/i}/js lsJ:2’394,697,8:

N _ _ _ N _
G,=> B'R'G,RB,, (G,),=(G,), =1, g.1=234678, K,=> B'R'K,RB,,
i=3

i3
(K,), =(K,), =J.OLEA;/"§;/,';/;7/;.d)?, i,j=2,3,4,6,7,8, and N is the number of the element.

¥, are the shape functions (see the Appendix).

The air-gap eccentric vibration schematic diagram of the motor rotor is shown in Fig. 3,
where point O is the inner circle geometric center of the motor stator, point O, is the outer

circle geometric center of the rotor journal, point O, is the outer circle center of the journal
under the deformation of shaft or bearing, and the coordinates of point O,(x,y) is the outer

circle geometric center of the rotor, J is the length of air gap, e, is the air-gap eccentricity.

e, =€, +e, is the static eccentricity, which is caused by the rotor gravity and mismatching

tolerance of motor. &,, is the rotational eccentricity, which is caused by centering error between

the outer circle center of the journal and the outer circle geometric center of the rotor. The static
eccentricity and the rotational eccentricity are considered at the same time in this paper. The
static and rotational eccentricities can also be ignored, and only the eccentricity caused by rotor

vibration be considered in engineering application. Then ¢, =+/x* + )’ , and:

{)C:U1+e“+g01 cos f3, 3

y=U, +e, +¢&,sinf
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where U; and U, are the component of vibration eccentricity in the x and y direction, and

e, =+lu +us . B =(1-s)w,t is the rotational angle of rotor with respect to the stator of

controllable motor. @,, is the synchronous speed of rotation of controllable motor. s, is the
slide ratio.

Fig. 3. Diagram of air-gap eccentric vibration of controllable motor

According to the theory of electromechanical analysis dynamics [9], the air-gap magnetic
field potential energy of the controllable motor 1 (servomotor) is:

2

Ryl Ay, 27 P4y’ : - ,
V12:MI {[(l+x 2y )+icosa+ls1na+x 3} cos2a+x—);s1n2a]
2 0 20, o, o, 20, o,
[F,, cos(@,t — pa) + F cos(@,t + pa) 4)

+F,, cos(f, + 5,0, = pat— @) + F., cos(f, + 5,01 + pa—,)I' }d (pa),

where R, is the inner radius of the controllable motor stator, /, is the effective length of the
rotor, A,, = 4,/0o, is the even air-gap permeance of the controllable motor, 4, is the magnetic

permeability coefficient of air, o, =k, 0,,, k, is saturation, &), is the uniform air-gap size,

D u

k#1 :1+5ﬂ / k6, , k 1is the calculation air-gap coefficient of the even air-gap, 55 is the
equivalent air-gap of ferromagnetic materials, ¢,, is the phase angle of the positive-sequence
current of rotor lagging behind the positive-sequence current of stator, ¢,, is the phase angle of
the negative-sequence current of rotor lagging behind the negative-sequence current of stator. p
is the number of the magnetic pole-pairs of compounded magnetic field of the motor.
F ,F ,F, and F, are the positive-sequence and negative-sequence components of the
magnetomotive amplitude of stator and rotor respectively (see the Appendix).

Substituting Eq. (3) into Eq. (4), rearranging, the following equation can be obtained as:

2 2

x>+ 2 X -
Vi, =(+ 2y )g, + 2y g +og,  (p=1)

L 5)
X
Vi, = (HTy)gl, (p=1)
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where:

IA
g = PRl o g2 g2 g g op B ocosday i+ 2F F cospy +2F. F. coslf3

2 +s57 =8 +sT +r +sT -1
4o,

+(L+s)@yt =]+ 2F F, cos[ B+ (1+s)wyt =9, ]+ 2F F , cos g,
+2F, F cos(2B + 25,0, — 0 — Py )}

R, [ A 1 1
g, =%{ ’ cos 2%1f+EFi cos 2a101t+EFf, cos(2 B, + 2s,a,,t —2¢,,)
+%Fj cos(2B, + 25,y t =20, + F. . F._+F_F. cos[f +(1+s,)o,t—¢,] (6)

+F F, cos(=@y) + F_ F, cos(—=py,) + F_ F cos[ 5 + (1+5,)t = ¢y

+sT -1 -7 —r

+FF, cos(p— )}
R [ A . . ;
g, = W {%fo sin 2@t —%fo sin 2e,,t +%Ff, sin(2 5, +2s,m,,t —2¢,,)

1 .
—EFj Sln(zﬁl + 2Sla)01t 2(ﬂ20) +F +s +r Sln[ﬁl + (1 t+s ) (010] +v —r Sm(_(pzo)

—F_ F_, sin(=p)—F_F_sin[ B +(1+s)@yt — @, |- F_ F_ sin(g, — @)}

and the electromagnetic torque of the controllable motor can be expressed as:

v
T,=—> (7
op,
Substituting Eq. (5) into Eq. (7):
T, =¢&y (Ul + 811)(_g1 sin 181 - g Sinﬂl +g; Cosﬂl)
+&, (U, +¢,)(g, cos B, —g, cos B, —g,sinf,)
. . (U +e,+&,c088) . .
+5021(g3 cos2f3 —g,sin2p)+g,+ — 201 : & +&,)
U, +e, +5,sinf) . . . .
21 5 = : (& —8,)+[-¢, (U, +e, + &, sin B)sinf, (8)

+&, (U, +e, + &) cos ) cos S ]g,
+H(U, +e, +&,cos B)U, +e, +&,sin f)]g;, (p=1
T, =[-&, (U, +e¢,)sin g, + (U, +e,)cos f1g,

U, +e¢, +5, Cosﬁl)2 +U, +e, +¢&, sinﬁl)2
2

HI+ 1&g, (p=D

In the real working conditions, the rotational speed of the controllable motors will
significantly decrease, generally. In that moment, the motors operate in the nonlinear area. The
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characteristics are that the slide ratio s is greater than the critical slide ratio s,. Therefore,

during speed regulation, the condition of the controllable motors working in nonlinear areas is
mainly studied.
As far as the controllable motor, the dynamic equation of the rotor can be expressed as:

a’p

Joi R T

el

_TLI_TRI (9)

where f is the rotation angle of the motor shaft, J,, is the moment of inertia of the rotor, T,
is electromagnetic torque, 7}, is the load torque, namely, the force that the close-chain linkage
mechanism apply on the motor shaft. 7, is the moment of resistance of the mechanical
dissipation, including copper loss, iron loss, mechanical loss and additional mechanical loss of
the armature.

Gl
T, :ll_PlU4 (10)

0

where G, is the shear modulus of the materials of controllable motor 1 shaft, /,, is the moment
of inertia distribution function of the rotor, and /; is the length of the output shaft of the

servomotor.

Generally, T, only reach 3 %-5 % of the electromagnetic torque 7, , and 7, can be

19
neglected. Therefore, Eq. (8) can be expressed as:

JOJBlzTel_TLl- (11)
The condition p =1 is considered in this paper, and substituting Eq. (8) into Eq. (11),

rearranging, and it is gained:

g, U, +¢,) . . g, (U, +e,)
=1 U (_gl sin 181 —g,sm 181 +g;cos ﬁ1)+ 2=
J01 ) . J01
. £ . g
—g, Cos 181 _g351nﬂ1) +J_Ol(g3 cos 2181 —g,sm 2181) +J_l

01
. 2
(U, +e, +&,sin 181)

/i (g cos

01
2
Jr(U1 +e,+&,cosf)

s )+ o 12
1 2, (& +¢,) 2 (&, -8, (12)
+—I[-&, (U, +e, + &y, sin f)sing, + &, (U, + e, + &, cos B)cos 5,1g,
01
. . GlI
+—[(U, +e, +&,cos BY)U, +e, +&,sin B)lg, ——L2-U,.
JOl JOIIO
Similarly, for the 3-phase AC motor:
. &,(U+e,) . .
i =2 Csin g, s 5, + by cos )
02
U .
+M(kl cos B, —h, cos 3, — h,sinf3,)
) 02 . 5
. h U .
+ 592 cos2 B, — iy sin28,) + -+ Us e Y COSA) Ly
‘(](o/g in .y Jor : 2J,
+e,, +&,sin . . )
422 i 02 (b —hy) +J—[—z?02 (Uy +e,, + &, sin B,)sing,
02 02
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+&u (U, + ey, + &, cos f,) cos S, ],

+JL02[(U1 +e,, + 8,08 B,)U, +e, + &, sin 5,1k, — iozf,z Us, (1
h=Telele (2 B2 2R, cosg)

h, = —”ROZI‘HAOZ (£} cos(ay,t) + Fy, cosQa,t —24) +2F,  F,, cos(2a,t — $)] (14)
= 7Z'R02102A02 (£ sinay,t) + F,, sin2ew,t —24) +2F, F, sin2a,t —$)]

where G, is the shear modulus of the material of the 3-phase AC motor shaft, /,, is the polar
inertia moment of cross-section of the 3-phase AC motor shaft. /; is the length of the output
shaft of the 3-phase AC motor. R, is the inner radius of the 3-phase AC motor stator, /;, is the
effective length of the rotor, A, = 1,/o, is the even air-gap permeance of the 3-phase AC
k

motor, 4, is the magnetic permeability coefficient of air, o, =k,,0, ”

02 is saturation, o, is

the uniform air-gap size, k,, =1+, / k,6,,, k, is the calculation air-gap coefficient of the
even air gap of the 3-phase AC motor, &, is the equivalent air-gap of ferromagnetic materials,

w,, is the synchronous speed of the 3-phase AC motor, ¢ is the phase angle of the positive-
sequence current of rotor lagging behind the positive-sequence current of stator of the 3-phase
AC motor, F;, and F, are the magnetomotive amplitude of stator and rotor of the 3-phase AC
motor, respectively.

Replacing elastic displacement U, in Eqgs. (12) and (13) by generalized coordinate u :

i

Bl =k,u+ lﬁkd”"’%(_& sin 3, —g, sin 3, + g, cos /)

01
2

fu U2 (g, cos B —g, cos B — g3s1nﬂ1)+ ¥ L(g,cos2B —g,sin2/3,)
01 01
g (e, +eycosB) . (e,+teysinB)
=t (g, +g)t———(g, — 15
7., 2, (g +83) A (g -83) (15)

+—I[—¢&,,(e, + &, sin B))sing, + &,,(e,, + &, cos B,)cos S, 1g,
01

1 .
+— (e, + &), cos 3 )(e,, + &, sin B)g;.
01

B, =k u+ uTkgzu+%(—hl sin B, —h, sin 8, + h, cos 3,)

02 2

+%(hl cos B, —h,cos 3, — sm,B4)+J (hycos2p, —h,sin2p,)
02 02

Ll'+ (621 +‘902 COSﬂ4)2 (/’l,+h')+ (622 +‘902 Sll’lﬁ4) (h'_h')

Jy 2J,, b 2J,, b

+—[—¢&,,(e,, + &y, sin B,)sing, + &y, (e,, + &y, cos B,)cos B, 1k,
02

+
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1 . ,
+——(ey + &y, cos f,)(ey, + &y sin ), (16)
02

where k,, k,, and k,, are all the nth-order vector, and:

el ?

& . . &, .
(kel)l :J_Ol(_gl Smﬂl —g,81n ﬁ1 +g; cos ﬁl) ) (kel)Z = J_Ol(gl cos ﬁ1 —g,¢08 ﬁl —g3SII’1ﬂl) )

01 01
Gl 2,8y . g G
k), =—2 (k) =—2Ysinp,, (k,), ==Lcosf, (k. ), =——L
(k.1)s Tl (k) T Bis (k,y), 7, By (k) Tl
& . . G,1 h+h
(k.2)s :J_Z(_hl sin f, —h, sin 8, + hy cos f,) , (k,,)s = _ﬁ s (kyy)ss = 12J022 >
(ki) =S (05 5, ~ by <03 B, ~hsing)» (hydoo = B2 (k) = (s =2
e2/6 4 2 4 4/ 2766 ’ £2756 2765 >
J02 2"]02 2"]02

and the other terms of the &, , k
ii, is the rigid acceleration array of the system in the global coordinates, and can be

k,, and k_, are all zero.

el? el?

expressed as:
. - - .. .. ..
U, =u,f +u,p, +u,p B +u,p+u,p, (17)

where u u u u, and u_, are coefficient arrays in connection with geometric

wl? w2? w3

dimensions and position of linkage mechanism, and can be obtained from rigid kinematics
analysis of linkage mechanism system. Then, the self-excited inertia force of the system can be
expressed as:

Q = _M(uml’gl2 + umzﬂj + um318.1ﬂ4 + usllél + ugZB4 ) (18)
Because —M (u,, 3, +u_,j3,) is small, the Eq. (17) can be expressed as:

0= _M(”wllglz + "02,842 + ”m:Bl:th) - 5M(”5151 + ”5254) (19)

where ¢ expressed as a small parameter. When working of the close-chain linkage mechanism,

the instantaneous angular velocity ﬁ’4 of the 3-phase AC motor rotator is a periodic function.
And when working under given trajectory in linkage workspace, ,Bl also is a periodic function.

Therefore —M (u,, 3} +u,,; +u,,[35,) is a periodic function, given as:
~M(u, 5 +u, 5 +u B f)=F +F, +F, (20)

where F,, F, and F, are vectors of the k-order term of the expansion of the Fourier series,
and:

(F), = Z Fy, cos(kvt +1,,)
k=1

(F,), = Y Fy, cos(kvyt +7y,) 1)

k=1

(F), = ZFya cos(kv,t +7;,)
=1

1708

© VIBROENGINEERING. JOURNAL OF VIBROENGINEERING. DECEMBER 2012. VOLUME 14, ISSUE 4. ISSN 1392-8716



895. COMBINATION RESONANCE ANALYSIS OF A MULTI-DOF CONTROLLABLE CLOSE-CHAIN LINKAGE MECHANISM SYSTEM.
RUGUI WANG, GUANGLIN SHI, GANWEI CAI, XIAORONG ZHOU

where v, is the working frequency of rotor of controllable motor 1, v, is the working frequency
of rotor of controllable motor 2, v, is the smallest common multiple of v, and v,. F,,, F,,;
and F},, express the amplitude values, and 7,,, 7,, and r,,, are the corresponding phase

angles, and m is the number of terms of the Fourier expansion formula.
Substituting Eqs. (15), (16) and (20) into Eq. (19), under the condition p =1, the self-

excitation inertia of the system is obtained:

Q = I:i + FZ + 1?3 - g(Muglkelu + MueluTkQZu + /IlMugl + MusZkglu + MueZuTkSZM + A’ZMuSZ)

(22)
where:
gOlell : : 801612 :
A = J—(—g1 sin 8, —g, sin 5, + g, cos )+ (g, cos B, —g, cos B, —g,sinf,)
9! ' o1 2
£ . g (e, +g,cosB)  ,
+—(gy c08 23, — g, sin2 ) + -+ ——"——— (g +g})
‘(101 . ﬂ)2 | 01 2J,, (23)
e, +&, sin ., . .
e (g —g))+—I[—¢&y (e, + &y sin f)sinf,
2"]01 JOI
+&,, (e, + &, cos f,)cos B 1g, + J_ (e, + &y cos B)e, + &, sin 5,)g}
01
Eny . .
A= J—(—h1 sin 8, — h, sin 3, + h, cos f3,)
02
£ e . &l .
+%(hl cos B, —h, cos B, — h,sinf3,) +J—°2(h3 cos2f, —h,sin2p,)
02 02
+£’+ (ey + &y, €08 B3,) (b +h)+ (ey, +&,sin B,)° (h—1) 24)
JOZ 2‘]OZ 2"‘]02
1 . .
+——[—¢y,(ey, + &y, sin B,)sing, + &, (e,, + &y, cos B,)cos S, 1k,
02
1 . ,
+——(e, + &y, cos B,)(ey, + &y, sin B,)h;
02
and assumes that:
—(K +K,+K;, +K,)e—k,=F,+F,+F +F, +F,. (25)

According to [8]:

F,=[a,,a,,--,a,]
F,=[b,b,,,b,1"
F, =[c,,c,,c,] (26)
F,=[d,,d,,.d]
F =0/ /o /1
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where:

a, =—{(K,}),, +(Ky), (e, +e, +&,cos B)—(K,,), (e, +e, +&,sinfB),
a, =—(K,,)y (e, +e, +&,c08 B)~[(K )y +(Ky )y l(e, +ey, +&,sinB),
by = —(K,y),, + (K, (80, c0s B,) = (K o)y (50, 510 B,)
bz = _(I_(lz )21 (‘902 cos ﬁ4 ) - [(I?lz )22 + (I_(n )22 ](502 sin /B4) >
= _(I_(lz)uen - (I?IZ Do — (1;01)1 > 6 = _(I_(lz )ar€n _[(I_(lz ) + (I_(zz )€+ (1;01 )2
—(K ) 60— (Kyp)ne, = (), dy =—=(K )56, = (K)o, = (i), »
1 =—(K,),, +(Ky), (&, cos B, +e, + &, cos f,)
~(K,),, + (K, (&, 8in B, +e,, + &, sin ),
fr= _[(I_(lz o1 T (K, 108, €08 B + e, + &y, cos )
(K )y, +(K,,) 0, (8, 8In B, +e,, +&,, 50 B,),

and the other components of F,, F;, F,, F, and F; are equal to zero.
Therefore F,, F;, F,, F, and F, are periodic functions. They can be expanded in the form
of Fourier series as follows:

(F,), = iFM cos(kv,t+17,,)
(F,), = Z v CoS(kvt +7,,)
(F,), = ZF% cos(kvyt +17,,) (27)
(F,), =) F,. cos(kv,t+7,,)

k=1

(F); = Fx/a cos(kvyt +7g,)

where v, =v,, v;=v,, v, is the rotation frequency of magnetic field of stator of the
controllable motor 1, v, is the rotation frequency of magnetic field of stator of the controllable
motor 2, v, is the smallest common multiple of v, and v,, and v, is the smallest common
multiple of v, v,, v, and v,. F,., F,, Fy., F,, and F, express the amplitude values,
and 7,,, 7y, T, T, and 7, are the corresponding phase angles, and m is the number of

terms of the Fourier expansion formula.
Substituting Eqs. (21) and (27) into Eq. (1):

8
Mii+Cu+(K+K0)u:P+ZE/.
=

+&[-Mu_k,,u — Mu, uTkezu—/LMu —Mu 2kgu—Mu Ju'k u—2,Mu,,

+ZuTGKu+ Zu K uG, +— ZZu G uK u+— ZZG uuTK ],

n=1

(28)

(g’ 1227 37 45 65 77 8)'
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Decoupling the dynamic model of the system

Assuming that the linear transfer functions are:
u=g¢n (29)

where ¢ is the modal transfer matrix, n is the modal coordinate vector. Substituting Eq. (29)

into Eq. (28), and pre-multiplying the equation by ¢", then the Eq. (28) can be represented as:
8
77 + 60277 = Po + ZFOf + 5[—K0077 - ¢TM”glke1¢77 - ¢TM”51¢T77Tke2¢77 - /11M0”51
7=

8
_¢TM”52k51¢77 - ¢TM”52¢T77Tk52¢77 - ﬂzMo”gz + Z nTGOnKOnn
n=1

(30)
1, 1 . 1 . .
+52n K,,nG,, +EZZH GOngOg,mEZZGOg,nn K, n-C,1),
n=1 g I g 1
(g,1=2,3,4,6,7,8)
where:
2 28 @
a)2 — 0)2 , CO _ é/Z 2 ,
0 . 0 26,0,
8 8
F, =¢TP’ ZFO/ =Z¢TE > KG, + Kg, + Kg,, + Kg), :¢T(K161+K162+K§1+K262 >
= =

ky = ¢Tkos K, = ¢TK0¢3 G, = ¢TGn , M,= ¢TM’ K, = ¢TKn¢s GOgl = ¢TGgl¢’
K, =¢'K a9 ¢, and o, are the n-order damping ratio mean the n-order instantaneous

natural frequency mean of the n#-order canonical mode of the system in a period of motion, and
¢, can be obtained through experiment.

Eq. (30) also can be expressed as:
8
7'7')‘ +a))277) = POr +ZF0fr
=

5[_2§,<a)r’7r - §K0077 - §¢TMuglkel¢n - §¢TM”51¢T77Tke2¢77 - /11‘:M0”51

8
_§¢TMu£2ksl¢n - §¢TM”82¢T77TI‘52¢77 -4LEMu,, + Z gnTGOnKOnﬂ (1)

n=1

13 1 1
+EZ§7]TKOVITIGOW +EZZ&T]TGOganOgI”+EZZ§GOgI”nTKOgln]J
n=1 g i 2 7
(g, 1=2,3,4,6,7,8 r=1,2, ---, n)

where & is the n-th order vector, and the 7-th element of & is 1 and the other elements are zero,
and »n is the degree of freedom of system. Therefore, the system is affected by multifrequency
excitations.

Eq. (31) also can be expressed as:
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8
.. 2 _
77r +a)r77r - R)r +ZF0fr
f=1

+g(_2é’ra)r’?r - ﬂlgMOugl _ﬂ‘ngOusZ _Zax’]v +Z§vzﬂx’7¢ + Z szu’]ynlnu) (32)

KRRT

(g,1=2,3,4,6,7,8 r,s, t,u=1,2, -+, n)
where:
Za.ﬁs :§K0017+§¢TMuSlkgl¢q+§¢TMugszl¢q

8 1 8
zé‘nﬂsﬂ; = zgnTGOMKOMU + E ZgﬂrKon”Gon + §¢TM”51¢T77Tk52¢77 + §¢TM”g2¢T77Tkg2¢77 (33)
§,t n=1 n=1

1 1
Z Va1, = EZZI:E'::”T 0g177K0g177+EZZI:§G0gl””TK0g1”
g g

§,tu

and «, J, and y,, are the coefficients of 7., 77,77, and 7,7,77, respectively.

The Multiple Scale perturbation Method (MSM) [10, 11] has been applied to the dynamic
model nonlinear analysis. #n+1 independent time scales are introduced as:

T =& (a=0,1,2, -, n). (34)

a

The derivative about ¢ can be transformed into the partial derivative expansions about
T, namely:

i:DO+gD1+52D2+---
) (35)

d
?ng +2&D,D, + & (D] +2D,D,) +-

where D, :i, (r=0,1,2, -+, n).
or,

Substituting Eq. (35) into Eq. (32), and 7, can be expressed as n+1 function with the
independent variable 7, and ¢ :

7, =00 (0.1 T + e, (1T, T ) + 0, (T, T T) (36)

Taking approximate first-order solution of 7., gained:

1, = 1,0l 1) +&n, (T, T) (37
and:
M = 1o(T, 1)) + &3, (Ty,, 1) (38)
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Substituting Eq. (36) and (37) into Eq. (33), making the sum of coefficients of the same power
of ¢ equal to zero, and:

8
D(?T]r0+a)r277r0:POr+ZF0fr’ (39
7=

D0277y1 + wr277rl =-2D,Dn,, —2¢,0,.Dyn,, =4 EMu,,

40
-LEMu,, — Zasmo + Zdnnsomo + Z VeulsoTli0Muo0- (40)
Eq. (39) admits the solution:
1., =4 (1) exp(ioT))+ Z [A,, exp(ikvT)) + A,,, exp(ikv,T})
k=1
+Ay, exp(ihvTy) + A, exp(ikv, 1)) + A,y exp(ikvsTy) (41)
+A g exp(ikveTy) + A, exp(ikv, T) + Ay, exp(ikvT;)] + cc
where:
1 .
4, =4, exp(j6), 42)
Aprk = Fprk exp(irpki )7 (p = 15 27 T 8)’ (43)
F;) prk .
and ', = ———"——~, a, and ¢, can be resolved by the method of Newton-Raphson, o, is

2@ - k)

the r-order instantaneous natural frequency mean of the system.
Combination resonance analysis

The 2-DOF controllable close-chain linkage mechanism is a multi-frequency vibration
system. Substituting Eq. (41) into Eq. (40), one can obtain that the combination resonance will

take place in the system on the condition that @, =~ |i v, J_rkvq| or m, ® |i2 Jv, kv |. Here, the
combination resonance properties of the system caused by the electromagnetic parameter

excitations, which effected by the rotation frequencies of stator winding rotating magnetic field
of servomotor and 3-phase AC motor, are analyzed when 2v, +v, = @,. Only the vibration

eccentricity is considered in this paper, and the external force is ignored, namely P =0, the
internal resonance is also ignored. The tuning parameter o is introduced to make:

v, +v =, +eo, o =0(). (44)

Substituting Egs. (41) and (44) into Eq. (40), and then the condition that the solution has no
secular terms is:

_(2Za)rDl Ar + 2l§r w)zAr) - arAr + 3Vrrr Zr A}‘Ar + Z §st (A752A6t1 + A7t2A6s1 ) eXp(lO-Ti)
8,0
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m_ 8 _
+Z Vrm (Z Z ArApzk puk + ptk puk ) + Z va (Z Z A AmkApuk + Z Z ArAp.vk Apuk )

m_ 8
22 AN
k=1 p=1 k=1 p=1 k=1 p=1 k=1 p=1
m 8 _ _
+Z Vslr (Z Z A Apvapzk Z Z A ApskAplk ) + Z Vrlu (AVA7[4A6L12 + A A7u4A(7[2 ) eXp(leTi)
k=1 p=1 k=1 p=1 tu

+zvsru (A A Ngn 4 LA, \g,) €xp(i20T)) + Z Var (A ANy + 4 LA,y expi20T))

8,0

+Z Vo (Mg Ay Ay + Mg Ay Ay + A A Ay ) exp(ioT) =0 (45)

Tt1* “6ul 7sl
S,tu

where «, and v, can be resolved from Eq. (32). Substituting Eqs. (42) and (43) into Eq. (45),

we obtain:

1
—~(iw,a, —,a,0, +i,0’a )—Eaa +8vmar

rr r

+z AL T expi(ol, =6, + 7, +74,,) +Fpt2 a €Xpi(oT, =0, + 74, +75,)]

stu 7s1

+Z Vo Do UsnUg expi(o Ty =60, + 7, +7,, +74,)

S,tu

+r7slr7ulr6tl eXp Z(GT 9 + T71s 71u + TGlt)
+r7tlr7ulr6sl expi(ol; =06, + 1, +7;, + T61s ]
+zvrtu [zz ar ptk puk eXpl(z—pkt Tpku) + zz ar ptk puk eXp i(_Tpkt + Tpku )]
k=1 p= 1 k=1 p= 1
+ZVW[ZZ al ook puk expi(— (9 +rpku) +ZZ a,l"pskl"puk expi(rp,w Tt )]
k= lp 1 k= lp 1
+zvst) [zz ar psk ptk eXpl( Z-pks + Tpkt) + ZZ a ApskApthpskrptk eXp i(z-pks - Tpkt )]
k=1 p= 1 k=1 p= 1

1 . .
+zvrtu [Earr7t4r6u2 expi(2oT, 26, + 1, +T62u)+5a)‘r7u4rét2 expi(20T, =26, +17,, +74,)]

1 1
+zvxm[2 a 1—‘7541—‘6142 eXpl(ZO'II - 20) + T74s + T62u ) +Earr7u4r6s2 eXp 1(20-]-1 - 29) + T74u + Z-625 )]

1 1
zvm[ al'; Ly, expi(20T, -20, +7,,, +7,,) +Earr7t4r6s2 expi(20T, 26, +1,,, +74,)]

2
= O. (46)
Assuming:
¥ =30T -0.. (47)

Substituting Eq. (47) into Eq. (46), and separating the real part and the imaginary part:

P 1 3
_ar lér = _aro-_garar t— r)r ) +_zzzvrtuar Iﬂptkl—‘puk Cos(Tpkt _Tpku)

r 8; ;tuklpl
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1
+— Z é‘n [rhzrm COS( wr + T + Ty ) + F712r631 COS( (br + T t Ty )]

s,

1
+— z Vo DUl gn co8(&, + 7, + 75, +74,,)

roS\Lu

+F7.&'1F7ulrbzl COS(¢V + z-713' + T71u +T611)+r7111—‘7u11—‘631 Cos(¢r + T71[ +T71u + T(vls )]
1 m_ 8 1 m_ 8
+_zzzvsruarrpskrpuk Cos(Tpks - z-pku ) +_zzzvstrarrpskrptk COS(Tpks - z-pkt)
a)r s,u k=1 p=1 (l)’, st k=1 p=1

1
+ o Zvrtu [a,1;,,Le,n c0828, + 7, +75,)+ a1, Ly, 0828, +7,,, +74,)]

rotu

1
+gzvsru [arr7s4r6u2 COS(2 lﬂr + Z-74s + Z-6214 ) + arr7u4r6s2 COS(2 lﬂr + Z-74u + TGZS )]

(R

1
+_vatr[arr7s4r6t2 CoS(24, + 73y, +7,) +a, 15, T, coS2¥, +73, + 7)) (43)

ro S,

. 1 . .
ar = _gr‘w)‘a)‘ + _Z §st [F7S2F6tl SIn( lér + T72s + T6lt ) + 1—‘7t21—‘6s1 SIn( lﬂr + Z-72t + Z-615 )]

ro St

1 .
+; Z Ve [r‘7slr7111—‘6ul Sm( wr +7, T, t+ T(vlu)
roS,u

+F7slr7ulr6t1 Sin( (br + z-715 + z-7114 + Z-6lt)

+F7tlr7ulr6sl Sin( (br + Z-71t + z-7114 + z-615 )]

1 . .
+ 2w Zvrtu (a1, sin2¥, +7,, +7,)+a T, sin2¥, + 7, +74,)]

rotu

1 . .
+ Z Vsru [arr7s4r6u2 Slﬂ(2 lﬂr + Z-74s + Z-6214 ) + arr7u4r6s2 Slﬂ(2 {ﬁ’ + T74u + T62s )]

roS\u

1 . .
+7zvxtr[arr7s4r6t2 SIN2Y, + 75, + 7, )+ a1, g, sin2¥, + 75, + 7)) (49)

ro S,

Under the combination resonance mentioned above, the steady movement condition of
system is:

a, =1 =0. (50)

a, and ¥ can be resolved by the Newton-Raphson method. And substituting @, and ¥,

into Eq. (41), the first order approximate steady solutions of combination resonance affected by
electromagnetic parameter excitations when 2v, +v, = @, can be obtained as follows:

77}‘0 = ar Cos(a)r];) - ;br) + z ze)prk (a)rz - zvlzz )71 COS((OVT(') + Tpki) + 0({;‘) (5 1)

k=1 p

Assuming that:

a, =a,+oa,
: (52)
=4,+00,

I
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Where a,, and #,, are the steady solutions with Eqgs. (47), (48) and (49). Substituting Eq.
(52) into Eqgs. (47) and (48), and only reserving the linear terms of da, and J¥. , and the

equation of variation around the singular point ( a,,, ¥,, ) can be obtained as:

d(da)) 1 3 3
—2=-Cwba +la,c+—aa,——V_a, —blo¥
dt é/) r r [ r0 20)’, rro 80)’, rrrr0 ] r
dov.) 3 1 ’ (53)
— L =(—v_a,——)0a —C. w oV
dt (46()r rrrr0 26()r) r gr r ¥
The coefficient matrix:
1 3 3
- o a,c+—aa,——V._a,—b
Cl Cz é/) r [ r0 20)’, rro 80)’, rrrr0 ]
= . (54)
G Gl v,a,-——— —(.o
4(()’, rrr = r0 2a)r rr
The stability conditions are:
p=—(C,+C)=25,0 >0 (55)

and:

q= (C1C4 _C2C3) = §3w3 + (iv 4y _L)[aroo-"'Laaro _ivmafo -b]>0 (56)
4o, 20, 2w, 8w,

where:
1 m_ 8
b = Z Z Z z vrm arOszkrpuk COS(Tp/a - Tpku )
r tu k=1 p=1
1 m 8 1 m 8
- z z z Vsru arOprk Fpuk Cos(Tplm - Tpku ) - z z Z Vszr arOr[mk szk COS(T[]/(S - Tp/g )
wy s,u k=1 p=1 wy s,t k=1 p=1

and o can be solved from Eqgs. (47), (48) and (49).
As shown in Egs. (55) and (56), p >0 always is to be sure as far as the positive damping

system. Therefore, the stability of steady solution under the combination resonance caused by
the two motors electromagnetic parameter excitations is related to the structural parameters,
electromagnetic parameters of motor, damping ratio of system and phase angle of every
excitation.

Experiment

Each link of the linkage mechanism is a homogeneous element. The width and thickness are
30 mm and 2 mm respectively. The lengths of each links are as follows: crank L, = 200 mm and

L, =150 mm, coupler L, = L, =400 mm, and frame L; =400 mm (Fig. 1). The material of
link is aluminum: p =2700 kg/m’, E=70GPa. The lumped mass of the intersection
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between the crank and the coupler is m, = 0.142 kg. The lumped mass of the intersection

between the two couplers is m,, = 0.092 kg. The controllable motor 1 is 90ZYT motor and

motor 2 is YS8024 motor. The motors are custom-made by motor manufacturer. The
parameters of motors are presented by the manufacturer. The experimental setup is provided in
Fig. 4.

Fig. 4. Experimental setup

The parameters of the motors are as follows:
(D The parameters of the control motor 1

The rated power of the 90ZYT motor P, = 0.75 kW, the rated voltage U,, =220V, the
rated rotational speed of the motor is 1500 r/ min, and the stall torque is 2.0 N-m. The static-
geometric eccentricity of the motor e, = 0.75 mm and the rotational eccentricity &, = 0.5 mm.
The magnetic permeability coefficient of air 1, = 4z x 107 H/m, the length of the even air-gap
8, =0.25 mm, and the saturation k, =1.2. The number of excitation windings of the motor
W =924 and the coefficient K, =0.92. The peak value of field current / =3.58 A. The
number of magnetic pole-pairs of the motor p=1. m, =2 and m, =2 are the number of

phases of the stator and rotor respectively. The reactance of field windings x, =594.35 Q0. The

reduction value of resistance and equivalent self-induction reactance of rotor respectively are
r'=27.24 Q and x' =0.0196 Q. The slide ratio s, =0.0713. The control voltage U, =26 V.

The mass of the rotor m,=2.2kg. The moment of inertia of the motor rotor
Jy, =0.018 kg-m’. The length of the motor shaft /=363 mm (/, =130 mm, /, =53 mm, and
[, =180 mm), the effective length of the rotor /,, =140 mm and the inner radius of the motor
stator R, =23 mm.

® The parameters of the control motor 2
The rated power of the YS8024 motor P, =0.75 KW, the rated current /,, =3.48/2.01 A,

the rated voltage U, =220V, and the rated rotational speed n, =1440r/min. The static-
geometric eccentricity ey, =0.73 mm and the rotational eccentricity &, =0.5 mm. The
magnetic permeability coefficient of air s, =47x107"H/m, the length of the even air-gap
6, =0.25 mm, and the saturation k, =1.2. The number of excitation windings of the motor
W =824 and the coefficient K =1. The peak value of field current 7/ =3.58 A. The number
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of the magnetic pole-pair of compounded magnetic field p=1. m, =3 and m, =0.5 are the
number of phases of the stator and rotor respectively. The slide ratio s, = 0.15. The mass of the
motor rotor m, = 2.93 kg. The moment of inertia of the motor rotor J, =0.021kg-m*. The
length of the motor shaft /=208 mm (/, =100 mm, /, =33 mm, and /, =175 mm), the
effective length of the rotor /, =80 mm and the inner radius of the motor stator
Ry, =37.5 mm.

£l

25,00

5 1 g 410.00-

g 1-7

" g = b pesk# X T

=] . - 1 1 1.41 228,41

= 8 o g 2 9.30 93.08

g 0,00 g 208,00 3 13. 71 86.00

£ . g - 4 18.11 50.81

3 : g |5

'% | ) i M

8 eso0d— [ TV o e L L. A :

0.00 0.37 0.78 0. 00 97.66 195.31

Time (s) Frequency (Hz)

Fig. 5. Dynamic characteristics for the midpoint of link L,

Given that the motor 1 nominal voltage is 26 V, nominal current is 0.05 A, rotational speed
is 80 rpm, and the rotation frequency of stator winding rotating magnetic field is 1.3 Hz. The
input voltage of motor 2 is 95 V, the rotational speed is 240 rpm, and the rotation frequency of
stator winding rotating magnetic field is 4 Hz. The initial angles of the two cranks are 0° as
shown in Fig. 1. The initial value of the vibration response is the one when the two cranks move
to the initial position after the system come to stabilized state. Experimental time-domain and
frequency-domain dynamic response characteristics of mid points of the links L, and L, in the
direction perpendicular to the link axis are shown in Figs. 5-6. One may observe that there is a
peak near the frequency 2v, +v,. It was determined through analysis that the peak is mainly
induced by the combination resonance caused by the two motors electromagnetic parameter
excitations.

62600
b 140, a0

1

D

1 4,90 104,94

o 2 9.25 B2.34

- 00 >§1 i |3 55.80 55.08
4

M 15.17 54.48
0.00 ; b

198,31

Displacement (10~ mm)
=
2
1 1
Displacement { 107 mm)
-1
[

-&25. 00 +——————T— T L —
0.00 0.37 0,75 0.00 7. 66

Time (s) Frequency (Hz)
Fig. 6. Dynamic characteristics for the midpoint of link L,

Conclusions

Nonlinear vibration of a controllable close-chain linkage mechanism was analyzed in this
paper by considering the linkage mechanism and the controllable motors as an integrated
system. Combination resonance properties of the close-chain linkage mechanism caused by

1718

© VIBROENGINEERING. JOURNAL OF VIBROENGINEERING. DECEMBER 2012. VOLUME 14, ISSUE 4. ISSN 1392-8716



895. COMBINATION RESONANCE ANALYSIS OF A MULTI-DOF CONTROLLABLE CLOSE-CHAIN LINKAGE MECHANISM SYSTEM.
RUGUI WANG, GUANGLIN SHI, GANWEI CAI, XIAORONG ZHOU

electromagnetic parameter excitations of the motors were analyzed by means of the multiple
scales method. The study indicates that the combination resonance properties of the system are
caused by the electromagnetic parameter excitations, which are influenced by the rotational
frequencies of stator winding rotating magnetic field of the driving motors. It is demonstrated
that not only the structural parameters, but also the electromagnetic parameters have significant
effect on the combination resonance of the system. The work presented in this paper is
beneficial to explaining some unexpected combination resonance phenomena occurring during
high-speed operation of such multi-DOF controllable close-chain linkage mechanism.
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Appendix

According to the finite element method, W,(x,t) and V,(x,#) can be expressed as:

Wi(x,0) = (U (@), i=12

Vl(xst):ZZi(x)Ui(t)a i=3,4

where y,(x) are the shape functions, and:

1-10¢] +15¢ —6¢), x </,

J2(X) = 1-10e; +15¢5 —6¢5, h <x<hL+]

0, L+l <x<L+L+1
0, x<

() =11-e,, L<x<h+1,
e, L+l <x<h+L+1L
0 )CS]I

24(x) =10, L <x<l+1,
l—e, L+l <x<[+1,+1

h+1 - L+l +1— .
where ¢ :li’ e, “aretro, —M, li, I, and [; are respectively the length

1 Lo P L
between point 1 and point 2, point 2 and point 3, point 3 and point 4. U,(¢) is the nodal
displacement as shown in Fig. 2.
The mass matrix M, of the electromotor element is 4 x 4 matrix, and:
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(Ml i = J.; my (x) x, (x) 7, (x)dx
(Ml )y = J-Ol my (X) 1, (), (x)dx

(M), = [, m () 2,0z, ()dx (k, p=3, 4)

where m, (x) is the mass distribution function of the servomotor shaft, including mass m, of

the rotor. The other components of the mass matrix M, are equal to zero.
The stiffness matrixes of the electromotor element are:

8
B = [ EL T2 e (B = (K = [ 1,0 P 0 g
X
7(2( X)) 37, 5}(,,()6)
(K)o = IEI( 24T dx, (K,), = jGJ() “x) L dx, k=34,

pRm

(K12 = o j {(1+cos2a)[F., cos(w,t — pa)+ F , cos(wyt+ per)

+F,, cos(a)mt pa—o,)+F , cos(m,t+ pa—p,) tda,

= PRI A, 27, .
(K, =(Ky), = %J‘ {(sin2a)[F, cos(@,t — pa)+ F , cos(w,t + pa)
2

+F,, cos(w,t — po—@,,)+ F, cos(a,t+ pa— @y, Y ida,

PR01101A01

(K,,), = I {(1—-cos2a)[F,, cos(my,t— pa)+F  cos(w,t+ pa)

+Fr cos(a)mt pa—@,)+F , cos(w,t+ pa—p,)] tda,
(K,), =0,  kp=34,
(K1) = (K1 = (K)o = (K ) = (Ko = (K = (K )y, = (K,
= (Kyp)iy = (Kpp)i = (K)o = (K)o = (K )y, = (Ko )y = (Ko = (K )y =0,

— R [ A
(ky)), = %I {(cosQ)[F,, cos(wy,t — pa)+F  cos(wyt+ pa)
+F, COS(%J pa—@,)+F., cos(wyt + pa—py,)I da,
Rl
(ky)), = PRyl I {(sina)[F., cos(w, t — pa)+ F , cos(@w,t + pa)

+F+r Cos(a)mt pa—@,)+F, cos(w,t+ pa _(pzo)]z yda,
(1;01)3 = (1;01)4 =0,

where E, is the modulus of elasticity of the servormotor shaft materials, /,(x) is the moment of
inertia distribution function, G, is shear modulus of the servormotor shaft materials, J,(x) is
the polar moment of inertia distribution function of the servormotor shaft.

Similarly, for the 3-phase AC motor element, the mass matrix M, is 4x4 matrix, and:

(L), = [} my () 7,(x0) 7, ()
(M), = [| m, ()2, (6) 2, ()
(), = [ my@) 7, ()7, (s k.p=3.4
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The stiffness matrixes are:

(Kl)ll J' E,I(x )all(x)

I'd

(B = || B R "2‘ T2 p g

(K, = [ Ga()

(K)o = (Ko )iy = (Ko )iy = (K)o = (K)o = (K, ) = (Ko )y = (K,
= (E21)41 = (I?Zl)zlz =0
(K’zz)11 =-2h —h, cos(2my,t) — h, sin(2w,,t)
(K,))p = (Ky,),, = —h, sinQay,t) + hy cos 2(wp,t)
(K,,)y =—2h + h, cos(2amy,t) + h, sin(2a,t)
(Ko = (Ko = (K)o = (Kyp)y = (Kp)yy = (K, = (Kyp)sy
= (I_(zz)34 = (I_(zz)zu = (I_(zz)zaz = (E22)43 = (I_(zz)44 =0

%(x) D e kp=34
ox ox ’ ’

— R, L A
(ko) = —2 J- {(cosa)[ £, cos(w,t —a)+ F,, cos(f, +S20)02t—a—(0)]2 yda,
R, L A 7
(koz ), = TOZJO {sina)[ £, cos(@y,t —a)+ F,, cos(f, +Szwozt_a_(ﬂ)]2 tda,

(l;oz )3 = (l;oz )y =0,

where:
R L A
hl ”Oif.?zoz[lrmz + 172m2 + 2F;mFVZm cos (0]
2
R, L, A
By = %[ F,’+F, cos2p)+2F,F,, cos ]
0-2
R, L A
h3 — %[}7‘2 Sln(z(ﬂ) +2H 1m 2m sin (0]
O,

and E, is the modulus of elasticity of the 3-phase AC motor shaft materials, /,(x) is the
moment of inertia distribution function of the 3-phase AC motor, G, is the shear modulus of

the material of the 3-phase AC motor shaft, J,(x) is the polar moment of inertia distribution

function of the 3-phase AC motor, @,, is the synchronous speed of the 3-phase AC motor.

v
— L o
uzI I - Jus u,
w, |4 B \ T
o4 oo BU ) —
u lfy‘z@
\ ; s

Fig. 7. Beam element model of linkage mechanism
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In general, the links of the 2-DOF controllable linkage mechanism are slim bars, so they
adapt to be simulated using beam element as shown in Fig. 7. In dynamic analysis of the beam
element, the coupling terms of the elastic motion and the rigid body motion in the Coriolis
acceleration and transport acceleration are neglected in studying the absolute acceleration of
any point in the beam element. In calculation of strain energy, the shearing deformation energy
and yield deformation energy are also omitted. The material of the link is adopted as metal.
According to the finite element method, the longitudinal displacement V(X,7) and the

transversal displacement W,(X,¢) of any point in the beam element can be expressed as:

BED=YrEunn (=19

Wi, 0) =Dy, (O (1) (i=2,3,4,6,7,8)

where X is the coordinate of beam element in local coordinate system, and the shape functions
are as follows:

nx)=l-e,

7, (¥) =1-10&° +15¢* —6¢°
73(X) = Lx(e—6¢* +8e* —3¢”),

7. () = P x(e* =3¢® +3e* —5¢°) /2,
7s(X)=e,

76 (%) =10e* —15¢* + 6¢°

77 (%) :L><(—4e3 +7¢* -3¢%),
7e(X) = *x(e® —2¢" +¢%)/2,

where e = %, L is the length of the beam element.

The mass matrix and stiffness matrix of the beam element are as follows:

(M), = pA®)| 7.Ey, @+ pl [ /@Y @E, () =2,3,4,6,7.8)
(M,), = pA®) | 7, @)y, @)z, i.j=15)

(K,), = EJ®)[ 7/®))(@)x, (i) =2,3,4,6,7,8)

(K.),, = EA(Y)IOL 7 (X)y, (X)X, (k,p=1,5)

where / is the moment of inertia of cross-section.
The positive-sequence and negative-sequence components of the magnetomotive amplitude
of stator and rotor of the servomotor (motor 1) respectively are:

1
F_ =—{+a)F
L=y (+a)E,

1
F =—(0-a)F
=5 (-a)E,
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Foolm % gk
2 m, (r'/s)2 +(x')?
Foolim alf (1-a,)F,

2m i /@2-s)T +(')

WK
where F,, =0.9——=1, W is the number of turns of field winding, K, is the coefficient of
p
o . . . U, .
field winding, p is the number of pole-pairs, / is the peak value of field current. a, = 1S
kn

the effective signal coefficient, U, is the rated voltage and U, is the actual control voltage. m,
and m, are the number of phases of the stator and rotor respectively, x,, is the reactance of field
windings, r' and x' are respectively the reduction value of resistance and equivalent self-

induction reactance of rotor windings, the slip ratio s is the difference between the rotor speed
and forward revolving field. 2—s is the slip ratio between the rotor speed and backward
revolving field.
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