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Abstract. The displacement of various particles and mechanical systems by waves finds wide use
in technical devices, technological processes, takes place in non living and living nature. Here the
system displaced by waves with four degrees of freedom is analyzed when one member of the
system, while contacting with the working profile of the input member performing wave motion,
provides motion to the output system.

The obtained differential equations of motion of the system have been analyzed analytically
and numerically. For the analytical investigation modification of the asymptotic method is used,
which is based on the division of motion into the slow and quick motions. This method is justified
when the frequencies of variation of slow motions are much smaller than the frequencies of quick
motions.

When the working surface of the input member moves according to the harmonic Rayleigh
waves more detailed full investigations have been performed. The characteristics of transition to
steady state and of stationary regimes of motions have been obtained, such as the conditions of
existence and stability of the stationary regimes, curves of bifurcation, existing complicated
motions.
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1. Introduction

The conveyance of particles and bodies by propagating waves is an important scientific and
engineering problem with numerous applications. Manipulation of bioparticles and gene
expression profiling using travelling wave dielectrophoresis [1-3], segregation of particles in
suspensions subject to alternative current electric fields [4], transport of sand particles and oil
spills in coastal waters [5, 6], powder transport by piezoelectrically excited ultrasonic waves [7, 8]
are just few examples of problems involving interaction between propagating waves and
transported objects.

There is a large variety of waves of various types according to their shapes and laws of
propagation [9-13]. This paper is focused on the displacement of systems with lumped parameters
by one-dimensional periodic waves. This is important in a number of mechanical engineering
applications. For the case of Rayleigh harmonic waves the investigations are performed in more
detail.

2. The model of the system
The model of the system is presented in Fig. 1.
2.1. Kinematics

The coordinates of the moving points in the frame X0Y read:

A (w, &), A,(u,v), By(u+uy,v+v,), B,(u— Rsing,v — Rcosp), (1
where:
u=x+n v=¢§¢ R=AB, =4,B,. @)
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The working profile of the input member 1 is given by:

r](x, t), f(xr t):

3

and the components of velocities of their contact point A; are:

N

Fig. 1. The model of the system: 1 — the working
profile of the input member, 2 — contact member of the
output system, 3 — member 1 may move according to
two orthogonal directions with respect to member 2,
4 — a pendulum is attached to the member 2 by a hinge
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Fig. 2. Forces acting in the system

The components of velocities and accelerations of contact point A, of member 2 read:

u=1+n)x+n, v=¢ %48, )

=140 )i+n" x*+2n" x+n", V=8 %+& x*+28" x+¢&",. (6)
Further the following relationships are met:

FF=(01+ r]’x)ii +& U= a ® + apx® + 2a3% + ay, @

F ==& i+ (147" )0 = by%? + 2bsx + b,

where:

a, = (1 + n/x)z + E,JZC: a, = (1 + n/x)n//xx + E’xfﬂxx‘
as = (1 + n,x)n”xt +$ 8 e = (1 + r]’x)n”tt +¢ 8w ®)
b2 = (1 + U’x)f"xx _ flxr]”xx: b3 — (1 + n/x)énjn _ f'le"xt,

b, = (1 + n’x)fﬂtt ="

The angle a of the tangent at the point of the profile A; with the axis 0X:

tana = .
1+7n'

X

®
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The velocity of slippage of point A, with respect to point A; in the tangential direction takes
the form:
$1 = (v —¢&')sina + (W —n',)cosa,
or:

Sp1 = Jarx. (10)
2.2. Differential equations of motion
The equations of dynamic equilibrium of the member 2 (Fig. 2) are:

(m + my)it + myRP, — F, + f1$,1cosa = —N(sina + f;sgns,;cosa), an
(m+my) (¥ + g) + myRP, — E, + f1$,,sina = N(cosa — fysgns,;sina),

where N is the normal force acting to the member 2 at the points A; and A,, f; and f; are the
coefficients of dry and viscous friction:

P, = —¢cosp + ¢2sing, P, = @sing + ¢p%cosp, (12)
Fu = Hulll + Cuul, FV = HU"";I + val,

and g is the acceleration of gravity of the Earth.
Rearrangement of the equations (11) and taking into account the equations (2)-(9) yields:

(40 I +& L+ & L+ (1+n0' L] fosgns,; + hayx =0, (13)
K

R — iicosg + vsing + gsing + —"’(p =0, 14)
m,R

ii+ii;, +E, =0, (15)

v+, +E =0, (16)

where:

" Fy y E
L, =i+ puRP, _.ulm_'lv = v+g+”2RPv_.u1m_'
1

.o my . my _h o _d ' a7
'ul_m+m2"u2_m+m2'h_m+m1' B /dt'
K, is coefficient of viscous friction.
3. Systems excited by traveling waves
In this case the equations (3) take the form:
n =n(wt —kx), &= &(wt—kx), (18)

where 7 and ¢ are periodic functions of their arguments.
The following notations are introduced:

Yp=owt—kx, T=ot, f=kx, fy=ku, f=kv, '=9/,. (19)

In this case equations (5)-(10) by taking into account the equations (18), (19) take the following
form:
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ku' =1—ch', kv' =cs!, ku" = —cp" + ce'’, kv" = csp” + c,9'%,

20
kFy = =" + ', kF, = cqp’?, 20
where:
= —kn )P+ k2% cp = (1 —knVhkn" —k2§'€", c; = A=k k" + k20", o))

c,=1—kn', cs=k&, cs=kn", ¢, =k&", r=kR.

Differential equations of motion (13)-(17) by taking into account equations (18)-(21) read:

" ! kg
—c " + ' + ey (arpy — Iaf) — Cs (F + U Dy — ﬂlfv)

, kg i
+ [—cap'? + s (Uarpy — Mafy) + Ca (E + UaTDy — .“1fv)] fosgnsy, (22)
h
“a-yH=0,
+c o 1=y
" " 12 " AWM h(P ’ kg .
" + (cah” — cgp'*)cosg + (csP” + ;' )sing + — @'+ —5sing =0, (23)
—cp" + e B+ =0, (24)
s+t + B+ f, =0, (25)
where:

" 12 _: [/ 12
Py = —@ cose + @ "sing, p, = @ sinp + ¢ “cosy,

hy , Ny 2 hy, . Ty 2
fo= 2B+ (D) B fo=B,+ () B » 26)
H H C C
= Ul ’ huz_u' v:_vt n‘l.zl.:_ui nIZJ:_U' hlpz 5
m+m, m, m, m, m, m,R
3.1. Case: harmonic traveling waves:
n = Acos(wt — kx), & = Bsin(wt — kx). 27

Following equalities are obtained according to (21) and taking into account (27):
¢1 = (1 + asin)? + b2cos?y, ¢, = —(1 + asiny)acosy + b?sinypcosy,
¢z = —(1 + asinyp)bsiny — absinycosy, (28)
¢, =1+ asiny, ¢z = bcosy, ¢4 = —acosy, c¢; = —bsiny, a =kA, b =kB.

3.2. Analytical investigation for the case of slow motions when the average velocity of the
output system is much smaller than the velocity of traveling waves

In this case the steady state motions and the transient ones which are near to them are sought
in the following form:

l/)=l/)0+l/)~, (p=(p0+¢! ¢O=Wr+lﬁ! ¢O=WT+¢1 (29)

where Y’ and ¢” = %W are average velocities in the steady state regimes:

m
mn=01+1,42,.., —<1, (30)

n
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Y and @ are slowly varying quantities, 1 and @ are quickly varying quantities.

For the determination of quick motions linear differential equations with constant coefficients
are obtained. The latter are obtained from the main equations (22)-(26) by assuming in them that
the dash over separate members denotes averaging with respect to time and the wave over the
members means that their average values with respect to the period of time are equal to zero.
Nonlinear autonomous differential equations are obtained for the determination of slow motions
by assuming in the initial equations (22)-(26) ¥ and ¢ according to the equations (30) and
performing linearization over one time period.

Differential equations describing quick motions are obtained from equations (22)-(25) when
fo = 0 by taking into account the equations (30):

- h _ __ _ 5, T
2 (l/)" + le') = lp'zcz(l/)o) + T (‘P'ZC4(1/J0)51W/70) — Call1fu

T 31
k _ ___ h
- (Cs (o) (w_g + lizr(P'ZCOS‘PO)) + ¢ (o) Z =0,
kg _ __ k
r" + 29"~ co(tho)cospy + 97 (¢ (Po)sing) + w—zsimpo =0, (32)
—& " + P ce(Wo) + B, + fu = 0, (33)
VW) + B, +f, =0, (34)

where the upper dash means averaging with respect to the period, f,, and f, are determined
according to the equations (26), ¢; (i = 1,...,7) are determined according to the equations (28),
(29).

The differential equations of slow motion respectively are only for the determination of 1 and
@, namely:

__  h__ o _ p =
2 (l/)" + le') = lp'zcz(lpo + l/)) + #1r¢'254(¢0 + 1/J) sin(g, + @) — #154(11)0 + w)fu

35)
kg ——— _ = h =
- w_gcs(¢o +9) - MZT‘P'205 (o + ¥) cos(@o + @) + 501(1#0 +1) =0,
ko, = _ =
o7+ LT = oy + $)c0s(pg + ) + 9 (o + D)sin(o + §) 6

+Fsm((p0 +@)=0.
Further systems are analyzed starting from the simplest ones.

3.3. Case 1: system with one degree of freedom

First the problem is analyzed when the particle moves with a velocity much smaller than the
velocity of the wave, thatis § — 1 = ¢ > 0, € is a small quantity.

In this case the differential equations of the slow and quick motions are obtained on the basis
of the equations (31) and (35) by taking into account the equations (28):

[1+ 0.5(a? + b?)] (17[7’ + ﬁfﬁ") = WZ [—acosy, — 0.5(a? — b?)sin2y,]
@ (37

kgb h 3 2 2 —
—2 cosy, +5 [2asiny, — 0.5(a” — b*)cos2y,] = 0,
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.  h__
u+05m2+bﬁm¢ +5¢) .
_ g [am +0.5(a® — b?)sin2 (o + 1[;)] + w—‘Zb cos(o +P) (38)

+%[1 —0.5(a? — b%) + 2asin(y, + ) — 0.5(a® — bz)m] -0

Steady state regimes of quick motion according to the equation (37) are of the following type:
Y = R,cosy, + S;sinp, + R,cos21, + S,sin2yy,
and by substituting it into the equation (38), before this performing the expansion of it into a power
series with respect to ¥ and taking into account only the linear part and after averaging it is
obtained:

2 [<_52 + %dz)z +a (%)2 0.25a%(1 — d2)? (54 + (%)zy
0=1-34s h\2 * hy2 I 9
1 e+ (@) 402+ (5;) |
where:
d, =1+ 0.5+ b?), d, =P/, (40)
It is clear that:
§=1-g¢ (41)

where ¢ is a small quantity, on the right side of the equation (39) it is possible to assume € = 0
and:

[ 2 2 2 \]
2(_1+E%%)_+4G9 025a2(1 — d$)? (1 + ()
) )
8lsmr =1—5— . + . . 2)
2 1+ (3 s+ (B
) ) |
In the case when the particle moves with a velocity of the excited wave, it is:
§=0. (43)
In this case:
PY=0-1+1. (44)

The differential equation of slow motion according to the equation (32) is the following one:
__  h__ kg _ h - 5 _ _

d, (w" + 61/;’) = a{—pdzcosd) + - [d, + 2siny — 0.5a(1 — dz)c052¢]} =¥@p). 45
Stationary values of 1 are found from the following equation:

v() = 0. (46)
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Stable values of 1 are those which satisfy the following inequality:

V) _ {k_g
oy ~ N2

and in case of the opposite sign of the inequality (47) there are unstable values.

The equation (47) may have four or two or none real solutions with respect to 1. This means
that the motions with the velocity of the wave exist or do not exist. When the motions with the
velocity of the wave exist, which of them are stable and which are unstable is determined
according to the roots of the characteristic equation.

The characteristic equation at the stationary points according to the equation (45) is the
following one:

d,sim + g [2cosy + a(l — d%)sinZ&]} <0, 47)

a2 +d - (%) =0 (48)
L ) )

where:

" _ {kg i _+h[2 )+ a(l — d3)si 2_]} 49
alz—a o2 siny 5 cosyp +a 2)sin2y]+. (49)

Roots of the equation (49) are:

1h 1 /h\2 oy
/11;2 = —Eai\jz<5> +d% (a_lﬁ) (50)

Unstable points 1) separate stable regimes, among them including stable regimes taking place
at the velocity of the wave and at the velocity smaller than the velocity of the wave. Curves going
through the unstable points are bifurcation curves.

Because in the stationary points of Y, which are determined by the equation (46), may be four,
two or zero real values, then also (4,,); maybe j=1,...4,j =1,2,j = 0.

Solving equation (45) with initial conditions from the infinitely small vicinity of the unstable
point of 1, which is determined by the equations (46) and (47), bifurcation lines are obtained.

Because stationary regimes may exist:

Y’ =8andy’ =0, Gh
so for the global representation the phase plane is used:

V=W, (52)

From the unstable points, which are determined by the equations (46) and (47), by integrating
the differential equation (22), in which p, = p, = f,, = f, = fo = 0 and ¢4, ¢, c5 are determined
by the equations (28), bifurcation curves are obtained.

When b = 1.5q, %z 0.5, %g = 2 slowly changing a = a(et) graphical relationships have

been obtained ¥’ = ¥’ (a), ¥’ =¢'(a), Y’ — ¥ . =AY, P =y'Y"), (Fig. 3,4) which
reflect the dynamical qualities of the system.
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U
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Fig. 3. Transition to the steady state process when a = (.25, % =0.5, %g = 2 from the unstable point

P = 1.08825, 11”17, = (.748257 (Fig. 3a) and from the stable point 1 = 4.5421, 111’17, = —0.794566 (Fig. 3b),
phase trajectories of motion and attractors (Fig. 3¢)

© VIBROENGINEERING. JOURNAL OF VIBROENGINEERING. JUNE 2013. VOLUME 15, ISSUE 2. ISSN 1392-8716 80 1



994. WAVE DISPLACEMENT OF RIGID BODIES AND PARTICLES.
KAZIMIERAS RAGULSKIS, LIUTAURAS RAGULSKIS

3
2
1
0 — a
-1
0 0.1 0.2 0.3 0.4 0.5
5/
1 P
0.5
0 I a
0 0.1 0.2 0.3 0.4 0.5
A /
AV
3
2
1
0 0 0.1 0.2 0.3 0.4 0.5a

Fig. 4. Steady state motions of the system
3.4. Case 2: system with two degrees of freedom according to the coordinates Y and ¢

In this case in the equations of motion (22) and (23) it is assumed f,, = f,, = f, = 0.
Here the motions are investigated, for which:

V=9 =06 (53)

By taking into account the equations (27) and (28), the quick and slow equations (22) and (23)
become the following ones:

h
dq (1/)” + th’) =19 + 11008, + S15inYg + 51,5in@, + 1,052, (54)
+5,sin2y, + rzlp,pcos(lpo + @y),
" h‘P ’ :
Q" + = Ty + 518N, + 15, cos(Pg + @o), (55)

where it is denoted:

S [1405(w?+ b)Y, n = 91, s =2t = 767
1o = [1+0.5(w® + )]5, rl——a+i ) S1 =220, S1p = prd?,
h
= —0.5(a® — b?) —, = —0.5(a? — b?)§?, = —u,rd?, 56
2 (a )(u S2 (a ) LT wmr (56)
hyg

1 = —0.5(a® = b*)6% cos(P — @), si, = . 135 = 0.5(a — b)é.
From the equations (54) and (55) the quick motions are:

Y = Rycosyy + S;sinp + Ry ,c08¢0 + S145in@, + Ryc0821, + S,8in2h,

. 57
+R21/)(p COS(l[JO + (po) + SZI/)(p Sln(lp[) + (pO)l ( )
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¢ = Riypcos@q + Sipsing, + Ry, cos(o + @o) + S5, sin(¥o + @o), (58)

and the slow motions are:

o _ _ -
dy (1,[;" + 51,[;’) =1y — nYPsinyY, + s;Pcosy, + S1pPCOSPq
—21,sin2yg + 25,Pcos2yy — 272y, (P + @)sin(26T + P + @),
_ h,_ _ — =
ro” + f(p’ =15 + S1,PCos@y — 15, (P + P)sin(28 + P + §). (60)

(59)

By taking into account the equations (57) and (58), the equations (59) and (60) become the
following ones:

— h__
dl(lp” + 51!}’) = 1”0 - 0.57‘151 + 0.551R1 + 0.551(pRI(p

+r2[—52 — Rayg Sin(_l/; - o) — Sape COS(_l/; - @)] 61)
+s, [R2 + sz(p_COS(l/) - Q) — SZ_W, sin(y — (ﬁ)]
1200 [Rz sin(Yp — @) + S, cos(yp — ) — SZI/)(p - S;q)];

T h(p - * * * * : T, — T, — *
" + ;(p’ = 55+ 0.557,Ri, + 15, [Ry sin(P — @) — S, cos(@ — @) — Sayp — S35, (62)
or:

—_ h_ — —_
dy (7 + ) = Ay cos( = @) + Ay sin( — ) + As,

o op ~ ~ (63)
ro7+ L7 = A cos( — @) + A3 sin( — @) + 45,
or by taking into account the equation (59) it is obtained:
h o Lo
di—8=A,cos(Y —p) + A, sin(p — @) + A; =0,
@ (64)

h _ _
Z'p(S = A cos(Y — p) + A5 sin(yp — @) + A5 = 0.

From the equations (64) § and (i — @) are found. On the right side by assuming § = 1 in the

coefficients Aj, A]’-‘ it is obtained:

h — h _ h
(—A; - A1> cos(p —p) + (—A’g - A2> sin(ip — @) +-—A5; —A; =0. (65)
hy h, h,

From the equation () — @) is found. One of them can be freely assigned any value, because
the system of differential equations is autonomous.

Further investigation is performed in the same way as in case 1. The only difference here is in
the fact that four stationary regimes at 0 < § < 1 can not exist. In this case only two stationary
regimes exist, one of them is stable and one of them is unstable. Also even one stable and one
unstable regime may not exist.

When the output system moves at the velocity of the exciting wave, then the obtained results
are of the same type as for the case 1.
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4. Conclusions

The main objective of this paper is to analyze transverse and longitudinal deformations of the
working profile of the input member which displaces the output member, consisting from rigid
members according to one coordinate. More detailed analysis is performed when the working
profile of the input member is moving according to traveling harmonic Rayleigh waves, and one
member of the output system has point contact with the profile of the input member.

Approximate analytical modified asymptotic method is used for the investigation of the
stationary motions of the output system, which is based on the division of motion into the slow
and quick motions. The characteristics of motion have been obtained, which are valid for the
regimes when the output system moves at a much lower average velocity than the velocity of the
exciting wave.

Bifurcations and complicated motions and control of the system have been determined by
using analytical and numerical methods.
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