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Abstract. The Jacobi pseudo-spectral Galerkin method for the Volterra integro-differential
equations of the second kind with a weakly singular kernel is proposed in this paper. We provide
a rigorous error analysis for the proposed method, which indicates that the numerical errors (in
the Lﬁ,a g-norm and the L*-norm) will decay exponentially provided that the source function is

sufficiently smooth. Numerical examples are given to illustrate the theoretical results.
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1. Introduction

In practical applications one frequently encounters the Volterra integro-differential equations
of the second kind with a weakly singular kernel of the form:

Z_jc] = a(x)y(x) + b(x) +f (x—5)"K(x,s)y(s)ds, 0<x<T, 0<u<l1. )
0

With the given initial condition y(0) = y,. Where the unknown function y(x) is defined in
0 <x <T < o0.a(x), b(x) are two given source functions and K (x, s) is a given kernel.

Equations of this type arise as model equations for describing turbulent diffusion problems.
The numerical treatment of the Volterra integro-differential Eq. (1) is not simple, mainly due to
the fact that the solutions of Eq. (1) usually have a weak singularity at x = 0, as discussed in [1],
the second derivative of the solution y(x) behaves like y2(x)~x"#.

We point out that for Eq. (1) without the singular kernel (i.e., 4 = 0) spectral methods and the
corresponding error analysis have been provided recently [2]; see also [3] and [4] for spectral
methods to Volterra integral equations and pantograph-type delay differential equations. In both
cases, the underlying solutions are smooth.

In this work, we will consider a special case, namely, the exact solutions of Eq. (1) are smooth
(see also [5]). In this case, the collocation method and product integration method can be applied
directly. But the main approach used there is the spectral-collocation method which is similar to
a finite-difference approach. Consequently, the corresponding error analysis is more tedious as it
does not fit in a unified framework. However, with a finite-element type approach, as will be
performed in this work, it is natural to put the approximation scheme under the general
Jacobi-Galerkin type framework. As demonstrated in the recent book of Shen etc. [16], there is a
unified theory with Jacobi polynomials to approximate numerical solutions for differential and
integral equations. It is also rather straightforward to derive the pseudo-spectral Jacobi-Galerkin
method from the corresponding continuous version. The relevant convergence theories under the
unified framework, as will be seen from Section 4, are cleaner and more reasonable than those
obtained in [7].

The purpose of this work is to provide numerical methods for the second kind Volterra integro
differential equations based on pseudo-spectral Galerkin methods. Spectral methods are a class of
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techniques used in applied mathematics and scientific computing to numerically solve certain
partial differential equations (PDEs) (see e.g. [8-10] and the references therein), often involving
the use of the Fast Fourier Transform. Where applicable, spectral methods have excellent error
properties, with the so called ”exponential convergence” being the fastest possible.

The paper is organized as follows. In Section 2, we introduce the Jacobi pseudo-spectral Galerkin
approaches for the Volterra integro-differential Eq. (3). Some preliminaries and useful lemmas are
provided in Section 3. In Section 4, the convergence analysis is given. We prove the error estimates
in the L*-norm and Li,a p-norm. The numerical experiments are carried out in Section 5, which will

be used to verify the theoretical results obtained in Section 4. The final section contains conclusions.
2. Jacobi pseudo-spectral Galerkin method

In this section, we formulate the Jacobi pseudo-spectral Galerkin schemes for problem Eq. (1)
For this purpose, let wyp = (1 —t)*(1 + t)# be a weight function in the usual sense, for
a, B> —1.]:'13 (t), k=0, 1,..., denote the Jacobi polynomials. The set of Jacobi polynomials
{],f’ﬁ (O)}i=o forms a complete L7, B(_l’l) -orthogonal system. Before using pseudo-spectral
methods, we need to restate problefn Eq. (1). The usual way (see [1]) to deal with the original
problem is: writing z = b(x) + fox(x —5)"*K(x,s)y(s)ds, Eq. (1) is equivalent to a linear
Volterra integral equations of the second kind with respect to y, z:

( X
@) = yo + f {a(s)y(s) + z(s)}ds,

2)

kz(x) =b(x) + fx(x —S)*K(x,s)y(s)ds.
0

For the sake of applying the theory of orthogonal polynomials conveniently, by the linear
transformation:

L TA+6)  T(1+71)
= 2 , S = 2 .
Letting:
utwy =y("52), wo =2(F52), g0 =(FH2), A=y
( T (¢
{ u(®) =30+ | (a@u( +weoldr,
e 0

w© =9+ (g)“ |

(t — o)™ K(t,")u(r)dr.

The weak form of Eq. (3) is to find u,w € Li)a'ﬁ (A) x L?Daﬁ (M), such that:

T t
W Vg = (yo +3 | a@u@ +wos vl) :
-1 wag
T\17# (t 4
W, V2w, 5 = (g(t) + (E) f (t —)"*K(t, Du(r)dr, v2> , “4)
-1 g

Y v,,v, € Li)a'B(A) x L2, (N),

wa'ﬁ
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where (., . )wa, P denotes the usual inner product in the Li,a, g-space.

Now, let N be any positive integer and Py (A) be the set of all algebraic polynomials of degree
at most N. Obviously, the Jacobi polynomials ]g £ ®, ]f B @®),es ]g‘ﬂ (t) are the basis functions
of Py (A).

Next, we denote the collocation points by {t ;}}_,, which is the set of (N + 1) Jacobi Gauss
point. We also define the Jacobi interpolating polynomial [ ,f,l‘ﬁ v € Py(A), satisfying:

1P v(t) = v(t), 0<i<N.

It can be written as an expression of the form:

N

IP0(©) = ) w(tIF (@), 5)

i=1

where F(t;) is the Lagrange interpolation basis function associated with the Jacobi collocation
points {t;},.
Now we describe the Jacobi pseudo-spectral Galerkin method. For this purpose, set:

(t,0) = % + %9, 6 €[-11].
We define that:
t 1
Mu(t) = g f_ au(Rdr = ; f_ 1 (t ; 1) a(r(t,0))u(z(t, 6))d6, ©)
_ T (* T (! 1
Mu(t) = Ef_lu(r) dt = Ef_l (%) u(‘[(t, 9))d9, 7

Mu(t) = (z)l—# ft (t — 1) “ K(t,Du(r)dr
1

2
-G f (S0 (@ - 0y ke, 00)ule(c,09) .

®)

Using (N + 1)-point Gauss-Jacobi quadrature formula with weight w_, _, to approximate
Eqgs. (6)-(8) yields:

N
Mu(t) = Myu(t): = gz (t ; 1) a (T(t, 9]-)) u (‘c(t, 9]-)) Wy, (0))wj, )

j=0

N

Mu(t) ~ Myu(t): = gz (%) u (7(6,6))) (67 (10)

=0

1-u N 1-
u(®) ~ Myu(t): = (g) #Z (#) "k (£.2(6,6))) u (2(t.6) ) wo,u(6)) s (11)
=0

where {91-}?’:0 are the (N + 1)-degree Jacobi-Gauss points associated with w_,, _,, and {wj}ﬁyzo
are the corresponding Jacobi weights. On the other hand, instead of the continuous inner product,
the discrete inner product will be implemented by the following equality:
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N

vy = Y u(8)v(6) w;, (12)

j=0
as a result (u, v)a,_u,_u = (W, v)y, if uv € Py (A).
By the definition of I, ™, we have:
wv)y = (115“'_”% V)N- (13)
The Jacobi pseudo-spectral Galerkin method is to find:

N

un(0) = ) GO, wa(©) = ) TIEHE) € Py,
=0

j=0
such that:

{(UN, vy = Vo + Myuy + Mywy, v,)y,
Wy, v2)n = (g (&) + Myuy, v2)y, (14)

V(vy,v;) € Py(A) X Py(A),

where {af}?[:o and {'W;}yzo are determined by:

N

Z {(];u.—u’]i—u.—u)N _ (MN];u.—u’]i—u.—u)N}ﬁj

j=0

N
1\ — Z(MNL'_%_#J;#'_#)N w; = (yo']i_u'_H)N (>

j=0

N N
_ Z(MN];M'_MJL'_M'_H)N 7 + Z(]}ju,—u’]i—u.—u)N W = (g(t)’]i—u,—u)N_
j=0 j=0

Denoting X = [fig, &y, ..., iy, Wo, Wy, ..., Wy]T, Eq. (14) yields a equation of the matrix form:
AX = gy, (16)
where:

U, ]ju,—u) — (MyJ* 7, ]ju,—u) 0<i<N, 0<j<N,

~(Mg M) N+ 1Si<2N 4L 0<j <N,
—(MyJ 23 1,] P “) 0<i<N, N+1<j<2N+1,

UI) , N+1<i<2N+1, N+1<j<2N+1,

)i *7)y 0Sis<N,
nt) = (9O ")y N+1<i<2N+1.

A@)) =
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3. Some useful lemmas

We first introduce some Hilbert spaces. For simplicity, denote d,v(t) = (d/0d,)v(t), etc. For
a nonnegative integer m, define:

HE (~1,1):= {v: ofv(t) € L2, ,(-1,1), 0<k < m},

with the semi-norm and the norm as:

1
m 2
— m — k 2
vl , = 107w @l 1ol = (Znaf V@7, aﬁ) ,
k=0 ’

respectively. It is convenient sometime to introduce the semi-norms:

m 2
— K 2
Wl ( Z 03 ”(t)|Li,a_ﬁ(A)> '

k=min(m,N+1)

For bounding some approximation error of Jacobi polynomials, we need the following
nonuniformly-weighted Sobolev spaces:

HE: (—10):={v:0fv(t) € 12 (-11), 0<k<m),

Dotk B+k

equipped with the inner product and the norm as:

m
(V) = Z(afu, 0w o 111, = O D
k=0

Next, we define the orthogonal projection Py: L?(A) = Py(A) as:
(u — Pyu,v) =0, Vv € Py(p),

where Py possesses the following approximation properties ((5.4.11), (5.4.12) and (5.4.24) on
p. 283-287 in Ref. ([11]):

llw — Pyullzay < N lullgmeay, 17)
and:

3_
llu = Pyullpee < cNE™ [|ullm,co- (18)

We have the following optimal error estimate for the interpolation polynomials based on the
Jacobi Gauss points (c.f. [7]).
Lemma 3.1 For any function v satisfying v € H, ﬁ_*(—l,l), we have:

Il =137 vll

< cN™™||0]*v
. ool

“’rz+m,,8+m’ (19)

for the Jacobi Gauss points and Jacobi Gauss-Radau points.
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Lemma 3.2 If v € H, ;;,*(_1'1)’ for some m > 1 and ¢ € Py(A), then for the Jacobi Gauss
and Jacobi Gauss-Radau integration we have (cf. [7]):

ool (20)

a,[?.

_ _JaB -m| am
W, Dy — @ O] < v =1y vlig, Nl < VIOV,

We have the following result on the Lebesgue constant for the Lagrange interpolation
poly-nomials associated with the zeros of the Jacobi polynomials; (cf. [7]).

Lemma 3.3 Let {FJ (t)}?lzo be the N-th Lagrange interpolation polynomials associated with

the Gauss, or Gauss-Radau, or Gauss-Lobatto points of the Jacobi polynomials. Then:

N 1
logN, —1<a, f<-—2
By . _ _ )closh, , )
L e NLICIES R z @1
j=0 cNY"2,y = max(a, ), otherwise.

We now introduce some notation. For > 0 and k € [0,1], C™*([—1,1]) will denote the space
of functions whose r-th derivatives are Holder continuous with exponent k, endowed with the
usual norm |[[. ||, . When k =0, C"°([—1,1]) denotes the space of functions with r continuous
derivatives on [0, T], also denoted by C" ([—1,1]), and with norm ||. |..

We will make use of a result of Ragozin ([12-13]), which states that, for each nonnegative
Integer r and k € [0,1], there exists a constant C™* > 0 such that for any function
v € C"¥([—1,1]) there exists a polynomial function Tyv € Py such that:

v = tyvllee < CruN~THOvll, g, (22)

where ||. || is the norm of the space L*([—1,1]), and when the function v € C([—1,1]). Actually,
Ty is a linear operator from C™*([—1,1]) to Py.

We will need the fact that M, which be defined by Eq. (11), is compact as an operator from
C([0,T]) to C™*([—1,1]) forany 0 < k < 1 — pu [14].

Lemma 3.4 Let 0 < k < 1 — p, then, for any function v € C([—1,1]), there exists a positive
constant C such that:

|Mv(t") — Mu")|
|tl _ t”lk

< ¢ max |v(t)|,
- —1st51| ®|

under the assumption that 0 < k <1 —puforany t', t"” € [-1,1] and t" # t". This implies that:

||Mv||0‘k <Cllv@®)lle, 0<k<1-—p. (23)

Clearly, M and M also satisfy Eq. (24). In our analysis, we shall apply the generalization of
Gronwalls lemma. We call such a function v(t) locally integrable on the interval [0, T] if for each

t €[0,T], its Lebesgue integral fot v(s)ds is finite. The following result can be found
in [15].
Lemma 3.5 Suppose that:

v(t) < w,(t) + w(t) thb(t, s)v(s)ds, t€[0,T],
0

where ¢w, ¢w, and ¢v are locally integrable on the interval [0, T]. Here, all the functions are
assumed to be nonnegative. Then:

3812  ©JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2014, VOLUME 16, ISSUE 8. ISSN 1392-8716



1462. JACOBI PSEUDO-SPECTRAL GALERKIN METHOD FOR SECOND KIND VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS WITH A WEAKLY
SINGULAR KERNEL. XIAOYONG ZHANG, JUNLIN LI

v(t) < w,(t) + w(t) (exp thb(t, sHw(s) ds) thb(t, sw.(s)ds, t€[0,T].
0 0

Lemma 3.6 Assume that v is a nonnegative, locally integrable function defined on [0, T'] and
satisfying:

v(t) < w,(t) + K, J-t(t —s)*v(s)ds, t€[0,T],

where K|, is a positive constant and w, (t) is a nonnegative and continuous function defined on
[0, T]. Then, there exists a constant C such that:

v(t) <w,(t)+C ft(t —s)"w,(s)ds, t€[0,T].

Proof. We note that when 0 < u < 1, the integral fot(t — 5) *ds is finite. From Lemma 3.5,

we obtain the desired result directly.
Lemma 3.7 Assume that v is a nonnegative, locally integrable function defined on [—1, 1] and
satisfying:

v(t) < w,(t) + KOJ (t —s)Mv(s)ds,
-1

where K, is a positive constant and w,(t) is a nonnegative and continuous function defined on
[—1, 1]. Then, there exists a constant C such that:

t

v(t) < w,(t) + Cf (t =) *w,(s) ds.

Proof. Lett = 2/T (x — 1), s = 2/T (z — 1), we obtain that:
A
v(x) < w.(x) + K, (?> f (x — 1) Hu(r) dr, x € [0,T].
0
Using Lemma 3.6 leads to:
5 X
v(x) < w,(x) + Cj (x — 1) w,(t)dT, x €[0,T].
0

By the linear transformation x = 2/T (t+1), t=2/T (s + 1), desired result follows.
Obviously, when y = 0, the lemma 3.7 also holds.

To prove the error estimate in the weighted L?-norm, we need the generalized Hardys
inequality with weights (see, e.g., [16, 17]).

Lemma 3.8 For all measurable function f > 0, the following generalized Hardys inequality:

b i b 5
(f I(kf)(x)lqwl(x)dx> Sc(f If(x)lpwz(x)dx>,

holds if and only if:
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1
b q x 1-q' ? p
Sup J- w4 (t)dt f w, @dt] <o, qg =——7Fp
a<x<b \Jx a p— 1

for the case 1 < p < g < oo. Here, k is an operator of the form:

o

(f)(x) = f p(x,0) f(D)dt,

a

with p(x, t) a given kernel, w;, w, weight functions, and —0 < a < v < 0.

We will need the following estimate for the Lagrange interpolation associated with the Jacobi
Gaussian collocation points.

Lemma 3.9 For every bounded function v, there exists a constant C independent of v such

that:
2 logN||v]| 1<a f<—a
clogN||v|| e, — a p=—7,
el = | D IEEOl| <7 2
j=0 o \cN"*Z||lv|| =, y = max(a,B), otherwise,

where F;(t) is the Lagrange interpolation basis function associated with the Jacobi collocation
. N

points {tj}j:O
Proof. It is obvious that:

lisfv@l = | l@)FOl| < max Zw LI0]
j=0 00 j=
v L
<| max Z|F(t)| [0l 0.
j=0

By the Lemma 3.3, we obtain the desired result.
Lemma 3.10 For every bounded function v, there exists a constant C independent of v such
that:

lfv@l, < cllvlie,
le,B

where F;(t) is the Lagrange interpolation basis function associated with the Jacobi collocation

. N
points {tj}j=0
Proof. It is obvious that:

N

[Litg v(t>|| j (15"v) wap e —Z w2y < Il ) @) =o Ivll,

j=0 j=0
where y, = co(]g’ﬁ,]g‘ﬁ)w g As a consequence:

Q,
2
sup|[IVPv@| < Cllvll,
N g,a'ﬁ
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with C = \/y,.

4. Convergence for Jacobi pseudo-spectral-Galerkin method

As Iy*"" is the interpolation operator which is based on the (N +1)-degree Jacobi-Gauss
points with weight w_, _,, in terms of Egs. (13) and (14), the pseudo-spectral Galerkin solution
Uy, wy satisfies:

WUn V1o — (I (Myuy + Mywy), V1)w_ = (" u)’o'v1)w i
(wy, vZ)“’—u.—u - (15”'_”MNuN, Uz)w_#‘_# = (11;”' (t)' Uz)w_#'_#, (24)
V(vq,v;) € Py(A) X Py(A),

where:
Myuy = Muy — (Muy — Myuy) = Muy — Q(t),

with:

Q(t) = Muy — Myuy = ;J- (t il 1) a(‘[(t 9))uN(r(t 9))d9

N
_g (t er 1) a ((t,6))) un (2(t,6))) @, (6
j=0

= g((t al 1) a(t(t,)) @ uy (T (t, )))
_§<(t al 1) a(t(t,)) @y un (z(t, )))

(25

D—p,—p

in which (-,-)w_u _,, represents the continuous inner product with respect to 6, and (-,-)y is the

corresponding discrete inner product defined by the Gauss-Jacobi quadrature formula. Similar to
Eq. (25), we have that:

MNWN = MWN - (MWN - MNWN) = MWN - Q(t),

with:
Q) = Mwy ~ Fywy = 3 f 1 (S22 wa(x(t,0))a
_gz (#) W (T(t' 91)) wuu(6)) )

1 (26)

E(( 2 )“’“'“’W’V(T(t"))>

L mm).

N

and:
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with:

0(t) = Muy — Myuy = (Z)l_” j_ 11 (ﬂ)l_# 1 -60)"*K(t,t(t,0))uy(t(t,0))do

2 2
N
T\' "~ t+ 1" *
— (E) Z (T) K (t, ‘r(t, Qj)) W, Up (T(t, 9]-)) w;
j=0
TNTH e+ 1A 27)
= (E) (T) K(t; T(t;'))wo,w Uy (T(t,))
D-p—p
t+1\"*
- (T) K(t; T(t!'))wo,u! Uy (T(tl))
N
The combination of Egs. (24)-(27) yields:
( (uy + I3"74Q) — Iy" T Muy + I 7HQ () — Iy" T Mwy, Ul)w—u »
_ (] HH )
4 = (IN J’o,vl)w_u'_w
W, V2o, + (I 7HQ) — 17 Muy, vz)w_ul_u = (" g, vz)w—u,—u'
which gives rise to:
uy + Q) — I T Muy + P THQ() — I T Mwy = 1My, 28)
wy + Q) — I Muy = 1 g (0.

By the discussion above, Egs. (14), (24) and (28) are equivalent.
We first consider an auxiliary problem. We want to find @iy, Wy € Py(A) such that:

{(ﬁN' vy — (Mily, vy)y — (MWN' U1)N = o, Vn»

(Wn, V)N — (MﬁN' UZ)N = (g(®), v2)n, (29)
V(vy,v;) € Py(A) X Py(A),

where M, M and M are the integral operators defined in Section 2, and (.,.)y is still the discrete
inner product based on the (N + 1)-degree Jacobi-Gauss points. In terms of the definition of
I,*7", Eq. (29) can be written as:

(@, vy = (I May, vi), = (I Moy, v1), = (" 0, v1),,
o~ —W—H s —H—p (30)
Wy, v2)y — (I My, vz)N = (Iy g(t)'vz)N )
which is equivalent to:
fon- L My — L R = 1y, an
Wy — Iy May = 1" 7 g (o).

When y, = g = 0, Eq. (31) can be written as:
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{a,v — I May — LM My = 0,

WN - IIGM,_MM{),N = 0.
In terms of the fact that:

- ey iy — My + (May — I," " May) — Mw
Uy — I Mily — 1P Ay, =< N vt (M = Iy w) N),

+(MWN - 11;#'_#1’\2171\/1\])
WN - II;H'_MMﬁN = WN - MﬁN + (Mﬁ]v - [I;M'_MM’HN).

Suppose that:

T\'7# T
max{(a) |K(t,s], Ela(t)l,

It is clear that from Eq. (6)-(8):

T (¢ . —y —~ _
iy = f (a(s)an(s) + Wy (s))ds + I3 *Miy — Mity + [P Hy — My,
-1

N # t . _
Wy = (E) f (t — ) FK (¢, )iy (s)ds + [3F Tty — My,
-1
which yields:
t
(lanl + lwy]) < Cf (=)™ + D) + Wy (s)Dds + [IL]| + || + |13],
-1

Where 11 = IIGH,_HM{),N - MﬁN, 12 = IIGH'_HMWN - MWN, 13 = IIGH',_MM{),N - MﬂN. USll’lg
Lemma 3.7 leads to:
t
(lan| + lwy]) < Cf (€ =)™+ D] + ] + [I3Dds + || + |I2] + |15]
-1
< c(llqllgee + 12 l[pee + 1131l 1),
namely:
Nan] + Wyl o < eyl + 12110 + (3]l 100D (32)

We now estimate ||I;]| e, ||I;]| 0 and ||I5]|.. By virtue of Egs. (22), (23) and Lemma 3.9,
we obtain that:

it R = B = 10 = 1) Bl o = 10 = 154 7) (8 = )
< (U5 e My — Ty My || o

_ _ 1
clogN||May — Ty My || . < clogNN = [[aylle, —1<-p< —5
= 1 - - 1 1
eNZH||May — Ty o < cNZ iy, —5 <-u<0.
Similarly:
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1
no o clogNN ™ [lWyll,o, —1<-p<-7,
llx* MWN_MWN”LooS 1 1
Nz H [yl oo, —5<-#<0,

and:
. 1
clogNN*||tyllpee, —1<—pu< >

[l Mty = Mty || o < 4§
cNZH||tylle, —1<-pu<<O.

These, together with Eq. (32), give:

1
clogNN™|l|ay| + [Wylllpe, —1<-p< —5
Nan] + [yl < 1 1
cNZH iy | + [Wy I, 5 <-u<o,

which implies, taking u, x € (0,1 —u) such that u+x > 1/2, when N is large enough,
iy = wy = 0. Hence, the 1y and Wy are existent and unique as Py (A) is finite-dimensional.
Lemma 4.1. Suppose that u € H}! (A) and:
-, —u

T\ # T T -
max{(i) K9, 5la(@l, 5}_L,

then we have:

£ 1
clogNN# ™" (|[ullme + IWllme), —1<-p< >

5 mu 1
N (llpo + W), =5 <=p <0,

”l‘l'l'_‘aNl—I—|"V_‘7|\/N|”Loo < (33)

e =l + 1w = wllzz,_,
N (llorullg,,  + 110w, )

)

3. m 1
+clogNN# " ([[ullmeo + IWllme), —1<-p< > (34)

N lorul,, , +I0Ewl, )

> -m-u 1
+cN4 (”u”m,oo + ”W”m,oo): -3 <-u<o

Proof. Subtracting Eq. (31) from Eq. (3) yields:

{u(t) — Ay + [ TEMay + L TEMwy — Mu — Mw(t) =y, — I[" ™y, (39)

w—wy + I My — Mu = g(t) — 13" g(¢).

Set € = u(t) — iy, £ = w(t) — wy. Direct computation shows that:
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Mu — I,*" "My + Mw — I,* "My
= Mu— I 7" Mu + I *M(u — 2y) + Mw — I Mw + 127 M(w — Wy)
=Mu— I Mu+ Mu—1y) — [M(u—2y) — I," M u—ay)]
+Mw — LY EFw + M(w — Wy) — [M(w — Wy) — [* M (w — Wy)] (36)
=U—Yo— 11;#'_”(” —Yo) + M(u—1y) — [M(u —ay) — 11;#'_#1\7[(” - ﬁN)]
+M(w — Wy) — [M(w — Wy) — [ F M (w — Wy)]
=u— I u+ Me — [Me — [," 7" Me] + Mé — [Mé — 117" M¢),

and:
Mu — 1,*" "My = Mu — 1" Mu + 1,"*M(u — 0iy)
= Mu — IJ" " *Mu + M(u — i) — [M(u—1ay) — "M (u—1y)]

=w—g@®) —L," " (w—g@®)+Mu—1ay) — [M@u—1ay) — " M- ay)]
=w—I" " w —g(©) + " g(t) + Me — [Me — I, Me].

€0

The insertion of Egs. (36), (37) into Eq. (35) yields:

{e =u— M u+ Me — [Me — I,* 7" Me] + Mé — [Mé — I,F 7" Me],

E=w—L" w4+ Me - [Me — I,* " Me],

which implies that:
lel +1€] < Vsl + Uzl + Usl + Vsl + sl + CJ t_l (&) + D(e()| + 1&(s)Dds, (3%)

where:

Ji=u—I"""u, J, = Me—IgF*Me, ] = Mé— 1,1 7HME,
Jo=w =1 w, Js = Me —1,* *Me.

Using Lemma 3.7 gives:

lel + 1&] < il + Uzl + Usl + Vsl + Vsl

we [ L =9+ DU+l + Ul + Ul + s (9

Then, it follows from Eq. (39) that:

el + 18]l < ¢ (||u — U o + ||Me — I T Me]| o + || ME - 17T ME

o o @)
Hlw = T w|| oo + || M — 1 ”Me”Lw).

By using Eq. (18), Lemma 3.9, we obtain that:
[ = 13" | o = (|07 = 1) = Py o

1
AOGNNT ™ ullyer, =1 <~ < =5, (41)

<c(1+ 0= 1)) e = Pyullyeo < 1

CNZ_m_H”u”m,oo; - E < —U < 0;
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and:

3_ 1
clogNNT " |[Wllpw, —1<-p< —7

w =I5 7w o < (42)

1
N Hwll oo -3 <—u<0.

We now estimate J5 it is clear that € € C[0,T]. Consequently, using Egs. (22), (23) and
Lemma 3.9 it follows that:

Wsllioo = 17 = 132 7) (e = tyie)]| oo < (1 + 157 ]| o) [1F = e .o

1
o _ clogNN™ [le] +|élll, —1<-p<-2, @3
<c (1 ") o) N4 IFTE <, ) 2
cNZHlle + [élllo, =5 <-u<0,

where k € (0,1 — u) and tyMe € P (A). Eq. (43) also holds for ||, ]|, and ||/3]| . Taking p,
K € (0,1 — p) such that k + pu > 1/2, the estimate Eq. (33) follows from Egs. (40)-(43), provider
that N is large enough.

Next we prove Eq. (34). Using the generalized Gronwall inequality (Lemma 3.8), we have
from Eq. (38) that:

2 A1112 2 2 2
sl e+ ellg) < e (WlE + Wl sl (44)

Ak + <2 +llel + € Zw).
Vil +slZ, -+ el + 12l

A2 < ( 2 2 2 2
el + 12z, <c(Waly  +WalEy  +WslE + Wl

We obtain that from Egs. (22), (23) and Lemma 3.10:

— I G Pl A v 4 _ ! Y ~
Wslluz,_, =0 —1*7*)Me]| , = (1 = ") (Me — rybe)||
< c||Me — Ty Me| o, < N F|lello < cN7K|lle] + 18]l 50,
Walliz, < eNTFNlel+ 1&llle, Wl < cNFllel + 1]l

These result, together with the estimates Eqs. (33), (44) and (19), yields (34).
Now subtracting Eq. (28) from Eq. (31) leads to:

Uy —uy — L"7HQ@) + Iy Muy — 1T May
—IPTEQE) + I Rwy — Iy =0 )
WN - WN - 11;#'_#0(1:) - I;”‘_”MQN + I;”‘_uMuN e 0,

which can be simplified as, by setting E = #iy — uy, E; = Wy — wy:

{E -L,MM - MO - M TEME — 1M TEME, = 0, 45)

E,—L,*"0@) — I,**ME = o0.
Let ey = u —uy and éy = w — wy be the error corresponding to the Jacobi pseudo-spectral
Galerkin solution uy, wy of Eq. (14). Now we are prepared to get our global convergence result

for problem Eq. (3).
Theorem 4.1. Suppose that:
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)" kst Tian, 1)<t
max (5] |K@sl Sla®l <L,

and the solution of Eq. (3) is sufficiently smooth. For the Jacobi pseudo spectral Galerkin solution
defined in Eq. (14), we have the following estimates:
1) L” norm of |ey| + |€y| satisfies:

3
clogNN#™™ (| [u] |m'OO +|lwl |m'w)

-

+clogNN " ([ful + Wlll=), —1<-p<-2
[llen! + lenll] o0 < (46)

5 -
N (] + wll, )

Zmen o
+cN Ulul + wlll=), —5<-u<0

2) L%,_, —, norm of |ey| + |&y| satisfies:

|llex! + &5l
Lo—p-u

3
( clogNN‘m|||u| + |w|||Loo + cloghNz™™ (||u||m’oo + ||w||m‘m)

1]

1
+cN—™ (||6Z"u||wm_”'m_” + “afmwllwm_u,m_u)’ 1<—u< -3 @)

IA

R im-
eNZT" ﬂ|||u|| + ||W|||Loo +cNF™ u(||u||m,00+ “W”m'“’)

1
, —=<—u<0

+cN-™ <||agnu||wm_u'm_u +[lo7wl|, >

m—u,m—u)

Proof. We first prove the existence and uniqueness of the Jacobi pseudo-spectral Galerkin
solution uy, wy. As the dimension of Py (A) is finite and Eqs. (14) and (28) are equivalent, we
only need to prove that the solution of Eq. (28) is uy = wy = 0 when g = y, = 0.

For this purpose, we consider the equation:

{uN + IA7RQ@) — I T Muy + LM TRQ() — T Mwy = 0, 48)

Wy + P RO(E) — [P iy = 0.
Obviously Eq. (48) can be written as:

uN - MuN - MWN = I;u':#MuN - MuN + I&u'_uMWN - MWN
—ITRQM) - I THQ() =Ry + Ry + Rs + Ry,

and:
wy — Muy = [ Muy — Muy — 1,7 Q(t) = Rs + R,

namely:
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T t
EJ- (a(s)uN(s) + WN(s))ds + R, +R, + R; + R,
-1

(1
|

1-u ,t (49)
le = (5> f (t — $)™Mk(t, s)uy(s)ds + Rs + R
-1
With:
Ry = I "Muy — Muy, R, =I1L,* *Mwy — Mwy, Ry =—I""%Q(0),
Ry = _11;%_“@@); Rs = I,"" " Muy — Muy, R¢=—I,"""Q(t).
Using Eq. (49) gives:
t
lun| < [Ry] + [Rz| + |Rs] + [Ry] +LJ (luy () + lwy (s)Dds,
-1
t
lwn| < [Rs| + |Re| + LJ (€ =) (luy (S + lwy (s)Dds.
-1
Namely:
(lunl + |V¥N|) < |Ry| + |Rz2| + |R3| + [R4| + |Rs| + |Rs]
_ 50
+CLf (€ =)™ + D(luy ()] + lwy(s)ds. (50)
-1
Using Lemma 3.7 yields:
[1Clunl + Wy DI e
(51
< C(“RlllLoo + ||R2||Loo + ||R3||Loo + ||R4||Loo + ||R5||Loo + ||R6||Loo)
On the other hand, according to Lemma 3.9:
2 A z 1
, e 2 |ctogn|lQ@|,, ~1<-us -5,
IRellje = |- Q@] , < o ) (52)
N[O, —5<-u<o.
L® 2
By the expression of Q(t) in Eq. (25), Lemma 3.2, we have:
~ t+1
0] < en (=) og (ke 00)wou®))| Junll,,
Li,m_#‘m_# O—pt,—p
SCIV—Tn||u'N||LZ )
O-p—p
which, together with Eq. (52), gives:
m 1
ClOgNN ||(|uN|+|WN|)||L001 _1<_#S_El
[IRs| 0 < (53)
6 L %—m—u %—m—u 1
N [lunl] o < N |l + WDl o, =5 < =i < 0.
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Similarly, Eq. (53) holds for ||Rs] |L°° and [|R,| |L°°.
The combination of Egs. (43) and (53) yields:

1
c(logNN ™ +10gNN )| (un] + wyDll ) —1< - <=,
|1(lun + |WN|)||L00 = P 1, 1 (54)
(NN Il + Dl o, =5 < - <0,

Based on Eq.(54) and Lemma 3.4 with x+u>1/2, when N is large enough,
uy = wy = 0. Asa result, the existence and uniqueness of the Jacobi pseudo-spectral Galerkin
solutions uy, wy are proved.

Now we turn to the L® error estimate. Actually Eq. (45) can be transformed into:

= ;f (a(S)EN(S) + El(s))ds — ME + I];u,—uME

)

—1\77E1 + 1‘“'—#1\71151 + IR + I THQ (55)
kE f (t — ) Pk(t,s)E(s)ds — ME + I,* “ME + I,*"*Q (o),
which yields:
|E| + |E1|t
o (56)
<c | ((t=s)*+ 1) (E| + |E;Dds + |R;| + |Rg| + |Ro| + |R3| + [R4| + |Rl,
with R, = I;*""*ME — ME, Rg = I,**"*ME, — ME,, Ry = I,*"*ME — ME.
Similar to Eq. (52), it follows from Eq. (56) and Lemma 3.7 that:
NET+ |E1[ll o < IRl + lIRglleo + [[Roll o + IR0 + [IR4ll 0 + [IRg]l1e0). (57)
Similar to the estimate of Eq. (43), we obtain:
1
clogNN7¥||E||j0, —1<—u< —7
IRo |l < 1 . (58)

1
cNZ*HE| e, - 7 <-u<0.

It also holds for R, and Rg. In terms of Egs. (53), (57) and (58), when N is large enough, we
obtain:

( clogNN™™||(lun| + lwy DIl < clogNN="([[(fu] + WD)l 10

1
+HI(u —uyl + Iw —wyDll2), —1<-p< —3

NE+ 1Bl <4 ) 5 . (59)
N2 | (law] + lwy Dl < eNZH(ll(lul + [WDle0

1
\ HI(u —unl + 1w —wyDlle), —5<-u<0

By the triangular inequality:
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Hu —uy| + [w—wylllee < lllu—ay| + |w — Wy|l
N V! . . (60)
iy — uyl + Wy —wyllle = [[lu —ty| + [w = Wyl + [IE] + [E1]]| e,

as well as Egs. (59), (60) and Lemma 4.1, we can obtain the estimated Eq. (46) provided N is
sufficiently large.

Next we prove Eq. (47). Using Lemma 3.7 and the generalized Hardy inequality (Lemma 3.8,
p = q = 2), one obtains that from Eq. (56):

2 2 2 2

NEI+ BN, <c(IRplE,  +IRE +IRslE

HIRsIE, +URME 4Rl + N+ IEIE) < (IRl (61)

+IRgll7e0 + IRsll7e0 + IR 170 + lIR4lIe0 + IR 170 + IE] + [Ey|lI7o).

The combination of Egs. (53), (58) and (59) yields:

HET+ |E1]ll 2,
—p—p 1

_ [ogMN Gl + Dl + Wewd + leDle), ~1< <=, )
e AU + WDl + el +leyll),  —7 < —u<o0.
By the triangular inequality again:

lewl + leylllz,_, < IChu =yl +lw =Dl +NIET+ 1Bl (©)

In terms of Egs. (46), (62), (63) and Lemma 4.1, we obtain the desired result.
5. Numerical results

We give two numerical examples to confirm our analysis.
Example 1. Consider the Volterra integro-differential equation:

u(t) = 2tu(t) + (1 — 2t)et —%(1 + )T+ j (t — 1)—=7 e~"u(r)dx.
-1

The exact solution is u(t) = e'. Fig. 1 shows the errors u — uy of approximate solution in L%
and Fig. 2 shows the errors weighted Li,_u'_u norms obtained by using the Pseudo-spectral

methods described above. It is observed that the desired exponential rate of convergence is
obtained.
Example 2. Consider the Volterra equation integro-differential equation:

5 16 5 1
u'(t) = etu(t) — ?(1 + )2+ 4(1+t)2

T

—(sin(t) + etcos(t)) + fr (t— 1')_% u(r)dr.

cos(7)

The corresponding exact solution is given by u(t) = cos(t). Fig. 3 and Fig. 4 plot the errors
u—uyfor 2< N <14 in L* and Li,_”'_u norms. Once again the desired spectral accuracy is
obtained.
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6. Concluding remarks

This work is concerned with the Jacobi pseudospectral-Galerkin methods for solving
Volterratype integro-differential equation and the error analysis. To facilitate the use of the
methods, we first restate the original integro-differential equation as two simple integral equations
of the second kind, then the spectral accuracy associated with L* and Li’—u.—u error estimates are

demonstrated theoretically. These results are confirmed by some numerical experiments.

We only investigated the case when the solution is smooth in the present work, with the
availability of this methodology, it will be possible to extend the results of this paper to the weakly
singular VIDEs with nonsmooth solutions which will be the subject of our future work.
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