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Abstract. The governing equation of flow-induced vibration is deduced in terms of Hamilton’s
principle for a variable diameter pipe conveying axial steady flow. Frobenius method is applied
to analyze the governing equation. After the recursion formulas of coefficients are obtained,
dynamic stiffness method is proposed for free vibration analysis of the variable diameter pipe
conveying fluid. In the example, the natural frequencies of uniform pipes conveying fluid are
computed and comparisons are made to validate the dynamic stiffness method. Then, the natural
frequencies and modal shapes are obtained for the variable diameter pipe conveying fluid with
different section variation coefficients and fluid velocities.

Keywords: variable diameter pipe conveying fluid, dynamic stiffness method, natural frequencies,
modal shapes.

1. Introduction

Fluid-conveying pipe is widely used in nuclear industry, petroleum industry, and many other
industries. The failure caused by the interaction between fluid and pipe wall occurs very frequently
in practice. So flow-induced vibration of pipe conveying fluid attracts more and more interests of
researchers. Ashley and Haviland [1] begun the research of bending vibrations of pipe line
containing flowing fluid. Paidoussis [2] has studied the dynamic characteristics of pipe conveying
fluid for many years, the great achievement he accomplished in nonlinear vibration of pipes set
the foundation of pipe dynamics. Recently, flow-induced vibration of pipe conveying fluid is
researched more exhaustively. Doare et al. [3] studied the dissipation effect on the local and global
stability of pipe conveying fluid and proposed a numerical method to analyze the stability of
finite-length system. Jung, Chung [4] investigated the stability of semi-circular pipe conveying
harmonically oscillating fluid. They considered the extensibility and nonlinearity of the
fluid-conveying pipe with different boundary conditions through Hamilton principle. Rinaldi,
Prabhakar [5] studied micro-scale resonators containing internal flow, modeled as
micro-fabricated pipe conveying fluid, and investigated the effects of flow velocity on damping,
stability, and frequency shift. Huang, Liu [6] studied the natural frequencies of fluid conveying
pipe with different boundary conditions through Garlerkin approach. Ragulskis, Fedaravicius [7]
have developed a harmonic balance method in the FEM analysis of the fluid in pipe with taking
the interactions between the vibrating pipe and fluid flow into consideration.

Uniform pipe was always adopted in the flow-induced vibration analysis of pipe conveying
fluid. However, fluid-conveying pipes with variable section are widespread in nuclear engineering,
such as pipe-expanding and nozzle etc. Hannoyer and Paidoussis [8, 9] have studied the dynamics
of a slender tapered beam with internal and external flow in theory and experiment. Based on the
researches of Hannoyer and Paidoussis [8, 9], we studied the dynamic characteristics of variable
diameter pipes conveying fluid through stiffness matrix method. Natural frequencies and modal
shapes of the variable diameter pipe were calculated in this paper and contrasts were made
between the results in this paper and previous researches, which prove that the method employed
in this paper is reasonable.
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2. Motion equation of variable diameter pipe conveying fluid

Here, we use Hamilton’s principle to build the dynamic model of variable diameter pipe
conveying fluid. Because that the fluid-conveying pipe is an open system. The Hamilton’s
principle for open system is used here, i.e.:

t2 2 t2

6f£dt+ f swdt — f meV(x)(%, + V(x)&,) - 87, dt = 0, 1))
t1 t1 t1

where, L is the system’s Lagrange function, that is L = Tj, — T,, where Ty, T}, stand for the kinetic
energy and potential energy of the system respectively. W is the work done by non-conservative
force, my is the fluid mass per unit length, 7, is the position vector of pipe exit. é; is the unit vector
in tangent direction of the deformed pipeline, as shown in Fig. 1.

In the coordinate shown in Fig. 1, the absolute fluid velocity can be written as follow:

V,(x) = (@ + VOu)E + (b + V(w)é,. )

In Eq. (2), V(x) stands for the velocity of the fluid relative to the pipe. &; and &, are unit

vectors in x- and y-directions. () and () stand for the partial derivatives with respect to x
(coordinate) and t (time). According to the law of conservation of fluid mass, as shown in Eq. (3),
the velocity of the fluid is change along the length of the conical pipe. So we use V(x) and V,(x)
here:

V(x)As(x) = C, 3)

where C is a constant.

R

X Py o —  ———

Fig. 1. The displacement sketch of simply supported pipe  Fig. 2. The sketch of variable diameter pipe

The sketch of a variable diameter pipe is shown in Fig. 2. The fluid flows from left end to right
end. The outer and inner diameters of left end of the pipe are D; and d;s respectively. The
non-uniformity of the pipe is characterized by the diameter variation coefficient y. The outer and

inner diameters of the section at coordinate x can be expressed as D(x) = (1 -y %) D; and
d(x) = (1 -y %) d; respectively, where L is length of the pipe. Because that the area of the fluid
is Af(x) = iﬂdz(x), the velocity of the fluid along the length of the pipe can be expressed as:

C

(- .

V(ix) =

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MARCH 2014. VOLUME 16, ISSUE 2. ISSN 1392-8716 833



1197. DYNAMIC STIFFNESS METHOD FOR FREE VIBRATION ANALYSIS OF VARIABLE DIAMETER PIPE CONVEYING FLUID.
LIU YONGSHOU, ZHANG ZIJUN, L1 BAOHUI, GAO HANGSHAN

Given that the flow velocity at the entrance of the pipe is V,, then Eq. (4) can be transformed
into following form:

1

(1-1)
L
Now, we use Hamilton’s principle for open system to deduce the motion equation of variable

diameter pipe conveying fluid. The kinetic energy of fluid in pipe can be written in the following
form:

L L

Tys = %f pr A (VA (x)dx = %f prAr(X)(W? + V2(x) + 2ww'V (x) + 2V (x)u)dx. (6)

0 0

2 2
Here, the axial inextensible assumption was used, i.e. (Z—Z) + (Z—Z) = 1. And high order

infinitesimals have been ignored in Eq. (6). pf is the density of fluid in pipe, Af(x) is area of the
fluid section located at x. ms(x)dx = pyAr(x)dx is mass of the fluid element analyzed.
The kinetic energy of the pipe is as follow:

L L
1 1
Tip = Ef ppAp CW?dx = Ef my, (X)w?dx, )
0 0

where, p, is density of the pipe material, A,(x) is area of the pipe cross section at x.
my(x)dx = p,A,(x)dx is mass of the pipe element.
The potential energy of the pipe is as follow:

L
1 "2
Top ZEEfIxW dx. (8)
0

In Eq. (8), I, is the inertial moment of the pipe section. Obviously, I, also changes along
x-axis. Only considering the work done by fluid pressure, the work done by non-conservative
force is zero [2], that is:

SW =0. )

Substituting Eq. (6)-(9) into Eq. (1), the following equation can be obtained:

t2 L
1
) f Ej[mf(viz2 + V2420w’V +2Vi) + m,w? — ELw"*|dxdt
" (10)
- j meV (7, + Vé,) - 7, dt = 0.
ty

Here, we take the simply supported pipe (as shown in Fig. 1) for example to deduce the lateral
vibration equation of the variable diameter pipe conveying fluid.
The boundary conditions of simply supported pipe are:
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0%w 0%w
w(0) =w(1) =0, EIW =EI Ix2 = 0. an
x=0 x=1
At time t; and t,:
6ut1 = 5ut2 = 0, 12
Swy, = 6wy, = 0. (12)

Combine Eq. (11) with Eq. (12), the following equation is obtained:

2 L
f f [ELyw")" + (my, + mp)W + (VW' +me' Vi + m V')
ty 0

+ (M pw'V2 + mew"V2 + 2meVV'w')|dwdxdt = 0.

(13)

The detail manipulation of the third term in Eq. (10) is as follow:

t2 L tz2 L
é f J-mev'vw’dxdt = f J-(mew’(?v'v + mVwéw')dxdt
t1 O 0

ty
t2 L

= f f[—mev'v' — (Vvmpw)'] Swdxdt (14)
£y 0
tz2 L

=— f f (mpVW' + miVw + meV'W)dwdxdt.
ty 0

Considering the assumption of axial inextensible, we obtain that u, = —éfo w'?dx, where

the subscript ‘e’ means “exit”, and the following equation can be gained:
t2 t2 t2 L

f meV (7, + VE,) - 67, dt = f mV28u.dt = — f f meV2w'Sw'dxdt

t1 b L t1 . t 0 (15)

= j f(me’Vz)’Swdxdt = f j(m’fw’V2 +mew" V2 + 2mVV'w') Swdxdt.
tp 0 ty 0

Now, we can get the motion equation of variable diameter pipe conveying fluid as follow:

E(Lw")" + (my, + me)Ww + (mpV' + meVb + m' V')

+ (M pw'VZ + mew"V2 4 2mVV'w') = 0. (16)
3. Free vibration analysis of variable diameter pipe
3.1. Frobenius method

To harmonic vibration, we have:
w(x, t) = W(x)el®t, (17)
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Substituting Eq. (17) into Eq. (16), we can get the following ordinary differential equation:

AW op d3 PRI d2W+( Viw +my* +2 ) — aw
*dxt P dx dx dxz TV gy TV my (18)
+[(mfV + mv )La) - (m, + mp)w?|W =0,

where:

x 2
.
my () = ppAp(¥) = pyma—b— = (14 @y T+ 0 77 | py44(0),
2 (19)
——) (D —d}) x x?
my(x) = ppAp(x) = pm 2 =|\1ta+az 7| ppap(0),
and
X 4
—d,% ( _VT) (D;L_d;}) X x? x3 x* (20)
Ly=m 64 T 64 = 1+ﬁ1z+ﬁzﬁ+ﬁsL_3+[)’4F Ip.

For the purpose of analyzing Eq. (18) conveniently, the following dimensionless parameters
are introduced here:

§=p =1 Q‘\/ IO R
(21)
_|prAs(0) _ prAr(0)
N TO R O W ()
The dimensionless form of Eq. (18) is as follow:
d3
(L4 BE + B85+ B+ B8 T+ 2080+ 2,8 + 358 + 45,69 T
v3 d*n
+ [(232 + 6838 + 12B,8%) + (1 + a1 & + ay¢?) (1 ]/5)4] e
22
[(af1 + 20,8) —— (1 f) + (1 4+ a;& + ayé? )(1 f) +iQvy———— 21— yf)z \/—] (22)
YVo
{lﬂ\/_[(al +20,8) —— 1= f) + (14 a4 & + a,é? )(1 yf)3]

—(1+a &+ azfz)ﬂz}n =0.

Given that the contraction angle of the conical pipe is very small, that is, (y¢) is sufficiently
small so that we can use Tylor series here as:
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1 — N n 2 3 4 5 6
1_y€—;(y5) S 1Y+ OO+ G + D) + ) + (),

1
A=y~ 142y + 318 +4(r§)® +5(rH)* + 6(r§)° + 7(r$)°,
1
a5~ 14 3y8+6(y&)? + 10(y€)® + 15(y&)* + 21(y¢)°® + 28(y¢)°, (23)
1

A=y~ 1+44yE +10(y&)? + 20(¥&)® + 35(y&)* + 56(y€)® + 84(y¢)®,

1
a=yoF~ 1+ 5y& + 15(y€)? + 35(¥€)% + 70(yE)* + 126(y€)° + 210(y¢)°.

Here, we apply Frobenius method to analyze Eq. (22). Given that the solution of Eq. (22) takes
the following form:

[oe]

n(§) = Z an§™*, ao # 0. (24)

n=0

In which a,, is the coefficient of the polynomial. The derivatives of n(§) are:

[oe] 2 0

Z—g = £ an(n + k)§n+k—1, ZTZ = 2 an(n +E)n+k— 1)fn+k—2'

3 (o)

Z—£= Zan(n+k)(n+k— D(n+ k — 2)&n+k=3, 25)
n=0

d*n -

— =) ay(n+k)n+k—1D(n+k—2)(n+k—3)§+k*

7= 2,

When n = 0, substituting Eq. (24) and Eq. (25) into Eq. (22), because that the lowest power
of & equals to zero, so the following equation can be obtained:

agk(k—1)(k—2)(k—3)=0. (26)
Because that a, # 0, so we obtain:
k(k—1)(k—=2)(k—3)=0. 27

Eq. (27) is namely indicial equation and it plays an important role in the analysis [10].
Obviously, Eq. (27) have four roots, i.e. k; =0, 1, 2, 3 (j =1, 2, 3, 4) respectively. To each k,
only one coefficient a, (k) is related. Substituting Eq. (24) and Eq. (25) into Eq. (22), then all the
coefficients can be obtained:

Vo =0, (28a)
_ puk-1)
a;(k) = _[!(,{T%(k;’ 1 (28b)
1 2 —D+¢
ay(k) = — K+ 2 a; (k) — mao(k), (28¢)
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Pk +1) Bok(k+1) + ¢,
az(k) = _ﬁaz(k) —m%(’c)
_53(]( + Dk(k—1) + a; Gk + 4(1)’(]( -1+ + )
( )(k+3)(k-|EZ)(k)-|E 1) )
Bi(k+2 Bo(k+2)(k+1)+
W) = -= s - hhr sy @W
Bk +2)(k+ Dk + a4k +1) +4ylik + (4 + $5)
- (k+ Dk +3)(k+2) (k) (28¢)
[ﬁ4(k +2)(k+ Dk(k — 1) + (4ayy + 10y2% + ) k(k— 1)
+[(4—a1y +2a, + 5y + a){ + nyz]k + (ay103+ {4 — {5) a
(k+4)(k+3)(k+2)(k+1) 0
k) = Bi(k+n+3) 0 Bolk+n+3)(k+n+2)+
Anes (k) = = k+n+s5 T Tkt n+ 4)
[ Bsk+n+3)k+n+2)(k+n+1) ]
e Gk tn+2)+4yG(k+n+ 1)+ (6 + {o) k)
(k+n+5)(k+n+4)(k+n+3) Gnt2
{ Bilk+n+3)k+n+2)k+n+1)(k+n) } (281)

(28d)

ao(k),

k),

An+3 (k)

+(4a vy +10y%20 + ay)(k+n+ 1)(k+n)
+[(4ayy + 2a, + 5y + @)y + 2yl (k+n+ 1) + (435 + . — 5)

B (k+n+5k+n+4)k+n+3)(k+n+2) 11 (k)
_ (3Qay + 2a1y) + 4By + ay) — {say a, (k)
Fk+n+5)k+n+d)k+n+3)k+n+2) 7
where:
G =v8, { =i /B, 3 =i0B, I =i0JBy, {s=0% (29)

Here, the high orders of y have been neglected. After getting these coefficients, the solution
of Eq. (22) can be written in the following form:

n(&) = A1f1(§) + A2£,(&) + A3f3(8) + Asfa(8), (30)

where A; is constant. The expression of f;(¢) is as follow:

f1(®) = ag(ky) + ay (k)& + ay (k)&% +asz(k,)E3 + -,
f2(&) = ag(k2)é + ai (k) +ay (k)3 +as (k)8 + -+, 31)
£:(8) = ag(k3)é%+ay (k3)E3+ay(ks)é*+as(ks)ES + -,
(5 = ag(k)E34ay (k)& +a,(ky)E5+az(ky)EC + -+

0, =-0(0) N =0()
M, =—M(0) “ "M, =M()

—

< 1

Fig. 3. The sketch of node force
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3.2. Dynamic stiffness method

Here, we use dynamic stiffness method to analyze vibration of variable diameter pipe
conveying fluid. As shown in Fig. 3, the node displacement of the pipe is:

0¢ = PA, (32)
where:

§¢=[m m m ml, A=[A; Ay A; A,

ao(ky) 0 0 0

|a1(k1) ao(kz) 0 0 | (33)
| A(D) KD Q) A

lr g0 fO fFol

As shown in Fig. 3, the shear force and bending moment can be expressed as:

P =

9*w
M = Elxmr

oM 3w oL, 0%*w

R I, 9x 0x2

(34

Introducing the dimensionless form of shear force and bending moment as follows:

M =1+ piE+ 8%+ B8 + ,3454) dfz’

= (145§ + 587 + B38° + 3454) df3 (35)
77

ez

E_
Q

Q
d2

_(.81 +2B58 + 3B58% + 4Pud’

The directions of M, Q are shown in Fig. 3, then it is easy to get the vector of node force:
=[Q M, Q, M, (36)

where Q; = —Q(0), My = —M(0), Q, = Q(1), M, = M(1).
The relation between vector of node force and vector A can now be expressed as follow:

F = BA, (37
where:

[f1”’(0) +26,£1"(0) £2"'(0) +2B,£2"(0) f3"'(0) + 2B, £5"(0) £u""(0) + 2B:1f" (0) ]

_ | —f1"(0) —£>"(0) —f5"(0) —£""(0) | (38)
01fi"’' (D) = 021" (D) 012" (1) — 025" (D) 015" (1) — 023" (1) 012" (1) — o2 £a" (D]
") £ (1) (1)

In which oy =1+, + 5, + 3+ B4, 0o =By + 20, + 303 + 4P,, and what should be
noted here is that, ()’ stands for the derivative with respect to &, which is different from that in
Section 2.

According to Eq. (32), we can get the coefficient vector as follow:
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A= P15e, (39)
Now, substituting Eq. (39) into Eq. (37), the following result will be gained:
F = BP715¢ = S§°. (40)

Here, the matrix S is named as the dynamic stiffness matrix of the system. Once the dynamic
stiffness matrix is obtained, the natural frequencies and modal shapes can be easily obtained.

Here, we take the simply supported pipe for an example to illuminate how to compute natural
frequencies of the pipe through dynamic stiffness method. The boundary conditions of simply
supported pipe can be written as:

f=0:1’]1=0, I\Z1=0,

f = 1:n2 = 0, M2 = 0. (41)
Rewriting Eq. (41) in the matrix form, we have:
Q: S11 S1z S13 S14][0
0 S21 Sz Saz Saal|m
2| = . 42
Q, S31 S32 Szz Sz 0’ (“42)
0 Ss1 Saz Saz Saad LM
The following characteristic equation can be obtained from Eq. (42):
S22 524] 771]
| =0. 43
Saz Saalln, (43)
It is easy to find from Eq. (43) that the following equation must be satisfied:
h(w) = det Sz Sl _ (44)
Sz Saa

The natural frequencies can be obtained from Eq. (44). In the same way, we can get the
characteristic equation for cantilevered pipe and clamped-pinned pipe conveying fluid as follows:
Cantilevered pipe (left clamped and right free):

533 534—

h = det
(@) =det|g’ S,

=0. (45)

Clamped-pinned pipe (left clamped and right pinned):

Sll 512 Sl4

h(w) = det 521 522 524 =0. (46)
Sa1 Saz Saa

4. Examples

4.1. Uniform pipe conveying fluid

In order to validate the proposed method, we calculated the natural frequencies of a uniform
pipe conveying fluid. The uniform pipe is actually the case of variable diameter pipe with section
variation coefficient y = 0. The pipe and fluid parameters are chosen the same as previous
reference, that is, Yang’s modulus is E = 210 GPa, the outer and inner diameters at origin of the
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pipe are D; = 324 mm and d; = 292 mm respectively, and the pipe span is L = 32 m, the density
of pipe material is p, = 8200 kg/m3, the density of fluid is py = 908.2 kg/m3 [11]. The first five
orders of natural frequencies are computed under three different velocities, i.e. V =0,V = 15 m/s,
V = 25 m/s respectively. And comparisons are presented between the results obtained by the
proposed method and that published in the research of Housner [11]. The computation results of
natural frequencies and error are listed in Table 1.

Table 1. Natural frequencies of uniform simply supported pipe conveying fluid
under different fluid velocities (rad/s)

Fluid velocity Natural frequency

w4 Wy w3 Wy ws

This paper | 4.373 17.493 | 39.359 | 69.971 | 109.330
V=0 Reference | 4.3732 | 17.4928 | 39.3587 — —
error (%) 0.004 0.001 0.0007 — —

This paper | 4.287 17.417 | 39.286 | 69.900 | 109.259
V=15m/s Reference | 4.2870 | 17.4171 | 39.2858 - -
error (%) 0 0.0006 | 0.0005 - -

This paper | 4.131 17.282 | 39.156 | 69.772 | 109.133
V =25m/s References | 4.1293 | 17.2816 | 39.1559 - -
error (%) 0.04 0.002 0.0003 — —

It can be found from Table 1 that a well agreement is obtained between the results in this paper

and that in reference.

Loz h(@)-

@ (rad/s)

a)

60 70 80

100 110

Log h(@)

10 20 30 40 50 60

@ (rad/s)

b)

110

Log h(@)

10 20 30 40 50 60 70 80 a0 100 110
@ (rad/s)

<)
Fig. 4. Curves of lg(h)-frequency under different fluid velocities: a) V = 0,b) V = 15m/s, ¢) V = 25 m/s

Fig. 4 shows the curve of Igh(w) versus frequency w under different fluid velocities, and the

841
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natural frequencies have been marked in the figure. It should be noted here that when the slope of
the curve is negative infinite, the real part and the imaginary part of h(w) are both zeros. In
another word, the frequencies related to the negative cuspidal points are the natural frequencies of
the fluid-conveying pipe.

4.2. Variable diameter pipe conveying fluid

To simply supported variable diameter pipes conveying fluid, we choose three different
diameter variation coefficients, that is 0.1, 0.2, 0.3, respectively. Given that the Yang’s modulus
of the pipe material is E = 70 GPa, the outer and inner diameters of pipe at the origin of the pipe
are D; = 80 mm and d; = 72 mm respectively. The pipe length is L = 15 m, the density of pipe
material is p, = 2800 kg/m3, and the density of fluid is V; = 25 m/s. The natural frequencies are
computed under the following three different fluid velocities: V =0, V =15m/s,
V = 25 m/s. The results are listed in Table 2.

Table 2. Natural frequencies of variable diameter pipe conveying fluid
with different diameter variation coefficients under different fluid velocities

y and fluid velocities Natural frequencies
w1 W, w3 Wy Ws
Vo = 3.54 | 14.14 | 31.82 | 56.56 | 88.36
y=0.1 | Vo=10m/s | 3.10 | 13.80 | 31.52 | 56.26 | 88.08
Vo=25m/s | — 11.92 | 29.84 | 54.68 | 86.54
V=0 3.34 | 13.48 | 30.32 | 53.88 | 84.18
y=02|Vy=10m/s | 2.88 | 13.12 | 29.98 | 53.56 | 83.88
Vo=25m/s | — | 11.10 | 28.20 | 51.88 | 82.84
Vo = 3.16 | 12.92 | 29.04 | 51.62 | 80.58
y=03 | Vo=10m/s | 2.66 | 12.52 | 28.68 | 51.28 | 80.42
Vo=25m/s | — 10.30 | 26.76 | 49.44 | 77.98

From Table 2, we can find that to the same diameter variation coefficient y, the natural
frequencies decrease as the fluid velocity increases, and that the larger y we choose, the smaller
the natural frequencies we get. The results obtained above agree with that in the researches of
Hannoyer and Paidoussis [8].

Additionally, we notice that when the fluid velocity reaches 25 mV/s, the first order natural
frequency has already vanished. So we can conclude that such velocity has already exceeded the
critical velocity of the pipe. Actually, the critical velocities of variable diameter pipe conveying
fluid with different diameter variation coefficients are y = 0.1, V,, = 19.96 m/s; y = 0.2,
V., = 18.82m/s; y = 0.3, 1V, = 17.77 m/s, respectively, as shown in Fig. 5.

4.0

3.0

o(rad’s)
-

0 1 2 V15 16 17 18 19 20 21
1 s) i
Fig. 5. Curves of first order natural frequency versus Fig. 6. Buckling of the variable diameter pipe
fluid velocity conveying fluid
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When the fluid velocity reaches the critical value, the simply supported variable diameter pipe
would yield buckling, as a form of static instability, as shown in Fig. 6. Further, the instability
would result in the failure of the pipe.

It is obvious that the larger the diameter variation coefficient is, the smaller the critical velocity
we get, which agree with the result in the researches of Hannoyer and Paidoussis [8].

Fig. 7 shows the curves of Igh(w) versus frequency w for variable diameter pipe conveying
fluid with different diameter variation coefficients under velocity Vy = 0 and V, = 25 m/s.
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Fig. 7. Curves of log(h)-frequency with different diameter variation ratio under different fluid velocities:
Ay =01,V =0,b)y=0.1,Vy =25m/s;c)y =0.2,V, =0;
d)y=02,Vy=25m/s;e)y =03,V =0;f)y =0.3,Vy, =25 m/s

After we obtain the natural frequencies of the variable diameter pipe, the modal shapes can be
obtained correspondingly. The modal shapes of variable diameter pipe conveying fluid are shown
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in Fig. 8 and Table 3.

Table 3. Dimensionless amplitudes of the modal shape under different flow velocities

Fluid velocity Amplitudes

Ist order | 2nd order | 3rd order | 4th order
Vo=0 0.22 0.29 0.21 0.12
Vo = 10 m/s 0.25 0.31 0.23 0.15
Vo =25m/s 0.30 0.35 0.26 0.18

Table 3 shows that the amplitude of the modal shape increases with increasing flow velocity.
This illuminate that the increasing fluid velocity can weaken the pipe stiffness.

1 order
2nd order

Jrd order
4% order

Fig. 8. The first four orders modal shapes of variable diameter pipe conveying fluid
with different diameter variation coefficients under different fluid velocities

4.3. Variable diameter pipe with damping

Damping is ignored in above calculations. But in practice, damping cannot be neglected. Here
we just consider the viscous damping, then the motion equation governing the vibration of the
pipe is:

E(Lw")" + (my + me)W + (mpVWw' + meVw +m' V') + e 7
+ (M pw'VZ+ mew"V2 4 2mVV'w') = 0,

where the term (cw) is the viscous damping force, which may be introduced by immersing the

pipe in liquid. Suppose that ¢ = 0.05, then we can calculate the natural frequencies of the variable

diameter pipe. A contrast is illustrated in Fig. 9 between damping pipe and non-damping

pipe (c = 0).

__~ Non-damping

L Damping‘

o(rad/s)

0 V(mss)
Fig. 9. First order natural frequencies of damping pipe and non-damping pipe with variable fluid velocity

From Fig. 9, we conclude that damping would decrease the natural frequencies and critical
flow velocity of the system. This has been illustrated by Paidoussis [2] in the research for a
uniform fluid-conveying pipe. Moreover, damping delays the decreasing speed of natural
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frequency versus flow velocity. That is, as seen in Fig. 9, there is just a small difference between
the two critical flow velocities, but a relatively larger difference between the natural frequencies
when flow velocity is zero.

5. Conclusion

In this paper, the dynamic model was built by open system’s Hamilton’s principle on the basis
of Euler-Bernoulli beam model and axial inextensible assumption. The motion equation of
variable diameter pipe conveying fluid is more complex than that of uniform pipe. We employed
Frobenius method to analyze the motion equation and proposed the dynamic stiffness method for
free vibration analysis of variable diameter pipe conveying fluid. By using the presented method,
the natural frequencies of a uniform pipe conveying fluid under different fluid velocities were
obtained and the comparisons between our results and that in previous researches were made. A
well agreement validates our method. The natural frequencies and modal shapes were obtained
for variable diameter pipe conveying fluid with different diameter variation coefficients under
different fluid velocities. We find that the natural frequencies and critical velocities of variable
diameter pipe both decreased with increasing diameter variation coefficient.
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