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Abstract. As a new topology, Z-source converter can be potentially applied in emerging energy 
power fields. In contrast to traditional converters, Z-source converter under dual-loop control 
exhibits particularity, but this property has been rarely investigated. In this study, the bifurcation 
and chaos phenomena are investigated in the Z-source converter under dual-loop control. A 
dynamic model with a shoot-through state of the Z-source converter is initially derived. The 
stability of fixed points is then investigated. The parameter region of a steady-state operation is 
subsequently schemed. The evolution and mechanism of bifurcations and chaos are also analyzed 
in detail. Results show that the system is intermittently stable at relatively low ௥ܸ௘௙ , as ௥ܸ௘௙ 
gradually increases, the system enters a bifurcation state and then exhibits chaos. 
Keywords: Z-source converter, non-linear, stroboscopic mapping model, chaos. 

1. Introduction 

As a new type of power converter, a Z-source converter, which can achieve single-stage 
buck/boost conversion, has been developed [1]; this converter can be potentially applied in the 
field of new-generation energy because of its wide input voltage range [2-3]. For instance, the  
Z-source converter switches periodically under the influence of a control system, causing changes 
in system topology periodically; the voltage and current of a system then change between different 
stable points. Each kind of topology corresponds to a linear system, but this system is generally a 
piecewise non-linear system. This characteristic results in a complex nonlinear dynamics behavior 
of physical quantities, such as bifurcation and chao of a system. These phenomena adverselyaffect 
the work performance of a system, particularly the critical state of sudden collapse, 
electromagnetic noise, unknown instability. Thesephenomena are external manifestations of the 
inherent non-linear behavior of a Z-source converter [4]. A converter functions in a chaotic state 
and likely results in an unpredicted and uncontrolled system; as such, the performance of this 
converter is affected seriously. In some cases, a converter is completely unable to function. This 
condition causes great difficulty in the design and control of a system. Therefore, non-linear 
dynamics theory can be applied to analyze and understand the non-linear process and 
characteristics of a system. In this way, engineering practice can be effectively performed. 

These complex non-linear phenomena in power electronic systems have prompted many 
scholars to perform several studies. In the past 20 years, many studies were conducted on the 
theory of non-linear dynamics, numerical simulation, and circuit experiment to analyze bifurcation 
and chaos in this kind of systems. These studies have observed quasi-periodic bifurcation, period 
doubling bifurcation, border collision bifurcation, intermittent bifurcation, chaos, and other 
non-linear phenomena [5-8] in a DC/DC converter [9-11], DC/AC inverter [12-13] and power 
factor correction converter (PFC) [14]. Another example is the Z-source converter that exhibits a 
unique shoot-through stateand achieves single-state buck-boost converting. The non-linear 
behavior of this converter is more complex than that of traditional inverters. In anotherstudy, the 
bifurcation and chaos of a Z-source converter under peak-current control (single-loop) [15]. 
However, dual-loop control can achieve multi-object control simulaneously; as such, dual-loop 
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control has been widely used. In the present study, a Z-source converter under dual-loop control 
was used as our object, on the basis of the equation of state, the non-linear behavior of the  
Z-source converter was modeled using a stroboscopic map method, simulated and analyzedto 
determine the bifurcation and chaos. 

2. Principle of Z-source DC/DC converter 

Fig. 1 illustrates the circuit diagram of a Z-source DC/DC converter based on current-mode 
dual-loop control.  

In Fig. 1, a two-port network consisting of the split inductors ܮଵ and ܮଶ and the capacitors ܥଵ 
and ܥଶ  connected in an ܺ  shape manner is used, to analyze this diagram, we assume that  ܮଵ = ଶܮ = ଵܥ and ܮ = ଶܥ =  .ܥ

 
Fig. 1. Schematic of the Z-source DC/DC converter based on current-mode dual-loop control 

The schematic of a Z-source DC/DC converter based on dual-loop control is shown in Fig. 1, 
where ௜ܸ௡ is the input voltage, ௥ܸ௘௙ is the reference voltage, and ௘ܲ is the error gain of the output 
voltage. This system mainly involves a clock signal that controls the turn-on switch. This clock 
signal also sets the RS flip-flop to 1 at regular intervals. At ܳ = 0, the switch is turn-off, and the 
inductor current ݅௅ increases until the required ܫ௥௘௙ is reached. Afterward, the inductor inverts the 
output signal of the at ܳ = 1. The current reference ܫ௥௘௙  is produced by amplifying the error 
between ௥ܸ௘௙ and the actual output voltage. Current-mode dual-loop control can be performed 
easily and limits the peak current to protect device; therefore, this system can be used in several 
applications.  

On the basis of the shoot-through switch ܳ states and the diode ܦ states, we can obtain the two 
working modes (Fig. 2). 

 
a) Equivalent circuit in shoot-through mode 

 
b) Equivalent circuit in non-shoot-through mode 

Fig. 2. DC-link equivalent circuit of the Z-source converter 

In working mode 1, the shoot-through state is represented as ܳ on and ܦ off; the state equation 
is written as follows: 
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൞݀݅௅݀ݐ = − ଵݎ + ܴଵܮ ⋅ ݅௅ + ܮ௖ݑ ݐ௖݀ݑ݀, = − ݅௅ܥ . (1)

In working mode 2, the non-shoot-through state is represented as ܦ off and ܳ on; the state 
equation is expressed as follows: 

൞݀݅௅݀ݐ = − ଵݎ + ܴଵܮ ⋅ ݅௅ + ൬ܴଵܴܮ − ൰ܮ1 ⋅ ௖ݑ + ௜ܸ௡ܮ ݐ௖݀ݑ݀, = ݅௅ܥ − ௖ݑ2 − ௜ܸ௡ܴܥ . (2)

The state equation derived from Eqs. (1) and (2) is specified as Eq. (3) and Eq. (4), respectively: ݔሶ = ݔଵܣ + ଵܤ ௜ܸ௡,   ݊ܶ + ௡ݐ ≤ ݐ < ݊ܶ + ݀௡ܶ, ሶݔ(3) = ݔଶܣ + ଶܤ ௜ܸ௡,   ݊ܶ + ݀௡ܶ ≤ ݐ < (݊ + 1)ܶ, (4)

where the state vector ݔሶ  is defined as ݔ = ൤݅௅ݑ௖൨, ݅௅ is the inductor current of the Z-source network, ݑ௖ is the capacitance voltage of the Z-source network, ݎଵ is resistor parasitics of the inductor, ܴଵ 
is the series resistance of capacitance, ܴ is the load resistance, and ௗܸ௖ is the output voltage: ܣଵ = ൤−(ݎଵ + ܴଵ)/ܮ ܥ/1−ܮ/1 0 ൨, ଶܣ = ൤−(ݎଵ + ܴଵ)/ܮ −ܴଵ/ܮ/ܴ − ܥ/1ܮ/1 ܥ/ܴ/2− ൨, ܤଵ = ଶܤ   ,0 = ൤ .൨ܴ/ܥ/1ܮ/1
3. Simulation of the non-linear behavior of a Z-source DC/DC converter 

The simulation results (Figs. 3-5) showed that ௖ܷ is the capacitance voltage of the Z-source 
network and ݅௅ is the inductor current of the Z-source network. These figures show the typical 
waveforms of period-1 state, period-2 state, and chaotic state.  

 
a) Capacitance voltage 
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c) Phase-plane diagram 

 
b) Inductor current 

Fig. 3. Typical waveforms of period-1 state 

4. Dynamic modeling and analysis of a Z-source DC/DC converter 

4.1. Stroboscopic mapping model ݀௡  is the duty cycle of the ݊ th period ܶ , where ݐ௡ = ݊ܶ ௡ݔ , = (ܶ݊)ݔ ; other discrete 
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parameters are defined by similar logic in which the state Eq. (3) and Eq. (4) as well as the discrete 
model Eq. (6) and Eq. (7) in the nth period are calculated. The discrete mapping equation can be 
expressed as follows: ݔ௡ାଵ = ,௡ݔ)݂ ݀௡), (5)ݐ)ݔ௡ + ݀௡ܶ) = ߶ଵ(݀௡ܶ)ݔ(ݐ௡) + න ߶ଵ(ݐ௡ + ݀௡ܶ − ߬)௧೙ାௗ೙்

௧೙ ଵܤ ௜ܸ௡݀߬       = ߶ଵ(݀௡ܶ)ݔ(ݐ௡), (݊ܶ + ௡ݐ ≤ ݐ < ݊ܶ + ݀௡ܶ), (6)

(௡ାଵݐ)ݔ = ߶ଶ(݀̅௡ܶ)ݐ)ݔ௡ + ݀௡ܶ) + න ߶ଶ(ݐ௡ + ܶ − ߬)௧೙ା்
௧೙ାௗ೙் ଶܤ ௜ܸ௡݀߬ 

      = ߶ଶ൫݀̅௡ܶ൯ݐ)ݔ௡ + ݀௡ܶ) + න ߶ଶ൫݀̅௡ܶ − ߬൯ௗത೙்
଴ ଶܤ ௜ܸ௡݀τ, (݊ܶ + ݀௡ܶ ≤ ݐ < (݊ + 1)ܶ), (7)

where ߶ଵ(݀௡ܶ) = ݁஺భௗ೙், ߶ଶ(݀̅௡ܶ) = ݁஺మௗത೙், ݀̅௡ = 1 − ݀௡. 

   
a) Capacitance voltage 

 
c) Phase-plane diagram 

 
b) Inductor current 

Fig. 4. Typical waveforms of period-2 state 

 
a) Capacitance voltage

 
c) Phase-plane diagram 

 
b) Inductor current 

Fig. 5. Typical waveforms of choatic state ܣଵ and ܣଶ are both invertible matrixes; as a result the integral terms of these equations can be 
simplified and expressed as follows: ݐ)ݔ௡ + ݀௡ܶ) = ߶ଵ(݀௡ܶ)ݔ௡, (௡ାଵݐ)ݔ(8) = ߶ଶ൫݀̅௡ܶ൯ݐ)ݔ௡ + ݀௡ܶ) + ଶିܣ ଵ൫߶ଶ൫݀̅௡ܶ൯ − ଶܤ൯ܫ ௜ܸ௡. (9)

Eq. (8) can be substituted in Eq. (9) and expressed as the discrete mapping Eq. (10): ݔ௡ାଵ = ,௡ݔ)݂ ݀௡) = ߶ଶ൫݀̅௡ܶ൯߶ଵ(݀௡ܶ)ݔ௡ + ଶିܣ ଵ൫߶ଶ൫݀̅௡ܶ൯ − ଶܤ൯ܫ ௜ܸ௡. (10)
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The switching function can be derived as follows: ݔ)ߪ௡, ݀௡) = ݅௅ − ൫ ௥ܸ௘௙ − ௖൯ݑ ⋅ ܲ݁ = ݇ଵݐ)ݔ௡ + ݀௡ܶ) − ൣ ௥ܸ௘௙ − ݇ଶݐ)ݔ௡ + ݀௡ܶ)൧ ⋅ ܲ݁       = ݇ଵ߶ଵ(݀௡ܶ)ݔ௡ − ൣ ௥ܸ௘௙ − ݇ଶ߶ଵ(݀௡ܶ)ݔ௡൧ ⋅ ܲ݁, (11)

where ݇ଵ = ሾ1, 0ሿ,  ݇ଶ = ሾ0, 1ሿ,  and ܲ݁ = 100  at ݔ)ߪ௡, ݀௡) = 0;  as a result, the state of the 
converter is altered. 

Eq. (10) and Eq. (11) can be simultaneously calculated as a non-linear discrete mapping 
equation of a Z-source converter. 

4.2. Stability analysis based on Jacobian matrix method 

As a result of changes in the circuit parameter of a system and the effect of external factors, 
the system likely operates from a stable working mode to unstable working mode. Jacobian matrix 
method is used to analyze the local bifurcation in the non-linear dynamics system. We can then 
establish the Jacobian matrix based on a fixed point. 

Assuming that the controlled system is stabilized at one-cycle state, and make the input voltage 
and reference voltage keep constant, let ݔ௡ = ොݔ + ܺொ, ݀௡ = መ݀ +  are the stationary ܦ ொ andܺ ,ܦ
solutions.  

The perturbation and linearization of Eq. (5) are then expressed as follows: 

ො௡ାଵݔ = ௡ݔ∂݂∂ ොݔ  ௡ + ∂݂∂݀௡ መ݀௡. (12)

At ݔ)ߪ௡, ݀௡) = 0, Eq. (13) is obtained: ∂σ∂ݔ௡ ොݔ  ௡ + ∂σ∂݀௡ መ݀௡ = 0. (13)

Therefore, we can derive Eq. (14) expressed as follows: 

መ݀௡ = ൬− ∂σ∂݀௡൰ିଵ ∂σ∂ݔ௡ ො௡ݔ . (14)

Eq. (14) can be substituted to Eq. (12) toobtain Eq. (15): 

ො௡ାଵݔ = ቆ ௡ݔ∂݂∂ + ∂݂∂݀௡ ൬− ∂σ∂݀௡൰ିଵ ∂σ∂ݔ௡ቇ .ො௡ݔ (15)

We can then obtain the Jacobian matrix: 

൫ܺொ൯ܬ = ௡ݔ∂݂∂ − ∂݂∂݀௡ ൬ ∂σ∂݀௡൰ିଵ ∂σ∂ݔ௡ቤ൫௑ೂ,஽൯, (16)

where: ∂σ∂ݔ௡ = (݇ଵ + ݇ଶ ⋅ ܲ݁) ⋅ ݁஺భௗ೙் , ∂σ∂݀௡ = (݇ଵ + ݇ଶ ⋅ ܲ݁) ⋅ ௡ݔ∂݂∂,௡ݔଵܶ݁஺భௗ೙்ܣ = ݁஺మ(ଵିௗ೙)்݁஺భௗ೙், 
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∂݂∂݀௡ = ்ଶ݁஺మ(ଵିௗ೙)ܣܶ− ⋅ ݁஺భௗ೙்ݔ௡ + ݁஺మ(ଵିௗ೙)் ⋅ ௡ݔଵܶ݁஺భௗ೙்ܣ − ܶ݁஺మ(ଵିௗ೙)்ܤଶ ௜ܸ௡. 
We can set the eigenvalue of Jacobian matrix to ߣ. According to the system stability, the 

system is stable when ߣ is located in the unit circle of a complex plane. Stability is observed when 
the Jacobian matrix corresponds to the disturbance ratio of two successive iterations (the latter 
term to the former term). At ratio > 1, the disturbance of the system increases; thus, the system is 
likely unstable by increasing the iteration number. At ratio < 1, the system is stable. Therefore, 
the system is likely unstable as the reference voltage is altered. 

The periodic solutions ܺொ and ܦ are calculated before the eigenvalue of the Jacobian matrix is 
obtained. The following solutions are used: 

Let ݔ௡ାଵ = ௡ݔ = ܺொ ܶ݊)ݔ , + ݀௡ܶ) = ܺ஽ , and ݀௡ =  in Eq. (8) and Eq. (9) to obtain the ܦ
following equations: ܺ஽ = ߶ଵܺொ, (17)ܺொ = ߶ଶܺ஽ + (߶ଶ − ଶିܣ(ܫ ଵܤଶ ௜ܸ௡. (18)

Eq. (19) and Eq. (20) are then derived: ܺொ = ܫ) − ߶ଵ߶ଶ)ିଵൣܣଶିଵ(߶ଶ − ଶܤ(ܫ ௜ܸ௡൧, (19)ܺ஽ = ߶ଵ(ܫ − ߶ଵ߶ଶ)ିଵൣܣଶିଵ(߶ଶ − ଶܤ(ܫ ௜ܸ௡൧. (20)

The switching function satisfies Eq. (21): σ(ݔ௡, ݀௡) = ݇ଵܺ஽ − ( ௥ܸ௘௙ − ݇ଶܺ஽) ⋅ ܲ݁ = 0. (21)

Eq. (19) and Eq. (21) can be simultaneously calculated to obtain the stable periodic solutions ܺொ and ܦ; the eigenvalue of the Jacobian matrix can then be obtained to determine the stability of 
the system.  

5. Numerical simulation and result analysis 

Our simulation is based on the state equations derived in Section 4. We investigated the 
dynamics of the state variable by using ௥ܸ௘௙ as a bifurcation parameter. The circuit parameters 
used in our simulation are listed as follows: ܥଵ = ଶܥ = ܥ = 1,000 μF, ܮଵ = ଶܮ = ܮ = 1 mH, ௜ܸ௡ = 60 V, ܴ = 6 Ω, ܴଵ = 0.03 Ω, ݎଵ = 0.5 Ω, and ݂ = 10 kHz. We obtained a bifurcation 
diagram (Fig. 6). Fig. 6 summarizes ݑ௖  at the beginning of each switching period as ௥ܸ௘௙  
increases. 

 
Fig. 6. Bifurcation diagram of ݑ௖ 
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Fig. 6 also shows that the system exhibits a period-1 orbit at relatively low ௥ܸ௘௙. This orbit 
indicates that the system is stable. This orbit should also be stabilized at a widened range. In the 
Z-source converter under dual-loop control, the period-1 orbit is intermittent which observed from 
the partially enlarged detail. As ௥ܸ௘௙ increases, the period-2 orbit is observed, and the branch point 
is approximately ௥ܸ௘௙ = 30 V. As ௥ܸ௘௙ increases, chaos occurs. Therefore, Fig. 6 illustrates the 
path from stability to chaos. 

Fig. 7 shows the effect of variations in ௥ܸ௘௙ on the stability of the Z-source converter. The 
system is initially stable, and the twoJacobian matrixeigenvalues are mapped in the unit circle. As ௥ܸ௘௙ is gradually increased, one of the eigenvalues leaves the unit circle. This result indicates a 
period-2 bifurcation, rapidly results in instability and chaos. The eigenvalues are listed in Table 1.  

 
Fig. 7. Movement of eigenvalues for a dual-loop controlled Z-source converter 

Table 1. Eigenvalues of different values of the reference voltage ܸ݂݁ݎ for dual-loop control 

௥ܸ௘௙ ߣ ܦଵ ߣଶ System 
state ௥ܸ௘௙ ߣ ܦଵ ߣଶ System 

state 
23 0.4792 0.8084 -0.9604 stable 38 0.4979 0.9291 -1.0323 unstable 
24 0.4809 0.8184 -0.9663 stable 42 0.5008 0.9493 -1.0447 unstable 
25 0.4825 0.8284 -0.9722 stable 46 0.5037 0.9696 -1.0573 unstable 
26 0.4841 0.8384 -0.9781 stable 48 0.5052 0.9798 -1.0637 unstable 
27 0.4857 0.8485 -0.9841 stable 50 0.5066 0.9899 -1.0701 unstable 
28 0.4873 0.8585 -0.9900 stable 51 0.5081 1.0020 -0.2879 unstable 
29 0.4888 0.8686 -.9960 stable 52 0.5095 1.0409 -0.2602 unstable 
30 0.4904 0.8786 -1.0020 bifurcation 53 0.5109 1.0707 -0.2344 unstable 
31 0.4919 0.8887 -1.0080 unstable 54 0.5124 1.1028 -0.2099 unstable 
32 0.4934 0.8988 -1.0140 unstable 55 0.5138 1.1466 -0.1865 unstable 
34 0.4949 0.9089 -1.0201 unstable 57 0.5166 1.1804 -0.1422 unstable 

Table 1 shows that |ߣଵ| is approximately equal to 1 at ௥ܸ௘௙ = 30 V. On the basis of numberical 
calculations, we can obtain the following: at values exceeding ௥ܸ௘௙ = 30 V, ߣଵ = 0.8786, and ߣଶ = −1.0020, where ௥ܸ௘௙ is the critical value of the unstable system, the system experiences a 
bifurcated and chaotic state. At ௥ܸ௘௙ < 30 V, eigenvalues < 1; as ௥ܸ௘௙  increases, |λଵ|  moves 
toward –1. This result indicates the occurrence of period-2 bifurcation; as ௥ܸ௘௙  continuously 
increases, |ߣଶ| moves toward 1 at ௥ܸ௘௙ = 50 V, which happens jump. The two eigenvalues change 
along the real axis, and |λଵ| changes more rapidly than |ߣଶ|. If any of these eigenvalues is > 1, the 
system becomes unstable.  

As the system is controlled in period –1, the boundaries of a stable region or an unstable region 
are presented in this section. ௜ܸ௡ and ௥ܸ௘௙ are selected as the variations. The operation boundaries 
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(Fig. 8) are derived from the analytical solutions and cycle-by-cycle simulation. The two results 
complement each other. The operation boundary provides essential design-oriented information 
in which system parameters are selected systematically.  

 
Fig. 8. Stable region boundary with altered parameters 

6. Experiment verifications 

To verify the theoretical analysis result, we established an experimental circuit prototype of 
the Z-source converter under dual-loop control (Fig. 9). The main circuit of the Z-source converter 
is shown in Fig. 9(a) and the control signal is generated using RT-lab equipment [Fig. 9(b)]. All 
of the parameters are similar to those in Section 4. The experimental waveforms in Fig. 10 are 
period-1, period-2, and chaos respectively. Fig. 10(a) shows stable period-1 at ௥ܸ௘௙ = 25 V, 
Fig. 10(a) shows the stable period-1 at ௥ܸ௘௙ = 25 V. Fig. 10(b) shows the stable period-2 at  ௥ܸ௘௙ = 32 V. Fig. 10(c) shows the chaos phenomenon. The experimental results are consistent 
with the theoretical analysis. These results also confirm the correctness of the theoretical analysis. 
In Fig. 10, the oscilloscope channel-1 displays the Z-source capacitor voltage ݑ௖, and channel-2 
shows the Z-source inductance current ݅௅. 

 
a) Main circuit 

 
b) RT-lab controller 

Fig. 9. Experimental platform 

a) Period-1, ௥ܸ௘௙ = 25 V b) Period-2, ௥ܸ௘௙ = 32 V 
 

c) Chaos, ௥ܸ௘௙ = 67 V 
Fig. 10. Experimental waveform 
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7. Conclusions 

The Z-source converter can be potentially applied in emerging energy technologies and 
distributed generation. In this study, the Z-source DC/DC converter is used as the object under 
dual-loop control. The stroboscopic mapping model is established to analyze the non-linear 
behavior of the converter. Simulations and experimental results are presented for verification 
purposes. The researchers of this study expanded the non-linear research fields involving 
converters; the system provides an important theoretical basis and is of practical significance in 
engineering. 
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