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Abstract. This study investigates an approach for parametric modeling and dynamic contact
analysis of involute/noninvolute beveloid gears. Firstly, the mathematical models of
involute/noninvolute beveloid gear pairs are derived based on the theory of gearing and the
generation mechanism. Then the parametric modeling programs of involute/noninvolute beveloid
gears are developed to automatically generate exact model via a Matlab code. Subsequently, a
numerical example of intersecting axes beveloid gears is presented to evaluate the dynamic stress
distribution and dynamic transmission error. Finally, the dynamic contact characteristics of
involute and noninvolute beveloid gears are calculated by three-dimensional dynamic contact
finite element method, respectively. The results show that the noninvolute beveloid gear pairs can
relieve the high dynamic stress and contact shock problem of intersecting axes beveloid gear pairs.

Keywords: involute/noninvolute beveloid gear pairs, mathematical models, contact analysis.
1. Introduction

In modern gearing application, spiral bevel gears, hypoid gears, worm gears and face gears
can easily realize the non-parallel axes power transmission, and they represent good meshing
characteristic at large shaft angles, close to 90°. However, it is not practical to use them when the
shaft angle is less than 45°, due to design and manufacturing difficulties. Beveloid gears, by
contrast, also known as conical gears with perfect meshing characteristics, are suitable for power
transmission not only between parallel axes but between non-parallel axes [1, 2].

Recently, a number of studies have been performed on the beveloid gears. Brauer derived the
parametric equations for a straight conical involute gear tooth surface [3], and these formulas were
used to create a finite element model [4], then reported on a theoretical study of transmission
errors in involute conical gear transmissions [5]. Liu, Ye and Chen established the mathematical
models of variable thickness involute gears and the contact characteristic was also studied [6-8].
Chen solved the tooth face equations of helical involute beveloid gear, and the precise tooth
surface was generated utilizing Matlab [9]. Wu proposed an approach for geometrical design and
contact stress analysis of skew conical involute gear drives in approximate line contact [10]. Li
investigated the tooth profile equation of noninvolute beveloid gears and also calculated the tooth
profile errors and axial errors [11]. In spite of the above-mentioned studies focusing on meshing
theory and simulation of involute or noninvolute beveloid gears, there are very few published
works aimed to solve the engagement equation and tooth profile equation of noninvolute beveloid
gears between intersecting axes by means of tooth face equation of the imaginary helical rack
cutter. Furthermore, none also made a comparison between dynamic contact characteristics of
involute beveloid gear pair and noninvolute beveloid gear pair. These gaps will be the emphasis
of this paper.

2. Mathematical model of the involute beveloid gear pair
2.1. Transverse tooth profile equation of helical rack cutter

Considering the meshing relationship between imaginary rack cutter and gear blank, we can
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obtain the tooth profile equation of involute beveloid gear basing on the tooth profile equation of
the rack cutter in transverse cross section. Therefore, the parameters of rack cutter in the transverse
cross section should be calculated first.

The relative position relationship between rack cutter and gear blank is shown in Fig. 1. Here,
r' means gear pitch radius, r'w is linear velocity of gear and the pitch plane of imaginary rack
cutter is set to form an inclination angle § with respect to the pitch plane of gear.

Pitch plane of —,

gear

/ Pitch plane of
imaginary rack
cutter

Pitch cylinder of gear

Fig. 1. Relative position relationship

Fig. 2 describes the geometry of normal tooth profile of rack cutter. S,, (X, Yy, Z,) means fixed
coordinate system linked with normal cross section of rack cutter. The geometry of normal tooth
profile of rack cutter, which mainly contains straight edge BC and tool fillet curve AB, is
represented. The BC and AB generate the working tooth surface and fillet surfaces of involute

beveloid gear, respectively.
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Fig. 2. Normal tooth profile of rack cutter

The equation of BC in coordinate system S,, can be described as:
lcosa,, — hyym,

[+ Isi h; I 1
Rz() = | * (— sina,, + hy,m,tana,, + T) ' (1)

| ° J

1

where RZ is position vector of arbitrary point on BC in coordinate system S,,; a,, is the normal
pressure angle; m,, is normal module; h;, represents the addendum coefficient; [ is the distance
between moving point on BC and point B; the upper and lower signs of “+” are used to describe

the left and right straight edge of rack cutter.
The equation of AB in coordinate system S, can be described as:
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—hg,m, — pcosf + psina,
[ + (inmatana, + 2 + — psi 9)}
(9) — anMyptana, 2 pcosan — psind || @
0
1

where R/, is position vector of arbitrary point on AB in coordinate system S,; 6 denotes the
central angle between moving point on AB and point 4; p represents the radius of fillet.

Using the coordinate transformation from S, (X, Yy, Z,,) to S;(X¢, Y, Z,) which obtains from
rotating S, (X, Yy, Z,,) around the X, axis with an angle S, the coordinate system S, (Xy, Yy, Z4)
will be got though rotating S; around the Y; axis with an angle §, and they are illustrated in Fig. 2.
Combining Egs. (1) and (2), we can gain the rack cutter equations of straight edge BC and tool
fillet curve AB in the X;0.Z; plane of S; as follows:

T
R_fly 0 1] ,
cosfs

j T 3)

i ; R

R{“(e):[Rr]lx o 1]
cosf

(
| RED) = [z

Then the rack cutter equations of straight edge BC and tool fillet curve AB in the X;0,Z;
plane of coordinate system S, are as follows:

Ri. RZ,

cosd cosf

2 = [ + RZ tanftans 0 1]

R, R, T )
Rj(9)=[ﬂ RJ_tanftans 0 1]

L ¢ cosé cosﬁ cosp T Rmtanftan

2.2. Coordinate transformation of rack cutter

Fig. 3 displays the coordinate systems of rack cutter. Herein, the coordinate system S; moving
a given translational distance u along negative direction of Z; axis and rotating it around the X
axis with an angle f, the coordinate system S. (X, Yc, Z.) will be got by rotating S, around the ¥,
axis with §.

Fig. 3. Coordinate systems of rack cutter
In the coordinate system S, the tooth surface equation of rack cutter can be expressed as:
Rc =MRg =M pMp4Ry, (5)

PP
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where R, and R are position vector of rack cutter in coordinate system S, and S, respectively;
M,,; and M, are coordinate transformation matrix.

Combining Egs. (4) and (5), we can obtain the position vector of AB and AB in coordinate
system S, as follows:

RZ, + ucosfsing [Réx + ucosBsing|
z ; ; j .
RZ = Rgy + usinf , Rl = Ry, +usinf | (6)
ucosfcosd ucosBcoss
1 1

2.3. Meshing equation

In coordinate system S., equations of arbitrary point on AB and AB are the function which
depends on the variables [ /u and 6 /u, respectively. The unit normal vectors of the rack cutter can
be obtained as:

ORZ . IR? oR] OR] [n]

o 36 X ou _

3RZ 6RZ "Cy s T = || %
CX aRC ORC

al au 69 X ou Tlé

Coordinate relationship between the rack cutter and involute beveloid gear is illustrated in
Fig. 4. §,(Xp, Yp, Zp) is a spatial fixed coordinate system. S;(X;,Y;,Z;) is a moving coordinate
system attached to gear blank (involute beveloid gear), which forms an angle ¢, with respect to
the coordinate system S, (X}, Y}, Z;,).
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Fig. 4. Coordinate relationship between rack cutter and involute beveloid gear

The angular velocity vector revolving around the Z; axis of involute beveloid gear can be
represented as:

w; = —wk;. ®)
Assuming that the position vector of one point K on rack cutter is described as:

W{) =r, = x . + V.j. + z.K.. )
Then we can obtain that:

PK = PO, + 0K = xcic + (e = "1 + 2K, (10)
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Combining Egs. (8) and (10), the relative velocity vector of one point K on rack cutter is:
vE = w; X PK = w[(y, — 7' 91)i¢ + x jc]. (11)

According to differential geometry and the kinematics of gear geometry [12], the continuous
tangency is detected by the equation of meshing which is formulated as:

nX-vk =0, (12)

where the unit normal vectors of rack cutter n¥ is n¥ = (nf nj nf)T.
Then the motion parameter (rotation angle) for involute beveloid gear generation is:

K
Ye | MyXc
__+_

P11 = .
r' nkr’

(13)

Substituting Egs. (6) and (7) into Eq. (13) enables us to solve the rotation angle of straight
edge BC and tool fillet curve AB for rack cutter:

z
z_RCy

j j
z Rch j Rcy i ch
P1 = - +ngy

o] =S4 nly (14)

. -,
nZ,-r
cX cx

2.4. Tooth profile equation of involute beveloid gear

In coordinate system S;, the tooth surface equation of involute beveloid gear is expressed as:

[Rjzx] RZ, [(fo +1)cosg? + (r'pf — RZ,)sing?
z ! 3 !
Riy| _ M, Réy| _ [(RZ, + r")sing? — (r'¢% — RZ,)cospi i (15)
R]-ZZJ RZ, RZ
1 1 1

where M;, is coordinate transformation matrix.
Similarly, we can also obtain the fillet equation of involute beveloid gear:

j j ' j 1 J j ; j
R/, (RL +1")cosp] + (r'p] — Réy)smgolj
Rj’y — [ (Rl +7")sing{ — (r'¢] — RL,)cosp] . (16)
R, Rl

Ly L 1 |

Hence, the mathematical models of the involute beveloid gear have been derived.
3. Mathematical model of noninvolute beveloid gear pair
3.1. Coordinate transformation

According to the differential geometry and the kinematics of gear geometry, the tooth profile
equation and meshing equation of noninvolute beveloid gear can be mathematically generated
from a mutually conjugate involute beveloid gear. Fig. 5 describes the relationship between
involute beveloid gear cutter and gear blank (noninvolute beveloid gear), including the involute
beveloid gear Gear 1, the noninvolute beveloid gear Gear 2 and the intersection angle X.

The coordinate system S3(X3,Ys,Z3) and S,(X,,Y,, Z,) are fixed coordinate systems linked
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with Gear 1 and Gear 2, respectively, and the coordinate system S; (X, Yy, Z;) and S,(X,, Y5, Z,)
are motion coordinate systems joined to Gear 1 and Gear 2, respectively as illustrated in Fig. 6.

X

Gear 2
(noninvolute beveloid gear)

Z3

Gear 1
Yy(Y2) (involute beveloid gear)

Fig. 5. Position relationship between the involute beveloid gear cutter and gear blank

Under the initial position, the coordinate system S; overlaps with S; and the coordinate system
S, coincides with S,. The Gear 2 rotates clockwise around the Z, axis with an angle ¢,, while
the Gear_1 is revolving clockwise around the Z; axis with an angle ¢;.

X3 X,
Xi oA o X
(] < 2@
00y [~ Mz
Y, 0,(Os) »J
Gear 1 »

Y3 () (involute beveloid gear) Gear 2

Y, Y, (noninvolute beveloid gear)

Fig. 6. Coordinate systems of Gear 1 and Gear_2

Consequently, coordinate transformation matrix M,;, which is utilized to perform the
kinematical relationship between the involute beveloid gear cutter and the generated gear
(noninvolute beveloid gear), can be expressed as M, = M,,M,3; M3, where:

[cosp, —sing, 0 O] cos¥ 0 —sinX O
M., = sing, cosp, 0 O 0 1 0 0
2 0 0 1 0| "* [sin 0 cosz Of
:cog(pl —si(r)l(pl 8 é: 0 0 0 1 (17)
Mar = sing; cosp; 0 O
700 0 1 of
L 0 0 0 1l

3.2. Relative velocity and unit normal vectors of involute beveloid gear cutter
Assuming that angular velocity vector clockwise revolving around the axis of Gear 1 is w;
and the angular velocity vector anticlockwise revolving around the axis of Gear 2 is w,.

Consequently, the angular velocity vector can be represented based on three components of unit
vector in coordinate system S;(X3, Y3, Z3):

w, = (Ulk3, w, = _w2COSZk3 - (l)zsinzi3. (18)
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The position vector of one contact point M is described as:

r; = (X3,Y3,Z3). (19)
Then the relative velocity at the point M can be expressed as:

Vi, = (W — ®;) X135 (20)

Substituting Egs. (18) and (19) into Eq. (20) enables us to obtain the relative velocity:

i3 J3 k3 [—Y3(w; + wycosT)]i;
v, =|w,sinE 0 w; + wycosE | = [—Zzw,sink + X3(w; + w,cosT)]js |. 21
X3 Y3 Z3 [Y3a)zsinz]k3

Substituting i,; = w,/w; into Eq. (21), v§, can be further written as:

[_Y3(1 + i21COSZ)]i3
V132 = (l)l [_Zgi21sin2 + X3 (1 + i21COSZ)]]'3 . (22)
[Y3i,,sinX]k;

As a consequence, the relative velocity in coordinate system S; can be obtained as follows:

[-Y;(1 + iy;coSE) — Zyiy;sinZsing, Jiy
Vi, = My3viy = wy | [X;(1 + ip1c08E) — Z;ipsinZcosg, Jj; |, (23)
[(Y,cos@, + X sing,)i,;sinZ]k,

where matrix M;; describes coordinate transformation from S; to S;; (Xy,Y;,Z;) means
coordinate value of contact point M in coordinate system S;, and (i, j;,K) represents three
components of unit vector in coordinate system S;.

According to the position relationship between the involute beveloid gear cutter and
noninvolute beveloid gear as shown in Fig. 5, the tooth surface of involute beveloid gear cutter in
coordinate system S; can be derived as follows:

Rlx [ R]'Z ]
Riy| _| RS

! (24)
Ry, leZZ + LJ
1 1
where L is coordinate value on the Z; axis.
Hence, the unit normal vector of Gear 1 (involute beveloid gear) is represented as:
— nlx -
/n%x +nf, +ni,
Ry x IR, Ny Nix
ol ~ ou _ — | (25)
OR, OR, /nfx +niy +nf, it
al " du Ny
Nz
i /n%x +nf, + nfzi

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2014, VOLUME 16, ISSUE 6. ISSN 1392-8716 2955



1388. MATHEMATICAL MODELS AND DYNAMIC CONTACT ANALYSIS OF INVOLUTE/NONINVOLUTE BEVELOID GEARS.
HE ZEYIN, LIN TENGJIAO, CHENJIA CHEN, FEIYU GENG

3.3. Meshing equation and tooth surface equation of noninvolute beveloid gear
According to the kinematics of gear geometry, the equation of meshing is defined as:
n-vy, =0. (26)

Combining Egs. (23), (25) and (26), we can obtain the meshing equation:

Niy [-Y;1(1 + iy;coSX) — Z,i,,sinZsing, iy
Ny |- wy [ [X1(1 + iy;cosE) — ZyiysinZeosp,lj; | =0, 27
niy [(Yicosep, + X;sing, )iy sinZ]k,

where @, is angle parameter, which can be derived as:

(ca—+a?b? +b* —b%c?)a ¢

(a? + b?)b b

_ca—+va?b? + b* — bc?
a? + b?

(28)

¢, = arctan

herein:

a= i21SinZ(Y1nlz - Zlnly), b = i21SinE(X1nlz - Zlnlx),
¢ = (1 + iy c0sX)(Xyny, — Viny,).

Then the tooth profile equation of noninvolute beveloid gear can be obtained by coordinate
transformation from S; to S,:

RZx Rlx
RZ_’y = M21 Rly . (29)
RZz Rlz
1 1
As a consequence:
R = (cos@;cos@,cosk — sing,sing,) Ry,
2x (+(—sin<p1c05(p2c052 — cos@qsing,)Ryy, + (—COS(pZSinZ)Rlz)'
R — (cos@,sing,cost + sing,cos@,)R, (30)
y = <+(—sin¢1sin<p2c052 + cos@1C0sP,)Ryy + (—singozsinZ)Rlz>’

R,, = cos@,SinXR,, + —sin@,SinXR;, + cosXRy,.
Hence, the mathematical model of involute beveloid gear have been derived.
4. Modeling of involute and noninvolute beveloid gear pair

The main design parameters of involute beveloid gear pairs (pinion and wheel) are: number of
teeth Z, /Z, = 26/51, normal pressure angle &, /@,, = 17.5°, normal module m,; /m,, = 5 mm,
tooth width by /b, = 94 mm/89 mm, helical angle f = 8°, shaft intersection angle § = 10°; the
main design parameters of noninvolute beveloid gear pairs (pinion and wheel) are: number of teeth
Z1/Z, = 26/51, the normal module m,; /m,, = 5 mm, the tooth width b, /b, = 94 mm/89 mm
and shaft intersection angle § = 10°.

The parametric modeling program is developed via a Matlab code to generate exact
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three-dimensional (3-D) discrete points on the tooth profiles. The Fig. 7(a) shows the discrete
points on tooth surfaces of involute beveloid gear (wheel). Then the tooth surfaces of involute
beveloid gear pair are established after we imported point set into Imageware software.
Subsequently, the solid model will be created by importing tooth surfaces into UG to sew up. In
this way, we can obtain the accurate three-dimensional solid model as shown in Fig. 7(b).

Applying the assembly relationship together with the mathematical models of beveloid gear
pairs, the assembly models of involute and noninvolute beveloid gear pairs are generated as
illustrated in Fig. 8.

a) Discrete points on tooth surface b) Solid models
Fig. 7. Models of involute beveloid gears

Pinion = Pinion
(involute)

z b == / )
%&ihm EZ& \.(, wheel THeel

(involute) (involute)

Fig. 8. Assembly model of involute and noninvolute beveloid gears
5. Dynamic contact analysis of involute and noninvolute beveloid gear pair
5.1. Finite element model

Dynamic contact characteristics of the involute and noninvolute beveloid gear pair will be
analyzed by LS-DYNA software. The pinion is rotating at 1600 rpm with a driving torque of
1194 N'm in numerical simulation analysis. The finite element meshes of gear pair are generated
using solid element Solid164. In order to conveniently load the speed and torque [13], internal
surfaces of gear pair are considered as rigid regions utilizing the Shell163 element. Afterwards,
degrees of freedom of all nodes in rigid region are coupled to the centroid of rigid body, and apart
from axial rotation, all translational and rotational degrees of freedom of rigid shell elements in
pinion and wheel are constrained. The total number of elements is 82160 with 97608 nodes for
the finite element model of involute beveloid helical gear pair, shown as Fig. 9.

Fig. 9. Finite element model of involute beveloid helical gear pairs
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5.2. Simulation results and discussion

Fig. 10 and Fig. 11 describe the dynamic contact stress contour and single tooth contact force
of involute and noninvolute beveloid gear during the mesh cycle.

The results show that the contact area on flank of noninvolute beveloid gear is evidently larger
than that of involute beveloid gear; the dynamic contact stress distribution of noninvolute beveloid
gear is more homogeneous and the contact stress reduces significantly; the contact ratio of
noninvolute beveloid gear is 3.74, greater than that of involute beveloid gear, which is 3.30;
compared with the single tooth contact force of involute beveloid gear, the noninvolute beveloid
gear has smaller single tooth contact force and smoother meshing impact.

6.176€+08 |

85090408 ] 8942208 75436408
68030108 1540408 1 19816408 1 6.034c+08 1
51030+08 5.365¢+08 3.7050+08 45262408
' 3.4026:+08 7 35716408 = 2.4706:+08 30172408 -
1701c408 17886408 17016408 22632408
n.5n4e<w] ] ] 15430407 ]
0.000e+00

89428407 64762407

0.0002+00

0.000¢+00 0.000¢+00

9.194e+08 ] 8511408 ] 6.1832+08 6.3976+08 —

T.355e+08 6.809¢+08 4.947e+08 ] 5.118e+08 j
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0.0000+00 0.000e400 0.000e400 0.000¢+00

a) Involute beveloid gears b) Noninvolute beveloid gears
Fig. 10. Dynamic contact stress contour (Unit: Pa)

z 240 Z 240 T T
& 180 S 180 | mating teeth |
P P B | S vV VI 8 pairl gy v v VI
£120 |/ AGA g120 [ Py VARV A
3} 3}
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3 \ 3 ‘ T ¢ -
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a) Involute beveloid gears b) Noninvolute beveloid gears
200
i 160 L involute noninvolute
K beveloid gears beveloid gears
8120 ~
< 80
g 40
Q
0
4 6 8 10 12
time ¢/ms

¢) Comparison of single tooth contact force
Fig. 11. Contact force of each mating teeth pair

Fig. 12 and Fig. 13 illustrate the dynamic fillet stress of involute and noninvolute beveloid
gear, respectively. The results indicate that the dynamic fillet stress of involute beveloid gear
mainly concentrate on the mid tooth and toe, by contrast, the heel almost do not bear fillet stress;
the dynamic fillet stress distribution of noninvolute beveloid gear is more homogeneous on mid
tooth, toe and heel.

Forecasting the dynamic transmission error (DTE) which is an important factor to cause the
vibration, is another objective of dynamic contact analysis. The dynamic transmission error is
usually expressed as:

DTE(t) = n, — ny/i, (31)
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where n; and n, is the driving and driven shaft’s rotational speeds with i being the transmission
ratio of the gear set, respectively.

& 500 : £ 500
% 400 =400 | Middle
5 300 © 300
£200 5200
5 100 B 100
= ) E

4 6 8 10 12 4 6 .8 10 12

time ¢/ms time #/ms
a) Pinion b) Wheel
Fig. 12. Dynamic fillet stress curves of involute beveloid gear pairs

£ 500
2 400
o 300
£ 200
w
3100
= 0

4 6 .8 10 12 4 6 8 10 12

time #/ms time ¢/ms
a) Pinion b) Wheel

Fig. 13. Dynamic fillet stress curves of noninvolute beveloid gear pairs

Fig. 14 illustrates the DTE of involute and noninvolute beveloid gear. As observed in Fig. 14,
the predicted DTE is approximate sine shape and the trend of peak-peak value of DTE for involute
beveloid gear becomes higher than that of noninvolute beveloid gear due to smaller contact area
for involute beveloid gear.

1.0

involute noninvolute
—-beveloid gears - beveloid gears—-

FAN VA

o
o

DTE /rads !
(=)
[\ &)

S
[\S)

-0:6 Fw

0 1 2. 3 4 5
time 7/ms
Fig. 14. DTE of involute and noninvolute beveloid gear

6. Conclusions

1) The mathematical models of involute and noninvolute beveloid gears are derived and the
parametric modeling programs of involute and noninvolute beveloid gears are developed to
automatically generate exact model via Matlab code; then a numerical example of intersecting
axes beveloid gear pair is presented to analyze the dynamic contact characteristics.

2) The contact area on flank of noninvolute beveloid gear is evidently larger than that of
involute beveloid gear, and the dynamic contact stress distribution of noninvolute beveloid gear
is more homogeneous and the contact stress reduces significantly.

3) The dynamic fillet stress of involute beveloid gear mainly concentrate on the mid tooth and
toe, by contrast, the heel almost do not bear fillet stress, the dynamic fillet stress distribution of
noninvolute beveloid gear is more homogeneous on mid tooth, toe and heel.
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4) The DTE is approximate sine shape and the trend of peak-peak value for involute beveloid
gear becomes higher than that of noninvolute beveloid gear due to smaller contact area for involute
beveloid gear and the noninvolute beveloid gear has gentler meshing impact.

5) Hopefully, noninvolute beveloid gear pairs would relieve the high dynamic contact shock
problem of intersecting axes beveloid gear pairs and improve range of application.
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