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Abstract. The toughness of eutectic ceramic composites is obtained by multiple toughening 

mechanisms involving crack-bridging and pull-out of rod-shaped eutectics, as well as 

stress-induced transformation toughening. In the loading procedure, damage will emerge in the 

rod-shaped eutectic. Firstly, the damage variables are defined by the microstructure of rod-shaped 

eutectic with aligned nano/micro- fibers. The maximum strain criterion is used for determining 

the loading function. According to the attenuation characteristic of eutectic rigidity, the critical 

fracture stress of the damage rod-shaped eutectic is obtained by damage variable maximizing. 

Secondly, we imagine the bridging load carried by the damage rod-shaped eutectics in the crack 

wake to produce a crack-closing force. The latter reduces the stress intensity in front of the crack. 

The pull-out work is given by the integral of the frictional force over the pull-out length. Bridging 

toughening mechanism and pull-out toughening mechanism of damage rod-shaped eutectics are 

constructed. Thirdly, defining a parabola transformation yield function, the transformation plastic 

strain increment is gotten by transformation plastic potential function. The screening impact of 

transformation particles for mixed-mode I-II crack is gained. And lastly, based on the 

crack-bridging and pull-out of rod-shaped eutectics, as well as stress-induced transformation 

toughening mechanisms, the added toughness scale with the inherent matrix toughness, the 

theoretical formula of fracture toughness of the eutectic ceramics composite is determined. The 

result shows that the fracture toughness is dependent on the aspect ratio of rod-shaped eutectic: 

the fracture toughness is minimum as the aspect ratio is equal to 0.3 and maximizing when the 

aspect ratio is equal to 14. The damages inside eutectics enlarge the incremental range of variation 

of the fracture toughness. The transformation particles exert a slight influence on the fracture 

toughness due to its less content. 

Keywords: damage rod-shaped eutectic, transformation particle, crack bridging toughening 

mechanism, pull-out toughening mechanism, stress-induced transformation toughening 

mechanism, fracture toughness. 

1. Introduction 

In various industrial fields, there is a great need for materials having high strength combined 

with high toughness. Directionally solidified eutectics contain a large amount of clean interfaces 

between two strongly-bonded phases with typical inter-phase spacing in the micron range, and 

these characteristics result in an improvement of some material properties. For instance, rods of 

oxide/oxide eutectics present a smooth surface and exhibit high strength and toughness, chemical 

stability in oxidizing environments as well as excellent thermal shock resistance [1]. The increase 

of the hardness or strength of the ceramics could be attributed to nano-submicron interphase 

spacing and the refinement of the eutectic grains, whereas high-energy, high-angle boundaries 

between rod-shaped grains could also introduce strong toughening mechanisms involving 

crack-bridging and pull-out of rod-shaped grains [2]. Experiments showed that there were two 

kinds of fracture models – fracture in the rod-shaped eutectics and fracture in inter-eutectics 

regions. Because of the presence of nano-submicrometer t-ZrO2 fibers and inter-phase spacing in 

the colony as well as micrometer t-ZrO2 spherical grains in the inter-colony region, intensive 
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coupled toughening of residual stress toughening, transformation toughening and 

transformation-induced microcrack toughening mechanisms was bound to occur [3]. 

It has been widely recognized that one of the most significant barriers to the increased use of 

composite materials is inability to predict accurately mechanical properties. The mechanical 

properties prediction of oxide/oxide eutectic composite is particularly challenging when there 

were two kinds of fracture models – fracture in the rod-shaped eutectics and fracture in 

inter-eutectics regions. 

The fracture model in inter-eutectics regions is used to predict the strength of oxide/oxide 

eutectic composited by the maximum stress of matrix equalling to theoretical strength [4] and 

obtain the bridging toughening mechanism by the micro boundary sliding [5]. Generally, fracture 

model alone are unable to predict the mechanical properties of oxide/oxide eutectic composite. To 

predict failure initiation, propagation and final fracture, it is necessary to combine the fracture 

model in the rod-shaped eutectics with appropriate damage model. 

To overcome some of the difficulties in the consideration of the interaction between fracture 

mechanisms, the objective of this work is to determine the breaking stress of the rod-shaped 

eutectic and the fracture thenghness of composite creamic by the damage evolution in the 

rod-shaped eutectic. 

2. The breaking stress of the damage eutectic 

Composites mainly compose of randomly-oriented rod-shaped eutectic grains, within the 

rod-shaped grains, aligned nano-micron fibers are embedded. Overlooking the resistance of crystal 

lattice against dislocation motion, the micro strength formation of rod-shaped eutectics is 

computed by the dislocation pileup theory [4]: 

��� = 2����(
��� + ����)tanh(��/�) �3����2� , (1)

where, ���  is the longitudinal (which is perpendicular to the axial direction of fiber) elastic 

modulus of the eutectic [6], �� the elastic modulus of matrix, �� free surface energy of matrix, ��  

the elastic modulus of fibers. �� = 1 − ���/2���, and µ�� is the longitudinal shear modulus of 

eutectic [6]. � and � are length and diameter of fiber. Parameters 
 and � are given as follow: 


 = Γ2(1 + Γ − 2!��) "(1 + Γ)(1 − !)(1 + !��)(1 + !) − (1 + Γ + !��Γ − 3!��)#, 
�� = 1

(1 + !��)Γln % &'�(. 
Here, Γ = ���/�, µ is shear modulus of composite [6], υ the Poisson’s ratio of composite [6], � and � are length and diameter of fiber. The fracture strength of eutectics is determined by Eq. (1) 

which is based on the assumption that the maximum stress equals to the theoretical strength of 

matrix. In fact, eutectic fracture is the damage accumulation process, so the damage model needs 

to be built. 

Our study is based on the four-phase model [6] in which a fiber with an interphase is embedded 

in a finite matrix that is wrapped in an infinite elastic medium, as shown in Fig. 1. Consider a 

vector *1 = {1, 0, 0}., parallel to the fiber direction. In the transversely isotropic plane, orthogonal 

to *1, there is a set of orthogonal vectors {*2, *3} that define a plane where the shear strain is zero.  

Assuming a constant density, the total complementary free energy is given as / 0�12 , where 0  is the complementary free energy per unit volume. The proposed definition for the 
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complementary free energy per unit volume is: 

0 = 3���2(1 − ��)��� + 12��� 4 3���1 − �� + 355�1 − �56 − !����� (3�� + 355 )3�� 

− !�5��� 3�� 355 + 3��� + 3�5�2(1 − �7)8�� + 9:��3�� + :��(3�� + 355 );Δ=,  (2)

where, ��� is the elastic modulus that is parallel to the fiber direction [6]. :�� and :�� are the 

coefficients of thermal expansion in the longitudinal and transverse direction respectively [7]. Δ= 

is temperature difference. The damage variable ��  represents micro-cracks parallel to the 

longitudinal of eutectic. The damage variable ��  represents micro-cracks parallel to the fiber 

direction, whereas �5 represents micro-cracks normal to the fiber direction and the longitudinal 

of eutectic. The damage variable �7 affects the shear module. 

 
Fig. 1. The four-phase model of eutectic 

From Eq. (2), the compliance tensor is defined as: 

>?= @>11? 00 >22? A. (3)

Here: 

>��? =
BC
CC
CC
D 1(1 − ��)��� − !����� − !�����− !�����

1(1 − ��)��� − !�����− !����� − !�5���
1(1 − �5)���EF

FF
FF
G
, 

>��? =
BC
CC
CC
D 1(1 − �7)��� 0 0

0 1(1 − �7)��� 0
0 0 1��5? EF

FF
FF
G
, 

!�5 = ���2��5 − 1. 
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��5?  is the transverse shear modulus of eutectic. ��, �� and �5 are the damage variables in the 

direction defined by the vectors {*�, *2, *3}. These damage variables depend on the tensional (�.H) 

and compressional (�.I) damage variables as: 

�� = �.H� 〈3��〉|3��| + �.I� 〈−3��〉|3��| ,
�� = �.H� 〈3��〉|3��| + �.I� 〈−3��〉|3��|
�5 = �.H5 〈355〉|355| + �.I5 〈−355〉|355| ,

, (4)

where 〈M〉 is the McCauley operator defined as: 〈M〉 = (M + |M|) 2⁄ . 

Owing to micro heterogeneous plasticity in the eutectic, the micro-cracks paralleled to the fiber 

direction will nucleate where is nearer the interface [4]. The damage variables paralleled to the 

longitudinal of eutectic is not able to detect the directionality of micro-cracks, i.e.: 

�.H� = �.I� = 0,    or    �� = 0. (5)

The damage variables related to the micro-cracks paralleled to the fiber direction change when 

the normal stress switch from positive to negative or vice-versa. When this normal stress is 

negative, these micro-cracks do not propagate, so �.I�  vanishes. It should be noted that the closure 

effect in the transversely isotropic plane is activated independently in the direction *2 and *3. If 

the stresses in the transversely isotropic plane have the same sign, the damage variables have the 

same value (�� = �5), thus: 

�� = �5 = �.H� 〈3��〉|3��| = �.H� . (6)

The coaxially of stresses and strains in the transversely isotropic plane is enforced and the 

correspondent shear modulus is evaluated as: 

��5? = 355 − 3��2(O55 − O��). (7)

From Eq. (6), we know that the damage variables have the same value in the transversely 

isotropic plane, so the shear modulus is transformed as: 

��5? = ���291 + !�5(1 − ��);. (8)

 
Fig. 2. Arrangement of fibers in eutectic 

The eutectic is made up of many square cylinder cells and each cell includes a fiber. These 

cells are evenly arranged in the same direction, as shown in Fig. 2. Assuming the side length of 
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the square is P, the cylinder length is �. The fraction '� of aligned fibers can be expressed as: 

'� = &���4P�� = &��4P� . (9)

Obviously, the maximum cracking region is the half circular column between fiber and matrix. 

Thus, the minimum area of damage region in a cell can be expressed as 
RST = (P − �)�. The 

corresponding maximum damage variable is satisfied as: 

��RUV = 1 − 
RST
 = 1 − (P − �)�P� = �P = �4'�& . (10)

The change limit of damage variable �� is 0 ≤ �� ≤ X4'� &⁄ . The shear damage variable is 

not influenced by the normal stress, i.e.: 

�7 = 0. (11)

Substitute Eqs. (5), (6), (8) and (11) into Eq. (3) the compliance tensor of damage eutectic can 

be obtained. 

In the loading procedure, the damage variables paralleled to the longitudinal of eutectic can be 

neglected, so the elastic modulus parallel to the fiber direction does not change. The shear damage 

variable is not influenced by the sign of the shear stress components and the normal stress that 

produce friction between the micro-crack allowing transfer and dissipation, thus, the shear 

modulus does not change too. When this normal stress along *� direction is compressible, these 

micro-cracks do not grow. So �YI = 0. Owing the damage in the transversely isotropic plane, the 

longitudinal elastic modulus of the eutectic will decay. 

When damage variable attains maximum, the transverse and longitudinal elastic module of 

eutectics are: 

���? = ���,   ���? = Z1 − �4'�& [ ���. (12)

The eutectic is suffered from the tension stress σ  along with coordinated axis *�,  i.e.  

σ�� = σ55 = 0, σ�� = σ. In matrix, the strain along the longitudinal direction of the eutectic is the 

main factor that causes local damage [8]. The maximum strain can be expressed as: 

ORUV = O�. (13)

The maximum strain criterion is used for loading function: 

\ = �]^. 〈O]〉. (14)

Here, �]  is the elastic modulus along the ε] , and ^. = 1 − ��. The longitudinal failure of 

unidirectional eutectic under tensional stress is a far more complex phenomenon. The tensional 

failure is the result of a complex sequence of damage mechanisms. On basis of Eqs. (13) and (14), 

we know: 

\ = ���^. 〈O��〉 = ���1 − �� 〈O��〉. (15)
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Owing to O�� = _(�I`a)baa > 0, so: 

〈O��〉 = O�� = 3(1 − ��)���. (16)

Substituting Eq. (16) into Eq. (15), we have: 

\ = 3(1 − ��)�. (17)

When the rod-shaped eutectic is undamaged, the loading function equals to 3��. Substituting 

Eq. (1) into Eq. (17), as damage variable attains maximum, the breaking stress of the damage 

eutectic is: 

3`� = 2�?���(
�?�� + ��!��)tanh(��/�) (1 − ��)��3��d�2� . (18)

The breaking stress of the damage eutectic depends on the fraction, shape and diameter of fiber, 

and on the elastic modulus and free surface energy of matrix. 

3. Damage eutectic toughening 

Composite ceramic is mainly constructed by the rod-shaped eutectic with parallel 

nano/micro-fibers, and a small amount of matrix particles and transformation particles are 

distributed in the fiber eutectic around. In the loading procedure, damage will emerge in the 

rod-shaped eutectic. Suppose composite ceramic with cracks, loaded, the crack is limited by the 

damage rod-shaped eutectic in the crack surface. At the crack surface, the bridging stress is [5]: 

3�(ef) = 3�2 Z�1 + 16���? hij3��sin: + 1[, (19)

where, 3� is the load undertaken by damage rod-shaped eutectic at far distance from crack, j is 

the radius of the damage rod-shaped eutectic, h is the shear stress on the sliding part of the damage 

rod-shaped eutectic, i is the crack opening displacement. : is the angle between the bridging 

damage eutectic and crack. While the crack opening is limited by the damage rod-shaped eutectic, 

some debonding of the damage rod-shaped eutectic takes place. The toughening can be discussed 

in two ways. In one, the load carried by the rod-shaped eutectic in the crack wake to produce a 

crack-closing force. This force reduces the stress intensity in front of the crack. Further, because 

of residual thermal stress, a frictional stress exists across some rod-shaped eutectic. The frictional 

work of damage eutectic pull-out adds to the material toughness. 

The bridging force of the damage rod-shaped eutectic on the crack surface makes cracks arise 

closure effect, reducing the crack-tip stress concentration. When the crack propagation direction 

and the longitudinal of damage rod-shaped eutectic are not inconsistent, the crack tip would be 

continue to expand bypass the damage rod-shaped eutectic. Its elastic strain will be released to 

consume mechanical energy required to crack propagation. Thereby, it can prevent the further 

expansion of cracks, induce the crack bridging toughening mechanism. 

Consider the orientation and fraction of the damage rod-shaped eutectic. The bridging load can 

be determined by Eq. (20): 
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= = '�3�(ef)sin: = '�3�sin:2 Z�1 + 16���? hij3��sin: + 1[. (20)

Here, '�  is the fraction of the damage rod-shaped eutectic. The energy dissipation in the 

process of bridging Δm� is the function of the bridging load = and the opening displacement i, i.e. Δm� = / =�i�nop� .  Suppose that the direction of the damage rod-shaped eutectic is 

three-dimensional position of completely random distribution. The energy dissipation can be 

calculated as follow [5]: 

Δm� = q'�j3`�5�h . (21)

Here, � is the elastic modulus of the composite ceramic. The constant q is determined by ���?  

and � [5]. According to the point of the energy dissipation, the relationship of break tenacity and 

energy dissipation is Δrs = (�Δm)� �⁄ . We take aspect ratio t = e/(2j), the bridging toughening 

value of the damage rod-shaped eutectic is: 

Δrs� = �q'�e3`�52th . (22)

Eq. (22) shows that the damage of rod-shaped eutectic decreases the bridging toughening value 

by decreasing the breaking strength σ`�. 

Fractured ceramic often exhibit some structural integrity. That is, failed samples often remain 

intact and can be completely separated only by application of a post-fracture stress. It is as if there 

were contacting ligaments between the halves of the fractured sample. The irregular crack path 

implies that some eutectics to each side of the main crack protrude into the other side. When 

thermal residual stresses are present, this eutectic pull-out work can be appreciable. The residual 

stresses are manifested by a clamping force between eutectic and particles that overcome in 

accomplishing their final separation. The work done in this separation represents additional 

fracture work. 

The additional fracture work can be calculated on the basis of it arising from a frictional 

clamping force. The pull-out work is given by the integral of the frictional force over the pull-out 

length, �. The length � is the instantaneous distance over which the eutectic is clamped, and varies 

with the extent of pull-out. It initially has the value �� and 0 < �� < e/2, the area over which the 

frictional force operates is: 

v = 2&j(e − ��). (23)

But the pull-out length decreases with the pull-out distance M, as � = e − �� − M. The frictional 

stress is h = �3w  where �  is the coefficient of friction and 3w  the gripping pressure, here 

reasonably taken as the residual compressive stress [9]. Thus, the pull-out work is given by: 

x = h y [2&j(e − �� − M)]�MYz
� . (24)

Dividing Eq. (24) by �v = &j� 4⁄  (the acrossal area of the pulled-out eutectic) yields the 

fracture work per unit area. This can be equated to Δm. However, only a fraction '� of eutectics is 

subject to crack bridging. Thus, the pull-out work per unit area is: 



1259. FRACTURE TOUGHNESS PREDICTION OF EUTECTIC CERAMIC COMPOSITE CONSIDERING DAMAGE EFFECT AND TRANSFORMATION 

TOUGHENING. XINHUA NI, CHENG CHEN, SHUQIN ZHANG 

 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2014. VOLUME 16, ISSUE 3. ISSN 1392-8716 1517 

Δm� = '��3w y e − e� − M2j �MYz
� , (25)

i.e. 

Δm� = '��3w e�(2e − 3e�)4j . (26)

The maximum pull-out distance would be e/2, the minimum would be zero. We take the 

average distance as e/4, then, e�  can be replaced by e/4. The pull-out work per unit area is 

transformed as: 

Δm� = 5'��3we�64j . (27)

According to Eq. (27), maximum pull-out work per unit area is obtained by increasing the 

fraction and length of rod-shaped eutectics, as well as the friction coefficient of interface and 

residual compressive stress, reducing eutectic radius. 

Analysis of the added toughness proceeds along lines used in analyzing bridging toughening. 

We use Δrs = (�Δm)� �⁄  and λ = e/(2j).  The pull-out toughening value of the damage 

rod-shaped eutectic can be expressed as: 

Δrs� = �5'��3w���? te32 . (28)

Note that there is an implicit damage effect in Eq. (28). The elastic modulus ���?  varies 

inversely with damage variable. Thus, provided we are in the damage variable domain where 

pull-out toughening exists, the toughening is smaller for composite ceramic with the damage 

rod-shaped eutectic. 

4. Transformation toughening 

In the ceramic composite containing damage eutectics and transformation particles, the 

transformation may be triggered by the stress field associated with a crack. As the crack advances, 

tetragonal particles transform to the monoclinic form in a zone above and below the fracture plane. 

The work expended in effecting this transformation adds to the material toughness. 

For the transformation toughening, the comprehensive transformation criterion [10] was used 

to describe the plastic behavior of partially stabilized zirconias. The transformation yield condition 

was defined by the macro equivalent stress and average stress. For the tectic ceramic composite, 

there are rod-shaped eutectics around transformation particles, so the transformation yield 

condition is not only related to the macro equivalent and average stresses, but also the difference 

between the maximum tensile stress and compressive stress. Based on the experiment, the 

parabola transformation yield function is defined as follow: 

| = P3� + m� − }� = 0, (29)

where, P =  (σ� − σ5)/3, 3�  is the maximum tensile stress and 35  the maximum compressive 

stress determined by the stress field associated with a crack. 3�  is the bulk stress, i.e.  3� = 3� + 3� + 35. } is material constant. m� is the second stress invariant, i.e. m� = v~�v~� 2⁄ , and v~� = 3~� − �5 3� �~�, the stress deviator tensor. 
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According to potential function method, the gradient of plastic strain tensor is gotten from 

Eq. (29): 

�O~�� = �t �|�3~� = �t�P�~� + v~��. (30)

In the general case of material fracture, the stress field is associated with a crack involves I-II 

combination: 

���
�
���3� = rI√2& � cos �2 �1 − sin �2 sin 3�2 � − rII√2& � sin �2 �2 + cos �2 cos 3�2 � ,

3� = rI√2& � cos �2 �1 + sin �2 sin 3�2 � + rII√2& � cos �2 sin �2 cos 3�2 ,
h�� = rI√2& � cos �2 sin �2 cos 3�2 + rII√2 & � cos �2 �1 − sin �2 sin 3�2 � ,3� = !�3� + 3��.

 (31)

Substituting Eq. (31) into Eq. (29), we can obtain the radius of transformation region of 

stationary crack: 

� = %r�P (� ��2&�2(1 + !)��� + ��� − 2(1 + !)�X(1 + !)��� + ���� , (32)

where: 

� = }P ,   � = �� + :�� + :��5,   : = r��r� ,   � = cos �2 − :sin �2, 
�� = 13 (4!� − 4! + 1)cos� �2 + 14 sin��,   �� = 13 (−4!� + 4! − 1)sin� + 12 sin2�, 
�5 = 13 (4!� − 4! + 1)sin� �2 − 34 sin�� + 1. 

As the crack advances, tetragonal particles transform to the monoclinic form in a zone lying 

±�  above and below the fracture plane. The �  can be determined for Eq. (32). Let �(�sin�) ��⁄ = 0, we get � = ��. Then � = (�sin�)��� . The radius of transformation region 

of steady-state growing crack is given: 

� =
���
��%r�P (� ��2&[2�� + ��� − 2�X�� + ���] , 0 ≤ � ≤ ��,

�sin� , �� ≤ � ≤ &. (33)

On base of weighted function, the transformation fracture enhancements of mode I and mode 

II are calculated as follow [11, 12]: 

�rI = yℎ¢£�(¤, ¥)=¢£(¤)�¤f , (34)

�rII = yℎ¢£��(¤, ¥)=¢£(¤)�¤.f  (35)
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Here ¤ is the boundary of transformation region. ¥ is the length of crack. ℎ¢£�(¤, ¥) and ℎ¢£��(¤, ¥) 

are the weight functions of mode I and II respectively. The components of surface force =¢£(¤) on 

the boundary are expressible in the form: 

=~ = �3(1 − 2!) O¦¦� �~��� + �1 + ! �~�� �� , (36)

where �� is the direction consine. The plastic strain tensor are gotten: 

§O¦¦� = '̈ O¦¦.  ,
�~�� = '̈ O¦¦. v~�3P . (37)

In equation O¦¦.  is the corresponding martensite transformation strain, '̈  is the fraction of the 

triclinic phase in the distance ±�  above and below the fracture plane that transforms 

martensitically. 

We can acquire the weight function of mode I [11]: 

ℎ¢£� = 12(1 − !)√2&� ©cos �2 %2! − 1 + sin �2 sin 3�2 (
sin �2 %2 − 2! − cos �2 cos 3�2 (ª. (38)

The weight function of mode II is [12]: 

ℎ¢£�� = 12(1 − !)√2& � ©sin �2 %2 − 2! + cos �2 cos 3�2 (
cos �2 %1 − 2! + sin �2 sin 3�2 (ª. (39)

Substituting Eqs. (36) and (38) into Eq. (34), we have: 

Δr� = '̈ �O¦¦.6(1 − !)√2& « ¬�I5�cos 3�2 + %r��P ( �I�3(1 + !)√2& (��� + ���) �
® . (40)

Here: 

�11 = − 94 cos� + (8!� − 3! − 2)cos�� + %2!� − 32 ! + 134 ( cos� + 32 ± + 1, 
�12 = rIIrI

�274 cos5� − (8!� − 3! − 2)cos�� + %2!� − 52 ! − 154 ( cos� + 4!� − 32 ! − 1�, 
where, 
 is the area of transformation region. 

Substituting Eqs. (36) and (39) into Eq. (35), we obtain: 

Δr�� = '̈ �O¦¦.6(1 − !)√2& « ¬�I5�sin 3�2 + %r��P ( �I�3(1 + !)√2& (��� + ���) �
® , (41)

where: 
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�21 = �94 cos�� − (8!� − 3! − 2)cos� − 2!� + 2! − 54� sin�, 
�22 = r³IIr³I

�274 cos5� − (8!� − 3! − 2)cos�� + %2!� − 52 ! − 154 ( cos� + 4!� − 32 ! − 1�. 
For the giving rII rI⁄  and } P⁄ , Eq. (40) is integrated in the transformation region of 

steady-state growing crack given by Eq. (33). We gain to the toughening effects of mode I crack: 

Δr� = Δ�'̈ �O¦¦. √�. (42)

On integrating Eq. (41) in the transformation region of steady-state growing crack given by 

Eq. (33) the transformation region, we get the toughening effects of mode II crack: 

Δr�� = Δ�'̈ �O¦¦. √�. (43)

Here Δ� and Δ� are constants relating to !, rII rI⁄  and } P⁄ . For mixed-mode I-II crack, using 

the strain energy release rate criterion, we obtain the fracture enhancement of transformation: 

Δr = ΔrI + (rII rI⁄ )ΔrIIX1 + (rII rI⁄ )� . (44)

Substituting Eqs. (42) and (43) into Eq. (44), the expression for the transformation-effected 

toughness can be written as: 

Δrs5 = Δ'̈ �O¦¦. √�. (45)

In Eq. (22), ∆� is a constant relating to !, rII rI⁄  and } P⁄ . For Al2O3-ZrO2 ceramic composite 

containing damage Eutectics and transformation Particles, ! = 0.31, rII rI⁄ = 0.5, } P⁄ = 2.5. 

We can determine ∆ = 0.0732, i.e.: 

Δrs5 = 0.0732'̈ �O¦¦. √�. (46)

The transformation toughening is associated with the fraction of the transformation particles, 

the elastic modulus of composite ceramic and the half width of transformation region. Under the 

unidirectional tension load, the half width of transformation region can be determined by  � = 4.3(2r� 3]⁄ )�. Here, r� is the inherent matrix toughness, and 3] is the stress initiating the 

martensite transformation. 

5. Fracture toughness of ceramic composite 

Experiments showed that there were two kinds of fracture models – fracture in the rod-shaped 

eutectics and fracture in inter-eutectics regions. Because of presence of nano-submicrometer fibers 

and inter-phase spacing in the eutectic as well as micrometer transformation particles in the 

inter-eutectic region, intensive coupled toughening of damage eutectic-induced crack bridging 

toughening, eutectic pull-out toughening and transformation toughening. For the coupled 

toughening mechanisms discussed above, the added toughness scales with the inherent matrix 

toughness (i.e. r�). Thus, the fracture toughness rs  of ceramic composite is: 

rs = r� + Δrs� + Δrs� + Δrs5. (47)

Δrs� , Δrs�  and Δrs5  can be given by Eqs. (22), (28) and (48) respectively. According to 

Eq. (22) and (28), we can make out that the bridging toughening value and pull-out toughening 
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value have a bearing on the aspect ratio of damage eutectics which are main structure of the 

ceramic composite. Thus, we analyse the relation between the fracture toughness of the ceramic 

composite and the aspect ratio of damage eutectics quantitatively as follow. For the ceramic 

composite mainly constructed by Al2O3/ZrO2 eutectics, the fraction '� of the damage rod-shaped 

eutectic equals to 0.9, the friction coefficient between eutectics and particles is 0.2, eutectic length 

is 200 µm, the fraction '̈  of the triclinic phase is 0.04, martensite transformation strain is 1.05, 

the inherent matrix toughness is 4.5 MPa⋅m1/2, the stress initiating the martensite transformation 

is 900 MPa. To discuss the effect of transformation particles on the fracture toughness, we analyse 

quantitatively the fracture toughness under two circumstances of Δrs5 vanishing and calculated 

by Eq. (48). The description of the toughness – aspect ratio relation under two circumstances is 

provided in the schematic Fig. 3. 

 
Fig. 3. Schematic illustrates the variation of the fracture toughness with eutectic aspect ratio  

and the effect of transformation particles on the fracture toughness 

As shown in Fig. 3, the fracture toughness is dependent on the aspect ratio of damage 

rod-shaped eutectic: the fracture toughness is minimum as the aspect ratio is equal to 0.3 and 

maximizing when the aspect ratio is equal to 14. Comparing the fracture toughness of the composite 

with damage to that with no damage [5], the damages inside eutectics enlarge the incremental range 

of variation of the fracture toughness. The transformation particles exert a slight influence on the 

fracture toughness due to its content is less. 

6. Conclusions 

1) The damage variables are defined by the microstructure of rod-shaped eutectic with parallel 

nano/micro-fibers. The maximum strain criterion is used for determining the loading function. 

According to the attenuation characteristic of eutectic rigidity, the critical fracture stress of the 

damage rod-shaped eutectic is obtained by damage variable maximizing. 

2) Bridging toughening mechanism and pull-out toughening mechanism of damage 

rod-shaped eutectics are constructed. The damage of rod-shaped eutectic decreases the bridging 

toughening value and pull-out toughening value. 

3) Defining a parabola transformation yield function, the transformation plastic strain 

increment is gotten by transformation plastic potential function. The screening impact of 

transformation particles for mixed-mode I-II crack is gained. 

4) Based on the crack-bridging and pull-out toughening mechanisms of damage rod-shaped 

eutectics, as well as stress-induced transformation toughening mechanism, the added toughness 

scale with the inherent matrix toughness, the theoretical formula of fracture toughness of the 

eutectic ceramics composite are determined. The result shows that the fracture toughness is 

dependent on the aspect ratio of rod-shaped eutectic: the fracture toughness is minimum as the 

aspect ratio is equal to 0.3 and maximizing when the aspect ratio is equal to 14. The damages inside 
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eutectics enlarge the incremental range of variation of the fracture toughness. The transformation 

particles exert a slight influence on the fracture toughness due to its content is less. 
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