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Abstract. Empirical mode decomposition (EMD), a self-adaptive time-frequency analysis 
methodology, is particularly suitable for processing the nonlinear and non-stationary time series, 
which can decompose a complicated signal into a series of intrinsic mode functions. Although it 
has the attractive features, the approach to construct the envelop-line in EMD has obvious 
shortcomings. A suggested improvement to EMD by adopting the optimized rational Hermite 
interpolation is proposed in this paper. In the proposed method, it adopts rational Hermite 
interpolation to compute the envelope-line, which has a shape controlling parameter compared 
with the cubic Hermite interpolation. In the meantime, one parameter determining criterion is 
introduced to guarantee the shape controlling parameter selection performs optimally. Besides the 
empirical envelope demodulation (EED) is introduced and utilized to analyze the IMFs derived 
from the improved EMD method. Hence, a new time-frequency method based on the optimized 
rational Hermite-based EMD combined with EED is proposed and the effectiveness was validated 
by the numerical simulations and an application to the reciprocating compressor fault diagnosis. 
The contributions of this paper are three aspects: Firstly, the definition of the best envelope is 
non-existent, some light is given about which envelope maybe better in this paper. Secondly, the 
optimal shape controlling parameter selection combined with rational Hermite interpolation is 
developed, leading to the significant performance enhancement. Thirdly, little research has been 
carried out on the fault diagnosis of the reciprocating compressor using EMD, the proposed 
method is a good start. 
Keywords: empirical mode decomposition (EMD), rational Hermite interpolation, shape 
controlling parameter determining criterion, reciprocating compressor diagnosis. 

1. Introduction 

Vibration analysis techniques have been widely used in detecting faults in rotating machinery 
in recent years [1]. However, the applications of the vibration to the reciprocating compressor 
fault diagnosis are rare, which is mainly due to the nature of the vibration generated by 
reciprocating compressor is strongly transient and non-stationary and presents a multiple impulse 
source property. Also, a number of methods are applied to process the vibrations signal of the 
reciprocating compressor. Wang et al. applied wavelet transform to diagnose the compressor valve 
[2]. A probabilistic neural network was proposed for automatic classification of a reciprocating 
compressor with seeded faults by Lin et al. [3]. Information entropy and SVM method was 
proposed to classify five types of valve faults by Cui et al. [4]. Wang et al. used wave matching 
and support vector machine to detect the reciprocating compressor valves fault [5]. Nevertheless, 
these advanced techniques represent their own limitations on the compressor oversized bearing 
fault diagnosis. 

Empirical mode decomposition (EMD), proposed by N. E. Huang, is mainly used to analyze 
the nonlinear and non-stationary date [6]. EMD can adaptively decompose a multicomponent 
signal into a sum of simple components defined as intrinsic mode functions (IMFs), and due to 
the decomposition is only according to the inherent characteristics of the original signal, EMD is 
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a fully self-adaptive analysis method. What’s more, the combination EMD with the Hilbert 
transform (known as the Hilber-Huang Transform, HHT) has been proved to be a powerful 
time-frequency technique and applied to many applications [7-9]. 

However, the major drawbacks of EMD method are to fit the local extrema of the signal with 
the cubic spline interpoaltion. The cuibc spline-envelope exists outstanding over and undershoot 
problems, which needs to further study. Spline type selection is the key step in the EMD method, 
which will influence the results directly [10]. Many reasearches have been carried out on the spline 
type. Alternating taut spline with cubic spline indicates slightly improvement was noted by  
Huang et al. (1998). Cubic spline interpolation is better than the liner was suggested by  
Rilling et al. (2003) [11]. To change the extreme interpolation, Hawley et al. replaced the cubic 
spline with trigonometric interpolation. Rather than fitting the maxima and minima to construct 
the upper and lower envelopes, Chen et al. used the B-splined to fit the combined extrema and 
then obtained the local mean [12]. Qin et al. introduced a new envelope algorithm of 
Hilbert-Huang Transform to fit the envelope of a signal with the extreme points [13].  
Pegram et al. proposed an alternative spline methodology called rational spline, which has a 
tension parameter compared with the traditional cubic spline [14]. Yannis Kopsinis, et al. analyzed 
how to select better interpolation points to get the best envelope possible approximation and 
introduced the GA-based optimization of the piecewise polynomials interpolation [15]. 

All of the above-mentioned alternating methods have demonstrated the validity and 
effectiveness in the practical signal or synthetic signals analysis. However, litter research has been 
carried out on the optimum of the envelope-line selection of EMD. Since the piecewise cubic 
Hermite depends on the first derivatives of the interpolation points which exhibits more flexibility 
than the cubic spline interpolation and high computation efficiency [16, 17], appling the cubic 
Hermite to fit the local extrema can not only ensure the continuity and smoothness of the 
successive points but also have the excellent characteristic of shape preservation, which is 
especially suitable for processing the strongly non-strongly and non-linear signal. 

However, the cubic Hermite interpolation can’t adaptively adjust the shape of the curve with 
the changing local feather of the waveform in the sifting process, which needs further research 
and improvement. Focused on the above problems, the optimized rational spline-based EMD is 
proposed in this paper, which uses an alternative interpolation methodology called rational 
Hermite to construct envelope curves between extreme points. Compared with the cubic Hermite, 
it has a shape controlling parameter. The rational Hermite can control the shape of the curve by 
the parameter ߣ.  Therefore, when using the rational Hermite interpolation to construct the 
envelope, the shape controlling parameter ߣ can be varied in the sifting process. Furthermore, one 
fitness function combined with Genetic Algorithm is used to automatically select the shape 
controlling parameter in each sifting process. To further investigate the performance of the 
proposed method, three assess indicators are introduced. At last, the optimized rational 
Hermite-based EMD method is introduced into the simulation signal analysis and a comparison is 
made with the cubic Hermite-based EMD and the cubic spline-based EMD method. The 
comparison results show the superiority of the proposed method. Furthermore, the vibration signal 
of the reciprocating compressor with the oversized bearing clearance fault is analyzed by the 
optimized rational Hermite-based EMD method. The practical signal analysis results demonstrate 
the validity and effectiveness of the proposed method in reciprocating compressor fault 
diagnosis.The rest of this paper is organized as follows: the main steps of EMD and the over and 
undershoot problems of the cubic spline interpolation are discussed in section 2. In section 3 the 
rational Hermite interpolation is introduced. The shape controlling parameter selection process 
and three assessing indicators are described. Simultaneously, the comparisons of simulation signal 
analysis between optimized rational Hermite-based EMD, cubic Hermite-based EMD and the 
traditional EMD method are discussed in section 4, which show that the better decomposition 
results can be obtained by the improved method. The analysis results of the reciprocating 
compressor vibration signal with oversized bearing fault are given in section 5. Finally, the 
conclusions about the diagnostics capability of the optimized rational Hermite-based EMD 
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method are drawn in section 6. 

2. Review of the envelope problem in HHT 

EMD is an adaptive decomposition method proposed by Huang [6]. The main idea of the EMD 
method is using the mean value of the upper and lower envelopes of the original signal to describe 
the “instantaneous equilibrium position”. And then extract the intrinsic mode functions of the 
signal. 

There are three main steps to get IMF from signal (ݐ)ݔ: 
1) Find out all the extreme points of the signal and then construct the upper and lower 

envelopes with the local maxima and minima by using cubic spline interpolation. 
2) Set the mean of the upper and lower envelopes to be ݉ଵଵ(ݐ). 
3) Subtracting ݉ଵଵ(ݐ) from (ݐ)ݔ, we obtain ℎଵଵ(ݐ): (ݐ)ݔ − ݉ଵଵ(ݐ) = ℎଵଵ(ݐ). (1) 

If ℎଵଵ(ݐ) satisfies the following two conditions, we consider it as an IMF. 
a) In the whole date set, the number of zero crossings and the number of extrema must be equal 

or differ at most by one; 
b) At any time, the mean between the local maxima envelope and the local minima envelope 

is zero. 
Otherwise take ℎଵଵ(ݐ) as a new signal and repeat the process above until the ℎଵ௞(ݐ) is an IMF, 

and set the ℎଵ௞(ݐ) as ܿଵ(ݐ). Usually, the repeating subtracting process will stop until the standard 
deviation (SD) value, which evaluate the repetitiveness of the signal, is less than a determined 
value between 0.2 and 0.3: 

ܦܵ = ෍ ൭หℎଵ(௞ିଵ)(ݐ) − ℎଵ௞(ݐ)หଶ(ℎଵ(௞ିଵ)(ݐ))ଶ ൱்
௧ୀ଴ . (2) 

Then, note that ݎଵ(ݐ) = (ݐ)ݔ − ܿଵ(ݐ) and consider ݎଵ(ݐ) as a new (ݐ)ݔ. We can decompose 
other IMFs from the original signal one by one. The decomposition is terminated until the residual ݎ௡(ݐ) becomes a monotonic function. 

Finally, the original signal (ݐ)ݔ can be expressed as: 

(ݐ)ݔ = ෍ ܿ௞(ݐ) + ே(ݐ)௡ݎ
௞ୀଵ . (3) 

For each IMF, we obtain their significant instantaneous frequency by the following formula: 

௞݂ (ݐ) = ߨ12 ݐ݀݀ [argݖ௞(ݐ)], (4) 

where (ݐ)ݖ is the analytic signal of component ܿ௜(ݐ) calculated by Hilbert Transform: ݖ௞(ݐ) = ܿ௞(ݐ) + .[(ݐ)௞ܿ]ܪ݆ (5) 

The Hilbert Spectrum can be defined as: 

)ܪ ௞݂, (ݐ = Re ෍ ܽ௞௡
௞ୀଵ ௜ଶగ݁(ݐ) ׬ ௙ೖ(௧)ௗ௧. (6) 



1327. DIAGNOSTICS OF RECIPROCATING COMPRESSOR FAULT BASED ON A NEW ENVELOPE ALGORITHM OF EMPIRICAL MODE DECOMPOSITION.  
YONGBO LI, MINQIANG XU, YU WEI, WENHU HUANG 

2272 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. AUGUST 2014. VOLUME 16, ISSUE 5. ISSN 1392-8716  

Respectively, where: 

ܽ௞(ݐ) = ටܿ௞ଶ(ݐ) + .[(ݐ)௞ܿ]ଶܪ (7)

From the above sifting process, it can be known that the envelope-line can influence the whole 
process. When the cubic spline interpolation is applied to produce the envelope-line, the over and 
undershoots problems will often occur, which will has an adverse impact on the decomposition 
results. Mathematically, given the ݇ +1 points, [(ݐ଴, ,(଴ݔ ,ଵݐ) ,(ଵݔ … , ,௞ݐ) [(௞ݔ  in each interval ൣݐ௜,ݐ௜ାଵ൧, ݅ = 0, 1,…, ݇ − 1 the piecewise cubic spline expression can be written as: ݏ௜ = ܽ௜ݐଷ + ܾ௜ݐଶ + ܿ௜ݐ + ݀௜. (8)

The boundary condition is: 

۔ە
(ݐ)௜ݏۓ = (௜ାଵݐ)௜ݏ,௜ݔ = (௜ାଵݐ)ᇱ௜ିଵݏ,௜ାଵݔ = (௜ାଵݐ)ᇱᇱ௜ିଵݏ,(௜ݐ)௜ᇱݏ = .(௜ݐ)௜ᇱᇱݏ (9)

From the fitting function, due to the first and second derivatives at each point ݐ௜,  ݅ = 0, 1,…, ݇ − 1 can’t guarantee that the first derivatives of ݐ௜ and ݐ௜ାଵ equal to zero or have the 
same value, the over and undershoots problems would not be avoided [18]. The envelope error 
will transfer into the local mean and the whole signal by the iterative nature of the sifting process, 
which will result in inaccuracy and unreliable decomposition results. 

The cubic spline fits the maxima to construct the upper envelope (blue line) and fits the minima 
to construct the lower envelope (red line) in Fig. 1. The upper and lower envelopes have both over 
and undershoot problems denoted by arrows. The reason of the over and undershoot problems 
often occurring in the cubic spline interpolation is that the cubic spline lacks the adequate 
flexibility when fitting the local extrema [13]. Therefore the envelope algorithm needs further 
research. 

 
Fig. 1. Section of nonlinear and non-stationary signal 

3. A new envelope interpolation algorithm 

3.1. Cubic Hermite interpolation 

Considering that the cubic spline interpolation is of second-order smoothness (second-order 
derivable), while the cubic Hermite is only first-order smoothness. Therefore the piecewise cubic 
Hermite interpolation algorithm is often proposed as potential improvement to the EMD method 
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[16, 17]. The detailed mathematical cubic Hermite interpolation is as follows: 
Given a series of discrete date ܽ = ଴ݔ < ଵݔ < ⋯ ௡ݔ = ܾ and (ݔ௜, ݕ௜, ݀௜) the ݕ௜ is the value at 

time ݔ௜ (݅ = 0, 1, 2,…, ݊), ݀௜ is the first derivative at each time ݔ௜, ℎ௜ = ௜ାଵݔ − ݐ ,௜ݔ = ݔ −  ௜/ℎ௜ݔ
and ߣ௜ is any real numbers. Then in each [ݔ௜, ௜|[௫೔,௫೔శభ]ܪ :௜ାଵ], can be written asݔ = ௜ݕ(ݐ)௜ߙ + ௜ାଵݕ(ݐ)௜ାଵߙ + ℎ௜݀௜(ݐ)௜ߚ + ,ℎ௜݀௜ାଵ(ݐ)௜ାଵߚ ݅ = 0, 1, 2, … , ݊ − 1, (10) 

where ߙ௜(ݐ), ߙ௜ାଵ(ݐ), ߚ௜(ݐ) and ߚ௜ାଵ(ݐ) are basis function of the cubic Hermite interpolation and 
can be expressed as [17]: ߙ௜(ݐ) = 1 − ଷݐ3 + (ݐ)௜ାଵߙ,ଶݐ2 = ଶݐ3 − (ݐ)௜ߚ,ଷݐ2 = ݐ − ଶݐ2 + (ݐ)௜ାଵߚ,ଷݐ = ଶݐ− + .ଷݐ (11) 

From the Eq. (11), the defined basis functions satisfy the following condition: ߙ௜(0) = ௜ାଵ(1)ߙ = 1, ௜(1)ߙ = ௜ାଵ(0)ߙ = ᇱ(0)ߙ,0 = ௜ᇱ(1)ߙ = ௜ାଵᇱߙ (1) = ௜ାଵᇱߙ (0) = ௜(0)ߚ,0 = ௜(1)ߚ = ௜ାଵ(1)ߚ = ௜ାଵ(0)ߚ = ௜ᇱ(0)ߚ,0 = ௜ାଵᇱߚ (1) = 1, ௜ᇱ(1)ߚ = ௜ାଵᇱߚ (0) = 0. (12) 

Also ߙ௜(ݐ) + (ݐ)௜ାଵߙ = (ݐ)௜ߚ ,1 = ௜ାଵ(1ߚ− −  .(ݐ
The cubic Hermite is used in place of cubic splines for interpolating the maxima and minima 

envelopes within the EMD sifting process. However, after the experiments the author find that 
sometimes the cubic Hermite interpolation algorithm is too flexible which may even cause the 
obvious break points. What’s more, once the interpolation conditions are given, the shape of the 
curve is fixed which also means the curve approximation effectiveness is unchangeable. Since the 
fluctuant trend of the extrema of the produced new time series is uncertain, which requires the 
shape of the curve is changeable, the shape of the cubic Hermite interpolation can’t be adjusted 
with the changing local feather of the waveform in the sifting process. It needs further study and 
improvement. 

3.2. Rational Hermite interpolation 

Based on the discussion above, the cubic spline interpolation lacks adequate flexibility due to 
the second-order smoothness, the cubic Hermite interpolation can satisfy the flexibility 
requirement depending on the first derivatives of the interpolation points. However it lacks enough 
smoothness. To overcome the shortcomings of cubic Hermite interpolation, the alternative spline 
interpolation approach called rational Hermite interpolation is proposed. 

The rational Hermite interpolation has a shape controlling parameter compared with the cubic 
Hermite interpolation which can control the shape of the spline as well as retain the desirable 
characteristics of the cubic Hermite interpolation. The basis function selection is key step to 
construct the rational Hermite interpolation. This paper proposed a four quartic polynomial basis 
function which has the advantages of simple structure, efficiency of computation and reliable 
outcomes. 

Definition 1. Given 0 ≤ ݐ ≤ 1, and ߣ is the real number, then the four quartic polynomial can 
be described as the basis function of the rational Hermite interpolation: 



1327. DIAGNOSTICS OF RECIPROCATING COMPRESSOR FAULT BASED ON A NEW ENVELOPE ALGORITHM OF EMPIRICAL MODE DECOMPOSITION.  
YONGBO LI, MINQIANG XU, YU WEI, WENHU HUANG 

2274 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. AUGUST 2014. VOLUME 16, ISSUE 5. ISSN 1392-8716  

(ݐ)௜ܨ = 1 − ߣ) − ଶݐ(3 − ߣ2) − ଷݐ(2 + (ݐ)௜ାଵܨ,ସݐߣ = ߣ)− − ଶݐ(3 + ߣ2) − ଷݐ(2 − (ݐ)௜ܩ,ସݐߣ = ݐ + ߣ) − ଶݐ(2 − ߣ2) − ଷݐ(1 + (ݐ)௜ାଵܩ,ସݐߣ = ߣ)− + ଶݐ(1 + ߣ2) + ଷݐ(1 − .ସݐߣ (13)

Also some property of the defined basis functions can be obtained after the calculations, which 
satisfied followings: ܨ௜(0) = ௜ାଵ(1)ܨ = ௜(1)ܨ   ,1 = ௜ାଵ(0)ܨ = ௜ᇱ(0)ܨ,0 = ௜ᇱ(1)ܨ = ௜ାଵᇱܨ (1) = ௜ାଵᇱܨ (0) = ௜(0)ܩ,0 = ௜(1)ܩ = ௜ାଵ(1)ܩ = ௜ାଵ(0)ܩ = ௜ᇱ(0)ܩ,0 = ௜ାଵᇱܩ (1) = ௜ᇱ(1)ܩ   ,1 = ௜ାଵᇱܩ (0) = 0, (14)

and ܨ௜(ݐ) = (ݐ)௜ାଵܨ = (ݐ)௜ܩ ,1 = ௜ାଵ(1ܩ− −  .(ݐ
The results show that: the defined basis functions have the absolutely same properties with the 

basis function of piecewise cubic Hermite interpolation. Especially, when the ߣ௜ = 0, the rational 
Hermite interpolation defaults to the cubic Hermite interpolation. So the four quartic polynomial 
can be considered as the extension of the basis function of piecewise cubic Hermite interpolation. 
What’s more, the defined basis functions can be taken as the definition of the rational Hermite 
interpolation. Due to the parameter ߣ, the shape of the splines constructed by the rational Hermite 
can be adjusted by changing the value of the parameter, which is an improvement of the cubic 
Hermite interpolation. 

Definition 2. Given a series of discrete date (ݔ௜ ௜ݕ , , ݀௜) (݅ = 1, 2,…, ܰ), the ݕ௜  is the local 
maxima and minima at time ݔ௜,  and the ݀௜  is the first derivative at each time ݔ௜  
(݀௜ =  The aim is to fit the two points to interpolate the segments. The rational .((ݐ)ݔ݀/(ݐ)ݕ݀
Hermite interpolation can be constructed in each [ݔ௞, ݔ௞ାଵ] (݇ = 0, 1,…, ܰ − (ݔ)௞ݏ :(1 = ௜ݕ(ݐ)௜ܨ + ௜ାଵݕ(ݐ)௜ାଵܨ + ℎ௜݀௜(ݐ)௜ܩ + ,ℎ௜݀௜ାଵ(ݐ)௜ାଵܩ (15)

where ℎ௜ = ௜ାଵݔ − ݐ ,௜ݔ = ݔ) −  .are the basis functions of the rational Hermite interpolation (ݐ)௜ାଵܩ and (ݐ)௜ܩ ,(ݐ)௜ାଵܨ ,(ݐ)௜ܨ is the parameter used to control the shape of the spline  and ߣ ,௜)/ℎ௜ݔ
It has been proved that the proposed interpolation is first-order smooth continuous and derivable. 
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Fig. 2. The first sift of the ܨܯܫଵ(ݐ) for the synthetic signal, a range of parameter ߣ combined  

with rational Hermite interpolation to construct the upper and lower envelopes 

The rational Hermite spline has a variable parameter ߣ, which allows the shape of the spline 
can be controlled. In Fig. 2, the rational Hermite interpolation is applied to a section of the 
synthetic signal. The figure shows the first sift of ܨܯܫଵ(ݐ)  for a range of parameter ߣ . The 
envelopes constructed by the rational Hermite with ߣ ranging from –10, –2, –1, –0.5, 0 (cubic), 
0.5, 1, 2, 10 are presented in the figure. The shapes of the envelopes are progressively changed as 
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 is varied. Also from the figure we can get the conclusion that: where the cubic Hermite performs ߣ
well, the rational Hermite performs similarly across the range of parameter settings. 

3.3. The selection of shape controlling parameter 

As mentioned above, the rational Hermite interpolation formula possesses a parameter ߣ that 
enable the user to select the shape of the interpolation in the sifting process. Different shape 
controlling parameter of rational Hermit interpolation will produce different EMD decomposition 
results. To realize accurate decomposition and be more user friendly, it is necessary to find ways 
of automatically selecting the shape controlling parameter. There is no objective way to determine 
the shape controlling parameter, since there is no definition of the best envelope in Huang [10]. 
However, some hidden information embedded in the signal sifting process can inform which 
envelope may be better. 

Recently, Cheng [19] investigated the typical single component signals that have the physical 
meaning of instantaneous frequency, such as amplitude modulated signal shown in Fig. 3. One 
conclusion can be obtained from Fig. 3. Connecting the extremum with straight line and then it 
intersects the vertical axis line which is through the mid-extreme at point A. The distance of A to ݐ axis, ݀ଵ, is equal or approximated equal to the distance of B to ݐ axis, ݀ଶ, which means A and B 
is symmetric or approximated symmetric about the horizontal ݐ axis. Furthermore, the conclusion 
is also suitable for sine (or cosine) signal, frequency modulation (FM) signal and amplitude and 
frequency modulated (AM-FM) signal. 

 
Fig. 3. The amplitude modulated waveform and the A and B point is symmetric  

or approximated symmetric about the horizontal ݐ 

For a series of extrema of a signal (ݐ)ݔ  which has a group of three successive extrema  
(߬௞ିଵ, ܺ௞ିଵ), (߬௞, ܺ௞) and (߬௞ାଵ, ܺ௞ାଵ) (݇ =  (௞ܣ ,௞߬) To locate the calculated point .(ܯ ,…,3 ,2
of a signal (ݐ)ݔ,  connect each pair of two extrema (two minima or two maxima) points  
(߬௞ିଵ, ܺ௞ିଵ) and (߬௞ାଵ, ܺ௞ାଵ) by straight lines, and then denote the calculated point at the middle 
extremum points (߬௞ାଵ, ܺ௞ାଵ) time ߬௞ by ܣ௞. 

Mathematically, ܣ௞ at each time  ߬௞ can be written as [20]: ܣ௞ = ܺ௞ିଵ + ൤ ߬௞ − ߬௞ିଵ߬௞ାଵ − ߬௞ିଵ൨ (ܺ௞ାଵ − ܺ௞ିଵ). (16) 

Then the obtained point (߬௞, ܣ௞) can be seen as the criterion point of the analyzed signal [20]. 
The theorem can be simply explained in the following way. The EMD method can decompose 

a complicated signal into a sum of IMFs, which should satisfy the two conditions mentioned in 
section 2. In fact the two IMF condition is aim to ensure the obtained IMFs have meaning in 
instantaneous frequency. Cheng [19] put forward a new approach which describe the definition of 
the monocomponent with physical meaning signal (called intrinsic scale components (ISC)) in 
another way. Due to the two definitions can also describe the monocomponent, it is necessary to 
combine them together. The description of ISC is introduced in the EMD sifting process. Namely, 
the envelope interpolation of the any two adjacent maxima (or two adjacent minima) should try to 
be close to or pass through the calculated symmetric point of middle minimum point (middle 
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maximum point), and then it enhances the description of the local geometrical information based 
on the original monocomponent definition of EMD. As a result, it will enhance the reliability of 
interpolation to get better envelope interpolation. Based on the above analysis, the symmetric point 
of middle extremum can be considered as the criterion point used to select shape controlling 
parameter of the rational Hermite interpolation. 

The illustration of the parameter selection criterion can be expressed as: 

ܦ = Min|ܧ ௞ܲ − |௞ܣ = Min ቮܧ ௞ܲ − ܺ௞ + ܺ௞ିଵ + ቂ ߬௞ − ߬௞ିଵ߬௞ାଵ − ߬௞ିଵቃ (ܺ௞ାଵ − ܺ௞ିଵ)2 ቮ, (17)

where ܧ ௞ܲ and ܣ௞ are the envelope interpolation point at the middle extrema points (߬௞, ܺ௞) time ߬௞ and criterion point respectively. For further explanation,  ܧ ௞ܲ and ܣ௞ are described as “△” and 
“○” respectively in Fig. 4. The parameter determining index is defined to minimize the distance 
between the criterion point by ܣ௞ in Eq. (16) and the envelope point ܧ ௞ܲ, (݇ =  .(ܯ ,…,3 ,2

1 1( , )k kX  
1, 1( )k kX  

( , )k kX 2 2( , )k kX  

,( )k kA

1, 1( )k kA  

1d

2d

,( )k kEP

,( )k kEP

 
Fig. 4. Illustration of the parameter determining index theory 

4. The optimized rational Hermite-based EMD method 

4.1. The optimized rational Hermite-based EMD scheme 

As discussed above, the crux of the optimized rational Hermite-based EMD method is applying 
the rational Hermite interpolation to substitute the original cubic spline interpolation, and the 
corresponding symmetric points are used to fulfill the shape controlling parameter automatic 
selection. The detailed procedures are as follows. 

Denote all local extrema of the original signal (ݐ)ݔ as (߬௞, ܺ௞) (݇ =  and calculate ,(ܯ ,…2 ,1
the ܣ௞ (݇ = ܯ ,…3 ,2 − 1). Since the calculate reference value of ܣ௞ is rang from 2 to ܯ − 1, it 
is need to extend the boundary of the data, which is done by the mirror-symmetric extension 
method. By doing this, two end extrema can be got and written as (߬଴, ܺ଴) and (߬ெାଵ, ܺெାଵ). And 
then by Eq. (16), we can got ܣଵ and ܣ௠. 

Connect any adjant extrema by the rational Hermite interpoaltion to constuct the peicewise 
envelope, in which the shape controlling paremeter is varied by a given step. The calculated point ܣ௠  is utilized as the criterion point and according to the Eq. (17), the optimum local upper 
envelope interpoaltion ݌ݑܧ௞ and loweer envelope interpoaltion ݓ݋݈ܧ௞ can be got. 

Repeat step (2), until all the local optimum envelope interpoaltion of the adjant maxima ݌ݑܧ௞ , 
and all the local optimum envelope interpoaltion of the adjant minma ݓ݋݈ܧ௞  are calculated. Then 
connect all the ݌ݑܧ௞  and ݓ݋݈ܧ௞  to construct the entirety upper envelope ݌ݑܧ  and ݓ݋݈ܧ , 
respectively. 

Design the mean of upper and lower envelopes as ݉(ݐ): 
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(ݐ)݉ = ݌ݑܧ + 2ݓ݋݈ܧ . (18) 

After we obtain the local mean function, continue to fulfill the following steps of EMD, then 
the optimized rational Hermite-based EMD method can be realized. 

A flow chart of the optimized rational Hermite-based EMD algorithm sifting process is 
presented in Fig. 5. 

1
( )= ( ) ( )

k

i
i

x t IMF t u t




1i i 

1j j 

( )x t

Is ( ) an IMF?ijh t

1( ) ( ) iu t r t

( ) ( ) ( )ij ijh t x t m t 

( ) ( )i ijc t h t

1( ) ( ) ( )i i ir t r t c t  

 
Fig. 5. Flow chart of optimized rational Hermite-based EMD method 

4.2. Three assessing indicators 

4.2.1. Orthogonal index 

An important property of the EMD algorithm is that the IMFs and the final residual are 
expected to be mutually orthogonal. The ܱܫ index is proposed to evaluate the orthogonality, which 
can be written as [21]: 

ܫܱ = ∑ ∑ ห∑ ௜௞ܨܯܫ × ௝௞ே௞ୀଵܨܯܫ ห௝ழ௜௝ୀଵே಺ಾಷ௜ୀଵ ∑ ௞ݔ) − ௞)ଶே௞ୀଵݎ , (19) 

where ூܰெி is the number of ܨܯܫ௦. ܰ is the length of the IMF. ܨܯܫ௜௞ and ܨܯܫ௝௞ are the ݅th and ݆th IMF at sifting step ݇, respectively. ݔ௞ is the original signal and ݎ௞ is the residual after the EMD 
decomposition. 
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4.2.2. RMSE 

Since the first two components obtained by ICD and LMD are in accordance with ݔଵ(ݐ) and ݔଶ(ݐ), respectively. The root mean squared error (RMSE) is utilized to assess the decomposition 
accuracy. And the smaller RMSE value indicates the higher accuracy: 

ܧܵܯܴ = ටܧ൫(ݐ)ݏ − ,൯ଶ(ݐ)ܨܯܫ (20)

where (ݐ)ݏ and (ݐ)ܨܯܫ are the original defined component and the corresponding decomposed 
component, respectively. 

4.2.3. The sifting steps of each IMF 

Another significant aim of EMD decomposition is to minimize the number of sifts per IMF. 
Since least sifts per IMF would reduce the sifting iterative error. The sifts per IMF is less, the IMF 
can be considered better. 

4.3. Empirical envelope demodualtion (EED) 

To obtain the time-frequency distribution, the demodulation analysis is needed, among which 
the Hilbert transform (HT) is widely used to demodulate each IMF componment, then the 
instantaneous frequency (IF), instantaneous amplitude (IA) can be obtained. However, HT is 
restrincted by the Bedrosian and Nuttall theorems and also has heavy end effect caused by energy 
leakage for an incomplete waveform [22]. To overcome the shortcomings of HT, the empirical 
AM-FM decomposition is put forward by Huang and Wu. Based on the AM-FM decomposition, 
Cheng proposed a new demodulation technique called empirical envelope demodulation (EED) 
[23]. In this paper, the EED is applied to demodulate the derived IMFs. 

5. Application to simulation signals 

In this section, to validate the effectiveness of the proposed optimized rational spline-based 
EMD and EED method, considering the numerical simulations on multi-components signal as: 

۔ە
(ݐ)ݔۓ = (ݐ)ଵݔ + (ݐ)ଶݔ + (ݐ)ଵݔ,(ݐ)ଷݔ = 5sin(200ݐߨ),ݔଶ(ݐ) = 3sin(50ݐߨ),ݔଷ(ݐ) = 2sin(20ݐߨ)݁ି௧ ଶ⁄ . (21)

The simulation signal consists of two AM-FM components. Set sampling frequency 1000 Hz 
and the time is 2 s. The waveform of ݔ ,(ݐ)ݔଵ(ݐ), ݔଶ(ݐ), ݔଷ(ݐ) are shown in Fig. 6. In order to 
identify the decomposition ability and superiority of the optimized rational spline-based EMD 
method, firstly, the multi-component signal given by Eq. (21) is decomposed by the optimized 
rational Hermite-based EMD method, and then replace the proposed method by the traditional 
EMD to decompose the same simulation signal. In addition, the range of the shape controlling 
parameter of the rational Hermite-based EMD is from –50 to 50 and the IMF criteria in the sifting 
process is the three threshold criterion which was proposed by Rilling and Flandrin [24] and the 
thresholds used in this paper are ߙ = ଵߠ ,0.05 = 0.1 and ߠଶ = 0.5. The decomposition results are 
illustrated in Figs. 7, 8 respectively. 

As we see from Fig. 7, the second and third IMF of original EMD method which are 
corresponding to the ݔଶ(ݐ), ݔଷ(ݐ) of the simulation signal has slight distortion in the left and right 
end. While in the Fig. 8, the corresponding second and third IMF of optimized rational 
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Hermite-based EMD method are much more close to the real components and has less distortion 
phenomenon. Additionally, the components of original EMD are more than the defined original 
components, which will lead to the decomposition error. In generally, the derived IMFs of the two 
methods are both close to the real components and have little difference, therefore, it is necessary 
to apply the three assessing indicators to illustrate which method is better, and the results are 
shown in Table 1. 

 
Fig. 6. Simulation signal and its three components 

 
Fig. 7. Original EMD decomposition results of simulation signal (ݐ)ݔ 

The following conclusion can be got from Table 1. To begin with, the RMSE of ܨܯܫଵ(ݐ), ܨܯܫଶ(ݐ) and ܨܯܫଷ(ݐ) generated by improved EMD are all smaller than that of original EMD, 
which illustrate that the optimized rational Hermite-based EMD method (for convenience, called 
improved EMD method) can obtain the better approximations to the real components of the 
defined signal (ݐ)ݔ. Secondly, the number of sifts of each IMF generated by improved EMD  
(3, 2, 2) are also smaller than that of IMF’s generated by original EMD (5, 3, 2). At last, the 
improved EMD has a smaller value of OI compared with original EMD as well. In summary, the 
comparison analysis demonstrates the improved EMD is super to original EMD in components’ 
accuracy, iteration times and orthogonality. 
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Fig. 8. The optimized rational Hermite-based EMD decomposition results of simulation signal (ݐ)ݔ 

Table 1. Three assessing indicators comparison for the original EMD and  
Optimized Hermite spline – EMD method 

Methods 

(ݐ)ଵݔ (ݐ)ଷݔ (ݐ)ଶݔ
Orthogonal 

index RMSE 
The 

number of 
sifts 

RMSE 
The 

number of 
sifts 

RMSE 
The 

number of 
sifts 

Original EMD 
method 0.0852 5 0.0893 3 0.0120 2 0.0220 

Optimized 
rational Hermite – 

EMD method 
0.0478 3 0.0574 2 0.0018 2 0.0189 

The above analysis results can be explained in the following way. The optimized rational 
Hermite interpolation can adapt to the fluctuation of the extrema better than the cubic spline 
interpolation. In other words, the better envelopes can be obtained by the proposed interpolation 
approach, then the less iteration times will be needed to satisfy the IMF criteria. What’s more, the 
less iteration times will lead to less iteration error and the end effect will not spread into the signal. 

 
Fig. 9. The time-frequency distribution  

of the IMFs derived from the original EMD method

 
Fig. 10. The HHT spectrum of the IMFs derived 
from the optimized rational Hermite-based EMD 

To do further research on the decomposition ability of the optimized rational Hermite-based 
EMD method, the EED demodulation technique is utilized to calculate the instantaneous 
frequency and instantaneous amplitudes, and the time-frequency distribution of the IMFs obtained 
by the two methods are shown in Figs. 9, 10, respectively. Compare the two figures, we can find 
that the time-frequency distribution with second and third IMF of original EMD are anamorphic 
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and lose the physical meaning. On the contrary, the time-frequency distribution of IMFs derived 
from the improved EMD distort slightly, also the second IMF, whose IF is 25 Hz has a narrower 
bandwidth than that of original EMD method. 

From the above analysis, it is clear that the optimized rational Hermite-based EMD method 
has advantage of decomposing more precise components, restraining the mode mixing and 
obtaining more accurate time-frequency distribution. 

6. Applications to the reciprocating compressor fault diagnosis 

In order to validate the effectiveness of the proposed method, the optimized rational 
Hermite-based EMD is applied to diagnostic the reciprocating compressor fault. The experiment 
was conducted on the double-acting reciprocating compressor of 2D12 in a large-scale in Da Qing, 
China, whose structure are shown in Fig. 11. The location of the accelerometer is on the bottom 
of slide on the first crosshead, where the fault frequency is easy to find. The rating power of the 
reciprocating compressor is 500 kW, and the rotating speed is 496 r/min with sample frequency 
50000 Hz. At that time, the shell bearings vibrated so intensely that the amplitude of the vibration 
value exceeded the safety threshold, which leaded to the online monitoring system giving alarm. 
A few days later, the vibration of the reciprocating compressor was even more violent, and the gas 
compressor station was stopped for repairmen. It was found that the shell bearings was broken 
which resulted in the oversized bearing fault of the big – end bearing, and the clearance value was 
0.35 mm. To do further research of the fault patterns, EMD method was used to analyze the 
vibration signal. 

 
Fig. 11. The structure of the reciprocating compressor and the sketch of the air valve 

The vibrations of the reciprocating machines usually show a transient nature and undergo 
interference which is generated by the transient moving impacts and contacting with other 
components [16]. Also when the clearance fault happens, the measured vibration signal represents 
complex, multi-component and non-stationary characteristics, the EMD method can decompose a 
complicated signal into a serial of IMFs adaptively. Moreover, the optimized rational Hermite 
interpolation has advantage of computing the more accuracy envelope-line by fitting the highly 
non-stationary signal. Therefore, the optimized rational Hermite-based EMD method is especially 
suitable for processing the oversized bearing clearance fault signal. Firstly, the EMD method is 
applied to decompose the signal into a number of IMFs, and then the fault frequency of gear was 
found through the amplitude spectrums of the IMF components [25]. In order to process the 
modulated features of the reciprocating compressor fault vibration signal, the optimized rational 
Hermite-based EMD combined with the amplitude analysis method is applied to the reciprocating 
compressor fault diagnosis. 

Application to the oversized bearing clearance fault diagnosis of the reciprocating compressor. 
Typical oversized bearing clearance fault vibration signal of the reciprocating compressor is 
illustrated in Fig. 12. Also the spectrum is shown in Fig. 13. As seen from the frequency domain, 
the energy is mainly concentrated in the high frequency, any further detailed information can’t be 
obtained from the spectrums. 
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Fig. 12. The vibration acceleration signal of the reciprocating compressor 

 
Fig. 13. The spectrum of the reciprocating compressor vibration 

Applying the optimized rational Hermite-based EMD method to the vibration signal with 
clearness fault condition, 8 IMFs and a residual were obtained. Since the IMFs with different 
oscillatory modes are listed from high frequency to low frequency, and the fault information are 
mainly embedded in the high frequency, only the first three IMFs are shown in Fig. 14. As a 
comparison, the original EMD method is also applied on the vibration signal with clearness fault 
condition, the decomposition results are shown in Fig. 15. 

 
Fig. 14. Optimized Hermite-based EMD decomposition results of the vibration acceleration 

  
Fig. 15. Original EMD decomposition results of the vibration acceleration 
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The vibration signals of the reciprocating compressor measured by the senior present 
multi-component AM-FM feather. The vibration signal can be decomposed into a set of 
mono-component IMFs by the EMD method, and then the demodulation technique is used to 
extract the fault signature. Since the Hilbert transform has many defects, the EED is proposed [23]. 
The modulated feather could be extracted effectively by performing the spectrum analysis of the 
instantaneous amplitudes of each IMF component. 

Moreover, in order to effectively compare the three methods, the normalized amplitude 
spectrums of ܨܯܫଵ(ݐ) decomposed by three methods are illustrated in Figs. 16, 17. Seen from the 
figures, although the two methods can identify the fault frequency of the reciprocating compressor, 
the optimized rational EMD method shows the clearest fault signature and the least interference 
frequency. The amplitude spectrum of the first IMF decomposed by the traditional EMD method 
is smaller than the optimized Hermite-based EMD method, which means the optimized 
Hermite-EMD method can improve the quality of the decomposition and get the more accurate 
component than the original EMD method. Simultaneously, it can be seen that the amplitude 
spectrum of the ܨܯܫଵ(ݐ)  decomposed by the cubic Hermite-based EMD has a bigger value 
compared with the original EMD method, which indicates the Hermite interpolation combined 
with EMD is more suitable than the cubic spline interpolation in the diagnosis of reciprocating 
compressor. The detailed explanation is due to the rational Hermite interpolation has lower 
restrains and excellent characteristic of shape preservation than cubic spline interpolation. Due to 
the optimum adjustable curve shape with parameter ߣ, the envelope approximation accuracy be 
further improved, which can avoid the over and undershoot problems of cubic spline interpolation 
effectively. 

16.53f Hz

0.541A 

 
Fig. 16. The first IMF with amplitude spectrum by the optimized Hermite-based EMD method 

16.53f Hz

0.37A 

 
Fig. 17. The first IMF with amplitude spectrum by original EMD method 

Moreover, Fig. 18 gives a section of data intercepted from the reciprocating vibration signal 
in the sifting process and the upper and lower envelopes of the two approaches interpolation are 
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compared with each other. From the Fig. 18, it can be found that the cubic spline interpolation 
(red dashed line) to construct the envelopes has severe over-and undershoot problems, whereas, 
the optimized Hermite (blue line) is better fitting the extrema than the cubic spline interpolation, 
which can overcome the over and undershoot shortcomings of cubic spline interpolation 
effectively. 

 
Fig. 18. The envelopes of the optimized Hermite interpolation (blue line)  

and cubic spline (red dashed line) interpolation 

The analysis results of practical reciprocating compressor vibration signal demonstrate that the 
optimized rational spline interpolation is more flexible than the cubic spline interpolation and 
smoother than the cubic Hermite interpolation which can improve the reliability and accuracy 
significantly compared with the original cubic spline interpolation. 

7. Conclusions 

This paper put forward a new envelope algorithm for EMD, the optimized rational Hermite 
interpolation approach, which inherits the advantage of good smoothness and flexibility compared 
with the cubic spline interpolation. Also a proper value selection criterion for ߣ is introduced 
which can guarantee the rational Hermite interpolation performs optimally. Besides the 
demodulation technique EED is introduced which can avoid the drawbacks of HT. Therefore, a 
new time-frequency analysis based on the optimized rational Hermite-based EMD and EED is 
proposed, which is super to original HHT in processing the nonlinear and non-stationary time 
series. 
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