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Abstract. Automotive suspension system is an important part of car comfort and safety. In this
article active suspension for 2DOF nonlinear coupled Passenger-Car model with force actuator is
designed using PID control and H-infinity control. This paper is focused on comparison of those
two controllers. Simulations on an exact nonlinear model of the suspension are performed for
control validation.
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1. Introduction

The fundamental task of suspension systems is to isolate the forces transmitted by external
excitation. The problem of mechanical vibration control is generally tackled by placing suspension
systems between the source of vibration and the structure to be protected. The suspension systems
are composed of spring type elements in parallel with dissipative elements. They are employed in
mobile applications, such as automobiles, or in non-mobile applications like vibratory machinary
or civil structures. In the case of automobile, the suspension aims to achieve isolation from road
by means of spring type elements and viscous dampers and contemporarily to improve road
holding and handling [1, 2].

In general, a good suspension should provide a comfortable ride and good handling within a
reasonable range of deflection. Moreover, these criteria subjectively depend on the purpose of the
vehicle. Racing and sports cars generally have stiff suspensions with poor ride quality and good
road handling while luxury cars have softer suspensions with good ride quality and poor road
handling capabilities. Passive suspension design is traditionally done as compromise between
spring and damper design. It is a tradeoff between ride comfort and vehicle handling/stability.
These two criteria are conflicting. If damping is low, then ride comforts are good, but vehicle
stability is low/poor and vice versa. So a compromise between these two conflicting criteria has
to be obtained if suspension is to be developed by using passive spring and damper. In order to
build a safer and more comfortable car out of passive component is hence difficult. This lead to
the development of active suspension system. From a system design point of view, there are
mainly two types of disturbances on a vehicle, namely road and load disturbances. Road
disturbances have the characteristics of large magnitude in low frequency (such as speed breakers,
bumps) and small magnitude in high frequency (such as road roughness). Load disturbances
include the variation of loads induced by accelerating, braking and cornering. A suspension system
needs to be soft against road disturbances and hard against load disturbances [2, 3].

1.1. Active suspension systems

The inherent limitations of classical suspensions have motivated the investigation of controlled
Active suspension systems. Demands for better ride comfort and controllability of road vehicles
has motivated many automotive industries to consider the use of active suspensions. These
electronically controlled active suspension systems can potentially improve the ride comfort as
well as the road handling of the vehicle simultaneously. An active suspension system should be
able to provide different behavioral characteristics depending upon various road conditions, and
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be able to do so without going beyond its travel limits.

A vast amount of work on controlled suspension systems is present in technical and scientific
literature. The first paper dealing with active suspensions dates back to 1950s [4]. Also, active
vehicle suspensions have attracted a large number of researchers in the past few decades, and
comprehensive surveys on related research are found [5-9]. Various approaches have been
proposed to improve the performance of active suspension designs, such as linear optimal control
[10], fuzzy logic and neural network control [11], adaptive control [12], H-infinity control [13],
nonlinear control [14], gain-scheduling control [15] and preview control [16].

1.2. Biodynamics of seated human

Humans are most sensitive to whole body vibration under low-frequency excitation in seated
posture. As a result, biodynamics of seated human subjects has been a topic of interest over the
years. One of the early studies on the biomechanics of seated drivers subject to vibration was
realized by Suggs et al., where the human body was modeled as a damped spring-mass system to
build a standardized vehicle seat testing procedure [17]. Muksian and Nash [18] and Pope et al.
[19] investigated the response of seated humans to sinusoidal vibration and impact. A detailed
experimental work on translational seat vibration was performed by Griffin et al. to determine the
effects of level, frequency and direction of the seat vibration [20]. Dynamic response of a seated
subject was investigated in various aspects, for example, the effect of various cushions [21], the
effect of vibration frequency and posture [22]; Wilder et al., [23], and the effect of backrest
[24-25]. Wan and Schimmels [26] established a seated human body model to design an optimal
seat suspension for isolation of the vertical WBV based on the simulated subjective response. On
the other end of the spectrum, the effect of spinal forces due to WBV [27-29] and sitting
biomechanics were considered in some other studies [30-33].

2. Non-linear coupled passenger car model

It is widely accepted that a quarter-car model is adequate for studying some vehicle suspension
performance goals [34-35]. In this case, vehicle roll and pitch motion are ignored and the only
degrees of freedom included are the vertical motion of the car and passenger. A typical quarter-car
suspension system with MR damper is shown in Fig. 1. The subscript p and ¢ denoted the
passenger and car parameters respectively. k,, and k. were linear stiffness coefficients whereas j,
and j. were cubic stiffness coefficients. Likewise, ¢, and ¢, were linear damping coefficients.
Further, b, and b, were cubic damping coefficients which is the inherent nonlinearity in the given

system. To derive the equations of motion of this system, Lagrange’s energy method
was used [36].
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Fig. 1. Non-linear coupled passenger car model
The equations of motion were obtained as:

3978  ©JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2014, VOLUME 16, ISSUE 8. ISSN 1392-8716



1474. COMPARING PID AND H-INFINITY CONTROLLERS ON A 2-DOF NONLINEAR QUARTER CAR SUSPENSION SYSTEM.
KOUSIK PAPKOLLU, PRAVIN M. SINGRU, NARAYAN MANAJREKAR

Moy + k(X — X0 ) + Jip (% — %)+, (%, — %) + by (%, — %) = 0, (1)

mei. — k(% — x.) — jp (% — xc)3 —cp(tp—%c) — by, — xc)3 +k.(x,—1) ?)
+je(xe = 1) + (ke — 1) + b (%, —7)3 = 0.

The equations of motion derived in the previous section were nonlinear. To implement these
equations in Simulink, it was essential to separate the state variables and to reduce Egs. (1) and
(2) into a convenient form for analysis. There were 4 state variables to this system. Letting
X1 = Xp, Xp = Xp, X3 = X, X4 = X.

The equations of motion were rewritten as:

X = Jizi (3)
Xy = m—p (kp(x1 — x3) + jp (%1 — x3)3+¢, (X — x4) + by (x, — x4)%), 4)
X3 = xf, (%)
X, = m—c(kp(x1 —x3) + jp (%1 = x3)3 + ¢, (X3 —x4) + by (X — x4)> — k(3 — 1) ©)

_jc(xS - r)3 - Cc(x4- - T') - bc(x4 - r)3)

The following parameters were chosen for simulation [36]: m, = 60 kg, m. = 240 kg,
k, = 25000 N/m, k. = 160000 N/m, j, = 2500 N/m?, j. = 300000 N/m’, c,, = 200 Ns/m,
cc =250 Ns/m, b, = —10 Ns*/m?, b, = —25 Ns*/m’.

The fixed points of the system for Egs. (3)-(6) are calculated as follows:

p ] o §
P L I O
xl* i _.k N jc N jc o jp
: 0

—

0 _v]
X2 | _ 0 Jp 0
=110l | | , '
*s 0 0 —k —k
X4 0 l 0 J + [— + |[—=
0 Je Jc

o 4t 0

With above mentioned values of the parameters fixed points are found as given below:
"7 (101 [+v10 r_r,/s/ls] r_r 8/15 J_m/ﬁ]\
X' 0 0 0 0
ol | o | li1/8/15J’ l +./8/15 J
0 0

X4 0 0
To find the stability of these fixed points, we linearized the above system about these seven

fixed points using a Taylor series expansion and observed the nature of eigen values. As expected,
it was found that the only stable fixed point was:

X" =x"=x3"=x,"=0. 7

Hence the system was controlled in such a way so as to bring it back to this stable set of points
when a disturbance was introduced. The designed controller would measure the displacement and
would produce a force on mass instantaneously so that some vibration metrics were minimized.
The three main performance metrics used in regular suspension design are passenger comfort,
suspension deflection and road holding. This study focused on the first two. Fig. 2 shows
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non-linear coupled passenger car model with force actuator. With the addition of the controller
force the equations were modified as:

X = xzi (3)

Xy = m_(kp(xl —x3) + jp(g — x3)3+cp(x2 —x4) + b, (x; — x4)3), ©)
P

X3 = Xy, (10)

1
Xy = E (kp(xp — xc) +jp(xp — xc)3 + cp(fcp—fcc) + bp(fcp - xc)3 —k.(x,—1)
_jc(xc - T')3 - Cc(xc - T') - bc(xc - T.')g + Fs)

(11

Fig. 2. Non-linear coupled passenger car model with force actuator

The system was linearized about the fixed point x; = x; = x3 = x; = 0.

The linearized equations obtained through a Taylor series expansion about the point were the
same as in equations except for the cubic terms. In state space representation, the linearized
equations were:

X1 =Xp, Xp =Xp, X3 =X, X4 =X,

0 0 0
X1 - & _5% k_p Lo X1
X | mp my my my Xy
% | 0 0 0 1 X3
Xy k_p S (ky + k) _ (cp + o) [LXa (12)
mC mC mC mC
0o 0 o0
[ o o0 O0|r
+/0 0 O lf‘ .
ool
mC mC mC

3. Controller design
3.1. PID controller

A proportional-integral-derivative controller (PID controller) is a control loop feedback
mechanism (controller) widely used in industrial control. A PID controller calculates an “error”
value as the difference between a measured process variable and a desired set-point, as shown in
Fig. 3. The controller attempts to minimize the error in outputs by adjusting the process control
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inputs.

The PID controller algorithm involves three separate constant parameters, and is accordingly
sometimes called three-term control: the proportional, the integral and derivative values, denoted
P, I, and D. Simply put, these values can be interpreted in terms of time: P depends on the present
error, I on the accumulation of past errors, and D is a prediction of future errors, based on current
rate of change. The weighted sum of these three actions is used to adjust the process via a control
element such as the position of a control valve, a damper:

t

u(t) = MV(t) = Kye(t) + Kij e(t)dr + Kd%e(t), (13)
0

where K, — proportional gain, a tuning parameter, K; — integral gain, a tuning parameter, Ky —
derivative gain, a tuning parameter, r(t) — reference signal, c(t) — controlled output, e(t) —
error = r(t) — c(t), t — instantaneous time (the present), T — variable of integration.

() 2 DOF Non-linear (@)
PID > Coupledl\lgzzseeinger—car >
Controller B System
Feedback )

Fig. 3. Block diagram of closed loop system
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Fig. 4. Block diagram of PID controller in Simulink

Simulations of the system were done in Simulink by modeling plant using MATLAB
embedded function using Egs. (8), (9), (10) and (11). The block diagram of PID controller in
Simulink is as shown in Fig. 4. PID transfer function is given by:

1 Nf
TF=P+I<—)+D1+N—]C(1). (14)
S

3.2. PID tuning

The system was simulated using the parameters mentioned in section 2. For controller
synthesis, PID tuning was done using auto-tune option in Simulink and the values of the gain
terms are given in Table 1. With these values of gain, the stability of the closed loop system was
verified using root locus [37-38].

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2014, VOLUME 16, IssUE 8. ISSN 13928716 3981



1474. COMPARING PID AND H-INFINITY CONTROLLERS ON A 2-DOF NONLINEAR QUARTER CAR SUSPENSION SYSTEM.
KOUSIK PAPKOLLU, PRAVIN M. SINGRU, NARAYAN MANAJREKAR

Table 1. PID values generated in Simulink

PID values passenger acceleration controller
P 3197.515

| 16760.819
D 20.258
Nf (Filter coefficient) 150.027

3.3. H-oo controller

H-o0 methods are used in control theory to synthesize controllers achieving stabilization with
guaranteed performance. To use H-oo methods, a control designer expresses the control problem
as a mathematical optimization problem and then finds the controller that solves this optimization.
H-oo techniques have the advantage over classical control techniques in that they are readily
applicable to problems involving multivariate systems with cross-coupling between channels;
disadvantages of H-co techniques include the level of mathematical understanding needed to apply
them successfully and the need for a reasonably good model of the system to be controlled. It is
important to keep in mind that the resulting controller is only optimal with respect to the prescribed
cost function and does not necessarily represent the best controller in terms of the usual
performance measures used to evaluate controllers such as settling time, energy expended, etc.
Also, non-linear constraints such as saturation are generally not well-handled.

The block diagram of closed loop with controller and weighting functions is as per Fig. 5. The
measured output or feedback signal was X,,. The controller was to act on this signal to produce the
control input to the suspension model. The block W}, served to model the sensor noise while
measurement. Wy, was used to model the road disturbances. The block Wy, regulated the
magnitude and frequency content of the force. The purpose of W,; was to keep the acceleration
transfer function small over the required frequency ranges.

Differentiator

1‘.

d Ip w. | e
S R A - Coupled quarter (IALIH
car- passenger
model
F; 7 + d
Y &% rwl 2
Woee Controller Wha )
€

Fig. 5. Block diagram of closed loop with controller and weighting functions

Controller is designed in MATLAB using Eq. (12). We chose the following weighting
functions for simulation [14]:

1 (s+10) 1200

W, = 0.01, Wyer = 0.15, Wyp = ——s——, =
" ref 2t 71500 (s + 100)" ' T s +120
4. Results

In this section, simulation results for quarter car suspension system are given for the following
cases:
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1. Passive suspension;
2. With PID control,;
3. With H-oo control.
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Fig. 6. Comparison of different parameters with two controllers PID (blue) and H-co (red) with road input
(green) as a bump with frequency 2 and amplitude 5 cm
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Fig. 7. Comparison of different parameters with two controllers PID (blue) and H-co (red) with road input
(green) as a bump with frequency m and amplitude 5 cm

The road disturbance is considered to be half-sinusoidal wave, having different height and
width as specified by green colors in Figs. 6-14. This particular shape faithfully mimics the actual
road disturbance. We have taken the following cases: sinusoidal wave having m/2, ™ and
2m rad/sec of frequency and amplitudes of 5, 10 and 15 cm. Performance of both the control
schemes and the passive suspension is evaluated for all these cases of road disturbance inputs.
Further, two more road disturbance inputs are considered: Fig. 15, a pothole of 10 cm shown by
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green color and in Fig. 16, a full sine wave (one complete cycle) of 10 cm of amplitude and
m rad/s frequency is shown by green color. In all the cases the passenger displacement, passenger
acceleration, suspension deflection and the actuator force are plotted against time. Graphical
results are shown below in Fig. 6 through Fig. 16 for the different road disturbance cases.

T T T 3 T T T T
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Fig. 8. Comparison of different parameters with two controllers PID (blue) and H-oo (red) with road input
(green) as a bump with frequency 7 /2 and amplitude 5 cm
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Fig. 9. Comparison of different parameters with two controllers PID (blue) and H-o (red) with road input
(green) as a bump with frequency 2 and amplitude 10 cm

For the case of sinusoidal road disturbance we find that there is no significant improvement in
the passenger displacement in the PID control and H-co control over the passive suspension.
Rather, in certain cases we find the passenger deflection to be marginally increased in the two
control schemes when compared with the passive suspension.

However, the passenger acceleration (m/s?) is reduced by a significant proportion thereby
3984
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increasing the passenger comfort in all the cases. For example:

1. /2 rad/s and 5 cm height: the passenger acceleration is found to be in the range of —2.8 to
2.3 (passive suspension), —0.22 to 0.35 (PID) and —0.8 to 1.5 (H-).

2. m rad/s and 10 cm height: the passenger acceleration is found to be in the range of —13 to 12
(passive suspension), —1.7 to 1.7 (PID) and —4 to 5 (H-0).

3. 2m rad/s and 15 cm height: the passenger acceleration is found to be in the range of —40 to
25 (passive suspension), —5.7 to 3 (PID) and —18 to 19 (H-).

0.15 T T T T T 15 T T T T T
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il et oo Passive i nr S e Passive Il
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Fig. 10. Comparison of different parameters with two controllers PID (blue) and H-oo (red) with road input
(green) as a bump with frequency m and amplitude 10 cm
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Fig. 11. Comparison of different parameters with two controllers PID (blue) and H-co (red) with road input
(green) as a bump with frequency /2 and amplitude 10 cm

Further, we notice that the PID control gives improved passenger acceleration when compared
with the H-oo control for the given tuning. In all the cases we observe that the suspension deflection
is minimum for the passive suspension system as opposed to that for the other two control schemes
for the same road disturbance input. When compared between the PID and H-co control, the
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suspension deflection is found to be on higher side in case of the H-oo control keeping the road
disturbance the same. Accordingly, we notice that the control effort or the actuator force (kN) is
on higher side for the H-oo control when compared with that of the PID control for the same road
disturbance. There is marginal improvement in terms of the settling time in the two control
schemes when compared with the passive system for each of the road disturbance input. However,
the settling time is almost equal for both the control schemes for a given road disturbance.
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%, (m)

—— H-infinity
oo Passive

— roadinput
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Fig. 12. Comparison of different parameters with two controllers PID (blue) and H-co (red) with road input
(green) as a bump with frequency 2w and amplitude 15 cm
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Fig. 13. Comparison of different parameters with two controllers PID (blue) and H-co (red) with road input
(green) as a bump with frequency  and amplitude 15 cm
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Fig. 14. Comparison of different parameters with two controllers PID (blue) and H-co (red) with road input
(green) as a bump with frequency /2 and amplitude 15 cm
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Fig. 15. Comparison of different parameters with two controllers PID (blue) and H-oo (red) with road input
(green) as a continuous pothole and bump with frequency 7 and amplitude 10 cm

5. Conclusions

In this paper, we presented design of suspension system for a 2DOF quarter car system using
nonlinear model. Two different control schemes, PID control and H-co control, were used to design
the controller. A comparative study of these two methods and of the passive suspension system
was presented through simulations. In order to assess the passenger comfort, we considered the
time variation of passenger displacement and passenger acceleration, when subjected to a family
of road disturbances. In this study it was found that both the control schemes do not offer any
significant advantage over the passive suspension when it comes to passenger displacement.
However, the passenger comfort is improved by a great amount in these two control schemes in
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the sense that, both the control schemes reduce the range of passenger acceleration. Further, the
PID control scheme was found to perform better as compared to the H-oo control scheme. Another
aspect of the comparative study was related to the suspension deflection and the control effort.
The passive suspension system gave minimum suspension deflection when compared with the
other two control methods. The suspension deflection is more in the H-co control than that of in
the PID control. Accordingly, the control effort (in terms of the maximum and minimum of the
force) was found to be more in the H-oo control as compared with that in the PID control scheme.
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Fig. 16. Comparison of different parameters with two controllers PID (blue) and H-oo (red) with road input
(green) as a pothole with frequency m/2 and amplitude 10 cm
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