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Abstract. A dynamic model of ball bearing-offset disk rotor system with whirling-swing coupling
vibration is presented, in which the rotor disk offset position and the swing vibration of disk are
concerned. In the model of ball bearing, the bearing radial clearance, nonlinear Hertzian contact
force and the varying compliance (VC) vibration are considered. Numerical methods are used to
obtain the nonlinear dynamic response of the system under different disk offset values for
considering the disk swing vibration or not. Effects of bearing radial clearance variation on the
dynamic performance of the system under different rotor offset values are investigated. It is shown
that the nonlinear dynamic of the offset disk rotor system enhances obviously when rotor disk
swing vibration is considered. As rotor disk offset increasing, the sensitivity of critical speed to
variation of the bearing radial clearance improves.

Keywords: ball bearing, offset disk rotor, whirling-swing coupling, nonlinear dynamic, bearing
radial clearance.

1. Introduction

The vibration analysis of a ball bearing rotor system is becoming more important as demands
on running accuracy are increased. In order to meet the design requirements of ball bearings rotor
system with high speed and high precision, growing interest is devoted to the rotor disk offset
position, disk swing and the variation of bearing radial clearance. In general, the ball bearing rotor
system displays nonlinear behavior due to nonlinear Hertzian contact force and bearing radial
clearance with high-speed unbalanced rotor. The most fundamental cause of ball bearing vibration
is the periodic variation of assembly stiffness that arises as the cage rotates [1, 2]. Nowadays, the
dynamic responses of a symmetric rotor supported on ball bearings have been studied extensively,
however, the dynamic model of a offset disk rotor supported on ball bearings is still very immature,
and the related researches of the disk swing vibration that caused by rotor offset are very few [3-5].

Although the model of ball bearings is almost perfect, it is not coupled well with the rotor
vibration, and many studies have not considered the rotor offset and the disk swing vibration which
are the main cause of the whirling-swing coupling vibration of the offset rotor system. The most
important step in the process of ball bearing rotor system modeling is to establish the analysis
model of ball bearings. The effects of VC vibrations were first studied by Perret [6] as a static
running accuracy problem. He suggested that an increase in number of balls in a bearing reduces
its untoward effects. Fukata et al. [7] first took up the study of ball passage vibrations and the
nonlinear dynamic response for the ball bearing supporting a balanced horizontal symmetric rotor
with a constant vertical force. Harsha et al. [4] have analyzed the nonlinear behavior of ball bearing
due to number of balls and preload effect, and the nonlinear dynamic response is found to be
associated with the ball passage frequency.

In the above mentioned studies, main attentions have been paid to the ball bearing modeling
and the dynamic properties analysis according to simple bearing-rotor models. De Mul et al. [8]
presented a five-degree-of-freedom (5DOF) model for the calculation of the equilibrium and
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associated load distribution in ball bearings. Yamauchi [9] developed a numerical harmonic
balance method using the FFT algorithm for multiple degree of freedom rotor systems.

With respect to the above, more theoretical investigation should focus on the effect of rotor
disk offset and disk swing vibration on the dynamic of ball bearing-rotor system. In this paper, a
new dynamic model with eight-degree-of-freedom (8DOF) of an offset disk rotor system
supported on ball bearings is set up by introducing disk offset parameters. The numerical
integration methods are used to solve the nonlinear differential equations. The system dynamic
responses under different disk offset position are compared with each other for considering the
disk swing vibration or not.

2. Modeling of the ball bearing-offset disk rotor system

Considering the gyroscopic effect caused by the rotor disk offset and the nonlinear force of
ball bearing, the main model parameters of the ball bearings-offset disk rotor system are shown in
Fig. 1, they are the rotor shaft length (1), the shaft diameter (d), the disk mass (1), the moment
of inertia of the disk towards its shaft (J,,), the moment of inertia of the disk towards its diameter
(Jq), the mass eccentricity of the disk (e), the gravity of the disk (W), the concentrated mass of
the ball bearing A (my), and the concentrated mass of the ball bearing B (mg). Assuming the
distance from the disk to the left end bearing A of the rotor is a, which is defined as the offset
value, and a = /2 means a symmetric rotor.

Fig. 1. Dynamic model of ball bearing-offset disk rotor system Fig. 2. Schematic of Euler angle

The rectangular coordinate system Oxyz is established, its origin O is the static equilibrium
position of the left ball bearing A, the axial of the shaft is Oz axis, the vertical direction is Oy axis,
and the horizontal direction is Ox axis. The coordinates of ball bearing A and B are (x,, y4) and
(xg, yp), respectively. The coordinate of the centroid of the disk is O'(x, ¥), and the mass center
of the disk is O,. Considering the bending of the shaft, the pivot angle between the disk axis and
the connection line between A and B is 1, the swing angle of the disk towards x-axis and y-axis
are § and a, respectively. Assuming the angular velocity of rotation of the rotor is w, the whirling
angular velocity is (), the gyroscopic moment of the disk is given as [10]:

My = J,wQsinp. (1)

The disk swing angles towards O’ are represented by 8¢, 6,, and ¢, which are shown in Fig. 2.

the angular velocity of rotation of the rotor can also be expressed as ¢, thus ¢ = w, if the angle
0¢ and 0, are very small, then sinf; ~ 0; =~ 8, cost; ~ 1, 6, = a. The total kinetic energy of
the disk and the bearings at the both ends can be obtained as:
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1 . 1 1
T =5 [a(B? + &%) + Jpw? = 2fpwaB] +5ma (8 +32) + 5ma(%a” +31°)

; @)
+§mB(5CB2 + sz).

Ignoring the torsional deformation of the shaft, the generalized coordinates is defined as:
u= @, U)=(x a X Xg], [y B ya ygl. A3)

The potential energy for the rotor shaft is obtained as:

1 r 1 T
V= Euleul +E“2KSuZ ) (4)
where:
Kc _ch) 1 l—a a

K=ok, d)TKC(D]’ ®=7 [—1 1)

is the relationship matrix of the disk displacement, the swing angle and the coordinate position of
the ball bearings, K, is the stiffness matrix of the shaft for rigid supporting, which can be
expressed as:

K.=al, (5)

where a is the flexibility matrix of the shaft, it can be obtained according to the material
mechanics:

1 [a?(l — a)? a(l —a)(l — 2a)

__1 6
“Z3Enla - ) - 2a) 17 - 3la+3a? ©

where E is the elastic modulus, I is moment of inertia of the shaft cross-section.
The disk dissipation energy in x0z plane is obtained as:

1. ..,
D, = quTCqu' @)

X
where q,,/ = [z] . [x’;], C, = [S g] is the damping matrix of the disk.
The total dissipation energy of the disk and bearings at both ends are expressed as:
1
D = Dy + Pyy + 50, (4 + Vi + X5 + V5), ®)

where @, is the disk dissipation energy in the yOz plane, which is similar to @y, ¢} is the
bearing damping in the x and y directions. There are 8 degrees of freedom in the steady state
equation of the ball bearing-offset rotor system, the whirling-swing coupling equations of the rotor
system with damping can be expressed by Lagrange equations as:

Mii” + [Jo + Cla" + Ku" = Q+F+ W, 9)

where M is the mass matrix:
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mg 0 0 0

M, 0 o J. 0 0
M‘[o Ml]’ Mi=lo 0 m, o |
0 0 0 my

and K is the stiffness matrix, J is the gyroscopic matrix:

[ -

oo oo
cog o
co oo
co oo

and C is the damping matrix, C; is the block matrix:

C_[c1 0] c _[cz c3] c. - _(1_%)6 _%C
o' o ¢=lg ol |1 1)
l l
_[(1_%)2C+l£2+cb %(1—%)+l£2]
Cs=1gc a c a’+1 ’
{7(1—7)+ﬁ (l—2>C+Cb

and Q is the imbalance force vector of rotor, F is the nonlinear contact force vector of bearing,
and W is the gravity vector of the disk.

The dynamic model of ball bearing is shown in Fig. 3. In this model, the inner race of the
bearing is assumed to have two degrees of freedom. The contact forces are summed over each of
the ball elements to give overall forces on the shaft and bearing housing. The bearing parameters
are determined as: the outer race radius is R,, the inner race radius is R;, the internal radial
clearance is [y, the number of ball elements is N,, the angular velocity of rotation of the outer
race is Wy, the angular velocity of rotation of the inner race is w;,, and the angular velocity of
rotation of the cage is W¢qge-

Fig. 3. Dynamic model of ball bearing

According to the movement relationship of ball bearings, w,,; = 0, w;,, = w. The angular
velocity of rotation of the cage is given by [11]:

winRi _ (A)Rl' (10)
R,+R; R,+R;/

Weage =
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Assuming ¢; is the angular position of the jth ball element, it can be obtained as:

wR; 2
—t+o-( -1 +9, (1)

YRR,

where, j =1, 2, 3,..., Np, @, is the initial angular position of the ball element, taking ¢, = 0.
The overall contact deformation &; of the jth ball element is given by:

§; = x4C08Q; + y,sing; — . (12)

Neglecting the inertia of ball element, the contact forces of the inner and outer race can be
combined with an overall contact stiffness. According to the nonlinear Hertzian contact theory,
the nonlinear contact force between the ball element and race can be given by:

F; = k6], (13)

where k; is the Hertzian contact stiffness between the ball elements and the race, A is the
correlation coefficient related to the type of contact, which taking 3/2 for point contact, and 10/9
for line contact. Considering the non-negative characteristic of the contact force, §; < 0 means no
contact force, §; > 0 means contact force generation. Considering the position of each ball
element, the restoring forces of the ball bearings can be obtained:

Np
) 3 .
[FAx = Z kp(xacos@; + yasing; — uo) /2cos<p]-H(xAcos<pj + yasing; — /40),
o (14)

Np

. 3/ . .
Fy), = Z kp(xacos@; + yasing; — uo) /ZSIH(ij(XACOS(pj + yusing; — uo),

J=1
where, H(+) indicates Heaviside function, which is defined as:

0, x <0,

Hx) = {1, x> 0.

(15)

3. Analysis on whirling-swing coupling vibration of the system
The main parameters of the rotor system are determined in Table 1.

Table 1. The main parameters of the rotor system

Mass of disk (m,) 34.6 kg
Mass of ball bearing A (my,) 2 kg
Mass of ball bearing B (mp) 2 kg
Mass eccentricity of disk (e) 30 um
Moment inertia of the disk towards axis (/) 0.7 kg'm?
Moment inertia of the disk towards diameter (J;) 0.35 kg'm?
Length of shaft (1) 500 mm
Diameter of shaft (d) 40 mm
Young’s modulus (E) 2.09%10° MPa
Disk damping (c) 2100 N-s/m
Bearing damping (cp) 1050 N-s/m

The parameters of ball bearing are selected according to the reference [12] in this paper, and
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its parameters are listed in Table 2.

Table 2. The main parameters of the ball bearings

Radius of the outer race (R,)) 63.9 mm
Radius of the inter race (R;) 40.1 mm
Number of ball elements (N,) 9
Contact stiffness coefficient (k) | 13.34x10° N/m*?
Bearing radial clearance (1) 10 um

For the strong nonlinear of the ball bearing-offset disk rotor system, so the classic perturbation
methods can not be applied directly, and the numerical methods for solving the system dynamic
response are more effective. In this paper, the fourth-order Runge-Kutta method is adopted for
variable step integration in Eq. (9) to obtain the displacement and velocity of the disk. The longer
the time to reach steady state vibrations, the longer CPU time needed, and the more expensive the
computation. In order to eliminate the effect of transient vibrations, a total of 600 cycles are
calculated, the unsteady solutions are discarded, and the steady-state solution of the last 100 cycles
are extracted, and the peak steady state amplitude of vibration can be measured. The dynamics
responses of the system are calculated for w = 0-2500 rad/s. When the disk swing vibration is not
considered, t =@ =a =0, = = =0, thus the degrees of freedom of the system are
reduced to 6 DOF. Dynamics response of the system are compared for the rotor offset value
a=1/2,1/3,1/5and /7.

3.1. The effect of rotor disk offset on the response of the system

Rotor responses are obtained by numerical integration, and the effects of rotating speed and
bearing clearance on system responses are studied under different disk offset. The bifurcation
plots, the phase plots, the frequency spectra, and the Poincaré maps are used to analyze the
characteristics of bifurcation and chaos of system responses. Fig. 4 shows the bifurcation plots of
the displacement x as angular velocity w under different rotor offset value when the swing
vibrations of the disk are not considered.

0.4 ‘ 0.4

0.2 02 H

S 7

.:f | :/ ‘

x/mm
x/mm

_0'20 500 1000 1500 2000 2500 '0'20 500 1000 1500 2000 2500
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aya=1/3 b)ya=1/5
04 . - .
/
0.2
£
E
>
() e
~—
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co/(rad~s'1)
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Fig. 4. Bifurcation plots not considering swing vibrations
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Fig. 5 shows the bifurcation plots when the swing vibrations of the disk are considered.
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Fig. 5. Bifurcation plots by considering swing vibration

Figs. 4-5 indicate that when angular velocity o is near the first-order critical speed of the rotor
system, the response amplitudes become very great, and the VC vibration is relatively weak, the
system is period 1 motion. By comparison, it can be found that the nonlinear dynamics of the rotor
system enhance significantly for considering the swing vibration of the disk, as the rotor disk
offset increasing (offset value a decreases), the nonlinear dynamics of the system become more
obvious at high angular velocity. Table 3 shows the response status of the system fora = 1/7
whether considering the disk swing vibration or not.

Table 3. Response of the rotor system

Not considering the disk swing vibration | Considering the disk swing vibration
w (rad/s) Response status w (rad/s) Response status

5-770 Quasic-periodic/Chaos 5-535 Quasic-periodic / Chaos
770-1885 Period 1 motion 535-805 Period 2 motion
1885 Jump 805-1950 Period 1 motion
1885-2500 Period 1 motion 1950-2025 Period 2 motion
— — 2025-2070 Period 3 motion

— - 2070-2225 | Quasic-periodic / Chaos
- - 2225-2270 Period 5 motion

— - 2270-2500 | Quasic-periodic / Chaos

Fig. 6 shows the variation of the disk swing angle as w for the offset value a = [/2 and
a = 1/7 by considering the swing vibration. Affected by the VC vibration of the ball bearing, the
disk shimmy slightly even for the symmetric rotor system (a = [/2), and the variations of the disk
swing angle are similar to the change of the displacement x of the disk.

Figs. 7(a), (b) and (c) show the phase plots and Poincaré maps under the offset values a = /7
for w = 780 rad/s, w = 2200 rad/s and w = 2255 rad/s by considering the swing vibration of the
disk, and the motions of the system are respectively periodic 2, quasi-periodic and periodic 5.
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Fig. 6. Bifurcation plots of the disk swing angle a
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Fig. 7. The phase plane plots and Poincaré maps fora = [/7

3.2. The effect of rotor disk offset on the natural frequency of the system

The frequencies of the rotor system consist of two fundamental frequency components, one of
the frequencies is the rotational frequency of the rotor, which can be expressed as:

_vw 16
fm_g' ( )

Another fundamental frequency component is the VC vibration frequency of the ball bearing,
which is produced by the variation of bearing radial stiffness when the ball elements run through
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the load area, and the VC frequency can be given by:

WeageNp wR;N,
Tve 2 2n(R, + R) o {17

Obviously, the variable By depends on the dimensions of the bearings, in this paper

Figs. 8(a) and (b) show the response of the disk in the x direction for a = [/7 and w = 30 rad/s.
As can be seen, due to the low angular velocity of the rotor, the frequencies of the system are

mainly the VC frequency components and its harmonics.

0.001
0.001¢ 1 fe
g
£ 0 £ 0.0005
o =
Hye
-0.001¢
0 | L | I
0 0.1 0.2 0.3 0 50 100
t/s f/Hz
a) Time-domain waveform b) Spectrum

Fig. 8. The rotor response for a = [/7 and w = 30 rad/s

Figs. 9(a) and (b) show the disk response for a = [/7 and w = 2040 rad/s for considering the
disk swing vibration or not. As the angular velocity w increasing, the unbalanced vibration of the
shaft is more obvious than the VC vibration of the bearings, and the harmonic components of the
rotational frequency of the rotor appear for considering the swing vibration of the disk, and the
period 3 motion of the rotor system is mainly caused by the swing vibration of the disk.

0.06 100
f(D

0.04 T
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0.02 E

0 -10
0 200 400 b1 o 0-1
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Spectrum Poincaré map
a) Not considering the swing vibration of the disk
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0.04 5 o
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% 3
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o
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% 100 200 300 700 81 005 0 0.05 0.1
fHz X/mm
Spectrum Poincaré map

b) Considering the swing vibration of the disk
Fig. 9. The rotor response for a = [/7 and w = 2040 rad/s

Fig. 10 shows the spectrums of the rotor system under different rotor offset value (a = /2,
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a=1/3,a=1/5a=1/7and a =1/9) for w = 150 rad/s, respectively.
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Fig. 10. The spectrum under different disk offset value

As can be seen from Fig. 10, the frequencies of the rotor system contain rotational frequency
(f), VC frequency (fy¢) and the combination frequencies under different rotor disk offset. As the
rotor disk offset increasing (value a decreases), the amplitude of rotational frequency decreases
gradually. The difference frequencies between the VC frequency and the rotational frequency
disappear, and the sum frequencies of the VC frequency and the rotational frequency emergence.

3.3. The effect of bearing radial clearance on the whirling-swing coupling vibration.

The effects of bearing radial clearance on the whirling-swing coupling vibration of the offset
rotor system are analyzed for the bearing radial clearance y, varing from —10 um to 40 pm.
Fig. 11 shows the critical speed w,, of the rotor varies as , increasing under different rotor disk
offset.

—=— =2
—— a=l1/3
—h— a=l/5

16001 A S —v— a7

12004

800+

a),,/(mm.s")

4001

T
-0 0 10 20 30 40
o/ pm
Fig. 11. The critical speed variation as p, increasing

It can be seen from Fig. 11, as y, increasing, the critical speeds of the system show a linear
decreasing trend, the decreasing rate for different rotor disk offset can be obtained in Table 4.

It is found from Table 4 that as the rotor disk offset increasing (value a decreases), the critical
speeds of the rotor decrease more obviously, which indicates that the sensitivity of critical speed
to bearing clearance variation improves when the rotor disk offset increases. Fig. 12 shows the
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variation of the resonance peaks X of the rotor and the maximum swing angle «,,,, of the disk as
Uo under different rotor offset.

—®— g=l/2

020, 61077 - —e— =3

v v —A— o=l/5
—v— a=l/7
0.15 < 41077
= ¢
0.104 21074
0»0 T T T T T T O T T T T T T
-10 0 10 20 30 40 -10 0 10 20 30 40
Ho/pm Ho/pm

Fig. 12. The variation of the resonance peak and maximum swing angle

Table 4. The decreasing rate of the critical speed

Offset value a | Decreasing rate/(rad-s™!/um)
1/2 1.4
/3 2.1
l/5 4.6
/7 5.3

As can be seen from Fig. 12, the resonance peaks X are not monotonic as the bearing radial
clearance increasing for the symmetric rotor system (a = [/2), but increasing at first then
decreasing, and the maximum swing angle a,,,, tends to increase. The resonance peaks X show
linear increase as the bearing radial clearance increasing for the offset rotor system (a = 1/3,
a =1/5,a =1/7), and the maximum swing angle a,,,, increases at first then decreases.

4. Conclusions

The dynamic model of an offset disk rotor system supported on ball bearings was established.
In the model, the rotor disk offset position and the swing vibrations of disk are considered in
addition to the radial clearance and the VC vibration of the ball bearings. The numerical
integration methods were used to calculate the system responses. The influence of rotor disk offset
on the dynamic of the system was studied.

The nonlinear dynamics of the system is significantly enhanced because of the swing vibration
of the disk that caused by the rotor disk offset, and as the disk offset increasing, the effects of
swing vibration on the nonlinear dynamics of the system become obvious.

It is shown that the rotor system contains different frequencies under different rotor disk offset.
As rotor disk offset increasing, the amplitudes of the rotational frequency decrease, the difference
frequencies between VC frequency and rotational frequency disappear gradually, and the sum
frequencies of the VC frequency and the rotational frequency emergence. There are different
effects of the variation of ball bearing radial clearance on the dynamic of the rotor system under
different disk offset. As rotor disk offset increasing, the sensitivity of critical speed to the variation
of bearing clearance improves obviously, and the resonance peaks show linear increase trend as
the clearance increasing for the offset disk rotor system.
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