
 

112 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEB 2015, VOLUME 17, ISSUE 1. ISSN 1392-8716  

1499. Modified cam-clay model with dynamic shear 
modulus under cyclic loads 

Junhui Luo1, Linchang Miao2, Zhengxin Wang3, Wenbo Shi4 
1, 2, 4Institute of Geotechnical Engineering of Southeast University, Nanjing, 210096, China 
3Nantong Bureau of Housing and Urban-Rural Development, Nantong, Jiangsu, 226006, China 
2Corresponding author 
E-mail: 2lc.miao@seu.edu.cn, 3johnston_2002@163.com, 4shwanbe@163.com 
(Received 18 September 2014; received in revised form 20 December 2014; accepted 13 January 2015) 

Abstract. In order to study the dynamic characteristics of clay under metro loads, a dynamic 
triaxial test for clay was conducted. The function formula between the dynamic shear modulus 
and the number of oscillation periods was presented to calculate and analyze the dynamic 
characteristics of clay, then the function formula applicability was verified for different regional 
clays. In addition, the relationship between dynamic shear modulus and the parameters of 
cam-clay was established. The function formula for calculating dynamic shear modulus can be 
generalized to apply to the cam-clay model. The results show that the dynamic shear modulus 
function formula can be well applied. This modified cam-clay model can not only describe 
hysteresis loops, but also consider the effects of loading frequency on the dynamic characteristics 
of clay. Therefore, it is convenient to study the dynamic characteristics of clay under metro loads 
for theoretical analysis and verification. 
Keywords: clay, cyclic loads, dynamic triaxial test, dynamic characteristics, dynamic shear 
modulus. 

1. Introduction 

In general, the engineering characteristics of soft clays include low shear strength, high 
compressibility, and low permeability, but soft clay characteristics are particular to various regions 
[1, 2]. The Yangtze River Delta was mainly formed by erosion of sediment with a thickness of 
alluvium from tens of meters to 400 m from west to east. The consolidation settlement and creep 
deformation of the soft clay are very large in the subway under metro loads in the flood plain 
region of Nanjing. Under this condition, larger settlement will not only affect metro operations, 
but may also cause cracking of the lining structure and security problems, which induce severe 
mud leakage and eventually leads to secondary settlement [3]. Studying the dynamic 
characteristics of soft clay under cyclic loads provides evidence for the necessity of early warning 
and prevention of accidents in projects.  

Numerous studies on the dynamic characteristics of clay have been carried out. Evaluating the 
dynamic characteristics of clay consists of determining the dynamic shear modulus and damping 
ratio. Hardin-Drnevich [4] proposed an equivalent linear visco-elastic hyperbolic model and 
established a dynamic shear modulus function formula on the basis of this model. Ishibashi and 
Zhang [5] proposed an exponential-type dynamic shear modulus-strain formula. In addition, Li [6] 
studied a dynamic shear modulus function formula under the fewer number of oscillation periods 
for low strain. Wichtmann and Triantafyllidis [7, 8] analyzed the stress history impact of dynamic 
characteristics within the range of small strain, and took place the normalization processing of 
dynamic shear modulus [9]. Additionally, they established the relationship between the dynamic 
shear modulus and soil physical and mechanical properties. Subramaniam [10] analyzed the 
relationship between the dynamic shear modulus and the plasticity index, then proposed and 
verified an empirical prediction formula. However, those studies mainly focused on the dynamic 
shear modulus function formula considering the strain. Since these studies did not consider the 
relationship between the dynamic shear modulus and the number of oscillation periods, they 
cannot be used to calculate the system settlement of the metro foundation. 

The constitutive relation of soil is nonlinear [11]. Much of the existing research focuses on the 
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dynamic shear modulus in the application of the constitutive model. Hardin [12, 13] introduced 
the original dynamic shear modulus empirical formula into classical elastic-plastic theory and 
recommended the improved maximum dynamic shear modulus of the empirical formula by 
considering particle shape and particle size distribution of the soil in elastic-plastic theory. Indris 
et al. [14] defined the ratio of initial stiffness to the corresponding arbitrary times as the dynamic 
softening index. Narashimha [15] introduced the dynamic softening index to the Iwan model and 
established a variable parameters nonlinear model considering stiffness degradation. Wang [16] 
proposed a combination of factors to consider for the softening index empirical formula, and 
introduced it to the Iwan model. These models have a few disadvantages: (1) they have excess 
model parameters that are difficult to be determined; (2) the constitutive models under cyclic loads 
do not reflect the loading frequency on soil; and (3) the models fail to describe the hysteresis loop 
[17, 18]. 

To overcome these disadvantages, a dynamic shear modulus function formula considering the 
number of oscillation periods has been constructed. In addition, this research proposes the concept 
of stable dynamic shear modulus, analyzes and validates parameters compared with other clays, 
and then analyzes the dynamic shear modulus softening law based on the soil mechanics theory. 
By analyzing the test results, an interconnection of the dynamic shear modulus and the cam-clay 
model are found. The function formula for calculating dynamic shear modulus can be generalized 
to apply to the cam-clay model. This study can provide theoretical guidance to projects with 
dynamic characteristics of clay under metro loads. 

2. Dynamic triaxial test 

2.1. Test material 

The sampling site was located in the Nanjing Hexi region. Muddy clay was used as the soft 
clay and was more than 22 m thick. It was evenly distributed throughout the region. The 
characteristics of soft clay include flow plastic, local soft plastic and high natural water content. 
Table 1 shows the physical and mechanical properties of soft clay. 

Table 1. Physical and mechanical properties of soft clay ܩ % / ݓ௦ ܫ௣ ߩ (g/cm3) ݁଴ 
37.3 2.72 17 1.877 0.99 

2.2. Test instrument 

The tests under static loads and cyclic loads were conducted by standard dynamic triaxial of 
the GDS companies (Geotechnical Digital Systems Instruments Ltd), as shown in Fig. 1. 

                                 
Fig. 1. GDS triaxial apparatus 
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2.3. Sample and preparation 

The samples were prepared. The dynamic triaxial test operation was performed as follows: 
Saturation: The samples are saturated by outdoor pumping, and mount the sample with 25 kPa 

confining pressure to preload, then are saturated with back-pressure of 100 kPa and confining 
pressure of 110 kPa. 

Consolidation: Samples are performed isotropic consolidation. Depending on the overburden 
depth of undisturbed soil to determine the confining pressure, alternately use 75 and 150 kPa to 
consolidate. The dissipation of excess pore pressure is basically considered as complete primary 
consolidation. (This test does not consider secondary consolidation.) 

Load: In this test, half-sine wave is used to load as shown in Fig. 2. According to the results in 
Fig. 3 [19], different strain ranges correspond to varied types of soil projects, among which, 
subway tunnel foundation settlement is between 0.05 % and 1 %. The cyclic loads are set to 10, 
15, and 20 N. In the case of loading, the number of oscillation periods are set to 10,000 times. 
When loading, some fixed measures are taken to avoid the triaxial chamber being driven by 
vertical bars. Fig. 1 shows the components that fix the triaxial chamber to prevent it from being 
driven when loading. 

 
Fig. 2. Dynamic loading mode 

 

 
Fig. 3. Characteristics of stiffness-strain behavior of soil with 

typical strain ranges for laboratory tests and structures 

3. Analysis of dynamic shear modulus 

3.1. Original dynamic shear modulus 

The original shear modulus are calculated by the method of equivalent linear visco-elastic 
hyperbolic model in [4]. The data are processed based on dynamic triaxial test results. Table 2 
shows the original dynamic shear modulus at different confining pressures and frequencies when 
the cyclic deviator loads are ܨௗ = 20 N. 

Table 2. Test values of original dynamic shear modulus 
Confining pressure / kPa Frequency / Hz Original dynamic shear modulus Gmax / MPa 

75 kPa 
0.5 26.4 
1 32.5 
2 38.6 

150 kPa 
0.5 41.2 
1 45.4 
2 54.2 

3.2. Dynamic shear modulus 

Existing dynamic shear modulus functions can be divided into two categories: One type of 
function is dynamic shear modulus hyperbolic equations considering the strains. There are more 
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empirical formulae of this kind, but they show no contact with time [4]. The other type of function 
is a dynamic shear modulus function formula considering the number of oscillation periods in [20]. 
This formula provides a reference for Shanghai Soft clay, but it is an empirical formula, and does 
not discuss the physical significance of the parameters. Additionally, it lacks application. 
Therefore, this paper aims to solve these problems. 

3.2.1. Construction of formula 

By establishing the formula, the dynamic shear modulus with the development of the number 
of oscillation periods of soft clay can be analyzed under the metro loads during the operation stage, 
so as to avoid the strain measurement. It is a simple and effective method of determining the 
dynamic shear modulus, and is used to facilitate the study of soil dynamics theory and rail design 
as well as for safety evaluation. 

Fig. 4 shows the comparison of dynamic shear modulus test values and predicted values 
considering the number of oscillation periods. The Fig. 4 only presents one out of every ten test 
values. It can be observed in the figure that the test values and predicted values are well consistent. 
Under cyclic loads, the test values show a range of fluctuation. Eq. (1) is the calculation result: 

ௗܩ = ݉ − ݇1 + (ܰ/ ଴ܰ)௣ + ݇, (1)

where ݉ is the original dynamic shear modulus; ݇ is the stable dynamic shear modulus. 

 
Fig. 4. Predicted and test values  
of the dynamic shear modulus 

 
Fig. 5. Relation curves between the original dynamic 
shear modulus and the stable dynamic shear modulus 

3.2.2. Parametric analysis 

In the Eq. (1): 
When ܰ → ௗܩ ,0 = ௠௔௫ܩ = ݉; 
When ܰ → ∞ ௗܩ , = ݇  is the stable dynamic shear modulus, namely the dynamic shear 

modulus of clay when the strain reaches infinity. According to [21, 22] based on the theory of 
critical state soil mechanics, ܧ௦,ை஼ ⁄௦,ே஼௜ܧ = ∗௤௡బ(ܴܥܱ)  was derived. It is concluded that different 
soil dynamic shear modulus ratios ܧ௦,ை஼ ⁄௦,ே஼௜ܧ  are used as given values in critical state. 
According to the critical soil mechanics, Fig. 5 shows the relationship between the original value 
and the stable value of the dynamic shear modulus as follows: ܩ௠௔௫/݇ = 6.01. 

The parameters ଴ܰ and ݌ show a relationship between stress amplitude, confining pressure, 
and frequency in Eq. (1). When ݌ = 1, Eq. (1) is consistent with [12] in the form, and it can be 
normalized. 

Eq. (1) can be finally converted to: 



1499. MODIFIED CAM-CLAY MODEL WITH DYNAMIC SHEAR MODULUS UNDER CYCLIC LOADS.  
JUNHUI LUO, LINCHANG MIAO, ZHENGXIN WANG, WENBO SHI 

116 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEB 2015, VOLUME 17, ISSUE 1. ISSN 1392-8716  

ௗܩ = ௠௔௫1ܩ0.83 + (ܰ/ ଴ܰ)௣ + ,௠௔௫ܩ0.17 (2)

where ܩ௠௔௫ is the original dynamic shear modulus. 

3.2.3. Experimental analysis 

Eq. (2) is used to analyze and calculate the relationship between dynamic shear modulus and 
the number of oscillation periods. Considering the effects of different frequencies, the results are 
shown in Fig. 6. 

As can be seen from Fig. 6, the curve is divided into two parts. The first part experiences rapid 
softening; after evolving into the steady-state process, it ultimately stabilizes. There is a turning 
point between sharp and steady softening. The turning point corresponds to a critical number of 
oscillation periods. Overall, the dynamic shear modulus decreases with increasing the number of 
oscillation periods and increasing frequency of loads. Clay under cyclic loads produces excess 
pore water pressure. The effective stress of clay decreases with an increase in the number of 
oscillation periods that cause strain, strength, and dynamic shear modulus softening. 

 
Fig. 6. Relation curves between the dynamic shear 

modulus and the number of oscillation periods under 
different frequencies 

 
Fig. 7. Predicted and test values between the dynamic 
shear modulus and the number of oscillation periods ߪ஺ = 20 kPa, ߪ௦ = 40 kPa, ߪଷ = 200 kPa 

3.2.4. Recognized analysis of dynamic shear modulus function formula 

The test data in [20] are verified by the recognized formula proposed in this paper. ܩௗ  is 
translated by ܧௗ = ௗܩ ∙ 2(1 +  .and the parameters are shown in Table 3 ,(ߤ

Table 3. Parameters of dynamic shear modulus function formula 

Confining pressure / kPa frequency / Hz Parameters ܩ௠௔௫ ଴ܰ ݌
200 

0.5 30 352 0.45 
1.5 30.2 259 0.66 
2.5 31.6 152 0.49 

The results of the previous analysis are in agreement with the test values, and indicate that the 
improved formula works well in projects and will likely be widely used. The formula is beneficial 
to analyzing the dynamic characteristics of clay. 

Fig. 7 shows that the dynamic shear modulus can be divided into sharp soft stages and smooth 
phases. But the critical number of oscillation periods is less clearly defined and difficultly 
stabilized. 



1499. MODIFIED CAM-CLAY MODEL WITH DYNAMIC SHEAR MODULUS UNDER CYCLIC LOADS.  
JUNHUI LUO, LINCHANG MIAO, ZHENGXIN WANG, WENBO SHI 

 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEB 2015, VOLUME 17, ISSUE 1. ISSN 1392-8716 117 

4. Applications in cam-clay model 

Statistics show that subway field trials can be conducted with the measuring acceleration 
method and arranging reference points to monitor the internal soil dynamic pore pressure and soil 
pressure [23, 24]. The proposed improved formula can be used to evaluate the dynamic 
characteristics of clay about the number of oscillation periods; indoor trials also suggest that the 
development of the appropriate methods match the site results [25]. Dynamic shear modulus can 
be used to evaluate the law of the dynamic characteristics of clay [26]. 

4.1. Interconnection of dynamic shear modulus function and parameters for cam-clay model 

When metro loads act on clay, the additional settlement arising from the operation stage of the 
metro can be analyzed [27]. The cam-clay model is regarded as a widely used constitutive model, 
but it has the following disadvantages when simulating cyclic loads [28]: 

1) If the initial loading stress is greater than the yield surface on clay, it is likely to produce 
large plastic deformation, and the subsequent cyclic loads, as long as the current loading surface 
does not exceed the yield surface at this time, does not produce plastic deformation, and then the 
cyclic loads are taken as an elastic process. 

2) Unable to consider the impact of load frequency. 
In order to solve the above two problems and more effectively simulate cyclic loads, assuming 

the cam-clay model is studied only in a small strain range. Because ܯ has nothing to do with the 
stress path, it is constant and so is the initial void ratio ݁଴. ߣ = 0.01-0.9 and ߢ = 0.01-0.9 are obtained by collecting data from the literature. Based on 
the calculating and analyzing results, the cam-clay model parameters ߢ ,ߣ, and the dynamic shear 
modulus ܩௗ show the following relationship [29]. 

According to the definition, the compression index is: 

௖ܥ = − Δ݁Δlog10௣ ≈ − ݀݁݀(log10௣) = − 0.434݌ ⋅ Δ݁Δ(3) .݌

The coefficient of compressibility is: 

ܽ௩ = − Δ݁Δ(4) .݌

The relation between ܽ௩ and ܥ௖ is found by combining Eq. (6) and (7): ܥ௖ = ܽ௩ ⋅ (5) .0.434݌

By equation: 

݀(log10௣) = ݌1 (log10௘)݀݌ = ݌݌0.434݀ . (6)

By definition: 

ܽ௩ = 1 + ݁଴ܧ௦ . (7)

The relation is: 
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଴ܧ = ൬1 − 1ߤ2 − ൰ߤ ௦ܧ = ,௦ܧߚ (8)

where ܧ௦ is the compress modulus with lateral confinement; ܧ଴ is the compress modulus without 
lateral confinement.  

After Eq. (8) is introduced into Eq. (7), then: 

ܽ௩ = 1)ߚ + ݁଴)ܧ଴ = 1)ߚ + ݁଴)ൣܩௗ(௟௢௔ௗ) ⋅ 2(1 + .൧(ߤ (9)

The relation between ܥ௖  and dynamic shear modulus and dynamic shear modulus ܩௗ(௟௢௔ௗ) 
under loading is acquired by combining Eqs. (6) and (7), where ܧௗ = ௗܩ ⋅ 2(1 +  :(ߤ

௖ܥ = 1)ߚ + ݁଴)ܩ0.434ൣ݌ௗ(௟௢௔ௗ) ⋅ 2(1 + .൧(ߤ (10)

Similarly, the relation between ܥ௖ and dynamic shear modulus ܩௗ(௨௡௟௢௔ௗ) under unloading is: 

௦ܥ = 1)ߚ + ݁଴)ܩ0.434ൣ݌ௗ(௨௡௟௢௔ௗ) ⋅ 2(1 + .൧(ߤ (11)

By the equation: ߣ = ߢ ௖ andܥ0.434 =  :௦, thusܥ0.434

ௗߣ = ቀ1 − 1ߤ2 − ቁߤ (1 + ݁଴)ܩൣ݌ௗ(௟௢௔ௗ) ⋅ 2(1 + ൧(ߤ , (12)

ௗߢ = ቀ1 − 1ߤ2 − ቁߤ (1 + ݁଴)ܩൣ݌ௗ(௨௡௟௢௔ௗ) ⋅ 2(1 + ,൧(ߤ (13)

where ݌ is effective stress, as can be seen from Fig. 8, and ݌ = ݔsinܣ +  is half-sine under ܤ
cyclic loads. 

 
Fig. 8. Relation curves between the effective stress and the number of oscillation periods under cyclic loads 

Fig. 8 illustrates the relationship between effective stress and the number of oscillation periods. 
As shown in the figure, cyclic loads collect 10 points in one period, where the relationship is a 
half-sine and periodic curve. 

Computational analysis found that the formula in the small strain range shows some 
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applicability. Among them, the parameter ߥ has greater impact on ߣௗ and ߢௗ. 
When loading, the changing law of cam-clay model parameters ߣௗ and ߢௗ with the variation 

of the number of oscillation periods can be calculated. The modified cam-clay model with variable 
parameters can be constructed [30]. Fig. 9 shows the comparison of test data and predicted values 
calculated by Eqs. (2), (12), (13) between the variable parameters of modified cam-clay model 
and the number of oscillation periods. The Fig. 9 only presents one out of every ten test values. It 
can be observed in the figure that the predicted values and test values are consistent. 

 
a) 

 
b) 

Fig. 9. Predicted and test data between the variable parameters of modified cam-clay model  
and the number of oscillation periods 

Meanwhile, the parameters ߣௗ and ߢௗ for various frequencies are calculated. Fig. 10 shows 
that parameters increase along with the number of oscillation periods, it also reflects the soft soil 
softening phenomenon with the increasing number of oscillation periods. Because the soil is 
in-homogeneity material, the curve in Fig. 10 is somewhat irregular, but the regularity is also 
obvious. Under the same conditions, the frequency increases and the parameters (ߣௗ  and ߢௗ ) 
decreases. Model parameters that vary with the number of oscillation periods can be substituted 
into the cam-clay model. 

a) 
 

b) 
Fig. 10. Variable parameters of cam-clay model – the number of oscillation periods curve 

The variable parameters with the number of oscillation periods are introduced into the 
cam-clay model. The constitutive relation of cam-clay model is described as: 

൜݀ߝ௩݀ߝௗൠ = ሾܦ௘௣ሿ ൜݀ݍ݀݌ൠ = ݌1 ൤ܦ௣௣ܦ௤௣ ௤௤൨ܦ௣௤ܦ ൜݀ݍ݀݌ൠ, (14)
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where: 

௣௣ܦ = ܿ఑ + ܿ௣ ଶܯ − ଶܯଶߟ + ଶߟ , ௣௤ܦ = ܿ௣ ଶܯߟ2 + ଶߟ , ௤௣ܦ = ܿ௣ ଶܯߟ2 + ௤௤ܦ ,ଶߟ = 29 ܿ఑ 1 + 1ߥ − ߥ2 + ܿ௣ ସܯଶߟ4 − ସߟ ,   ܿ఑ = 1ߢ + ݁଴ ,   ܿ௣ = ߣ − 1ߢ + ݁଴, ߟ = ݌ݍ ݌   , = ଵߪ + ଷ3ߪ2 ݍ , = ଵߪ) − .(ଷߪ
According to the consolidated undrained triaxial test, the ݀ߝ௩ = ଷߝ݀ ,0 = − ଵߝ݀ 2⁄  can be 

substituted into Eq. (14). 

4.2. Verification of the modified cam-clay model 

In order to verify the modified cam-clay model, the dynamic triaxial test is conducted. For the 
sake of contrastive analysis, the data when the strain reaches the peak value are chosen. The test 
results of the two kinds of model simulation are compared as follows. When the cam-clay model 
with invariable parameter is set, the parameters are obtained through indoor CU test (consolidated 
undrained triaxial test) and CD test (consolidated drained triaxial test) as well as conventional 
indoor tests; they are: ܯ =  1.42, ݁଴ ߥ ,0.99 = = ߣ ,0.3  =  0.34, and ߢ =  0.08. The predicted 
values are shown in Fig. 11. The test results and predicted values of the modified cam-clay model 
with variable parameters are shown in Fig. 12. 

 
Fig. 11. Predicted values of the cam-clay model with invariable parameter under cyclic loads 

In Figs. 11-12, the ݌/ݍ is defined as the cyclic stress ratio. Fig. 11 shows the predicted values 
of the cam-clay model with invariable parameter, there is no hysteresis loop, and the influence of 
loading frequencies on soil stress-strain curve cannot be taken into account. In Fig. 12, the 
modified cam-clay model with variable parameters can not only describe the hysteresis loops of 
soil under cyclic loads, but also predict the effects of different loading frequencies. 

Comparison of Fig. 12(a), (c), and (e) and Fig. 12(b), (d), and (f) shows that the modified 
cam-clay model with variable parameters can better simulate the plastic deformation of saturated 
clay under cyclic loads, the stress-strain relation hysteresis characteristics, and accumulation of 
permanent deformation. In addition, the stress-strain hysteresis loops tilt to strain axis with an 
increase of cycles and the secant stiffness is reduced, which is in line with the stiffness softening 
phenomenon. 
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a) 
 

b) 

c) 
 

d) 

e) 
 

f) 
Fig. 12. Comparison between test results and predicted values of the modified cam-clay model with 

variable parameters under cyclic loads 

4.3. Applications of the modified cam-clay model for different clays 

This method can be applied to soils in different areas. This is because, based on the definitions 
of basic physical parameters including the compression index (Eq. (3)) and the coefficient of 
compressibility (Eq. (4)) of soil mechanics, the method establishes relationship among  
Eqs. (3) and (4). In this way, the relationship between the coefficient of compressibility and 
elasticity modulus can be established. Then according to ߣ = ௖ܥ0.434  and ߢ = ௦ܥ0.434 , the 
parameters of the cam-clay model are associated with the dynamic shear modulus. 

Fig. 13(a) demonstrates the results of the dynamic triaxial test on the soil in the United States 
given in [31]. Fig. 13(b) shows the predicted results of the proposed method here, frequency  
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݂ = 1 Hz is taken into account. Apparent hysteresis loops are observed in the predicted curve and 
are close to the test values. This proves that the proposed method can be applied widely for 
calculating and analyzing the soils of different countries. 

 
a) 

 
b) 

Fig. 13. Comparison of test results and predicted values of the modified cam-clay model with variable 
parameters under cyclic loads 

5. Conclusions 

In this paper, clay was analyzed using indoor GDS multi-purpose dynamic cyclic triaxial tests 
under consolidated undrained and stress control. The following conclusions can be obtained by 
analyzing the dynamic characteristics of clay: 

1. A formula is constructed to calculate the dynamic shear modulus and to present the concept 
of stable dynamic shear modulus. Considering the effects of frequency, the data in different parts 
of clay can be verified. The dynamic shear modulus function formula is proven. The evaluation 
of dynamic characteristics of clay under metro loads by changing the number of oscillation periods 
is revealed. 

2. By introducing the dynamic shear modulus function formula into the cam-clay model, a 
modified cam-clay model with variable parameters is then constructed. The modified cam-clay 
model can be used to overcome the problems of describing hysteresis loops by considering the 
effect of loading frequency on the dynamic characteristics of clay. 

3. By verifying the proposed modified cam-clay model and theoretically analyzing its 
applicability, the results of testing soils of different countries verify that the method is effective. 
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