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Abstract. Based on the Timoshenko curved beam theory, a novel and feasible closed-form
solution was proposed to deal with the internal mechanics characteristics of mechanical elastic
wheel (MEW). With the Laplace transformation and boundary conditions, the governing
differential equations was reduced to a single equation in regard to the rotation angle of curved
beam, so as to reveal the relationship among the radial deformation, the tangential deformation
and the curved angle. Furthermore, by adopting the Frobenius theory and the Green function, six
normalized solutions of equations, the general solution and the free vibration of system equations
were obtained. In the end, structure mechanics and vibration modal experiments were carried out
and the results show that the analytical model is applicable for the experimental results.

Keywords: mechanical elastic wheel, Timoshenko curved beam, Laplace transformation, Green
function.

1. Introduction

The properties of tires are of great influence on the vehicle driving performance, which
supports vehicle weight, transfers driving force and braking force, and ensures enough adhesion
force between the wheel and the ground. In addition, tires should meet requirements for safety,
durability and comfort, and safety [1]. However, as statistics show, 70 %-80 % of the traffic
accidents in superhighway are caused by tire blow-out. In order to promote the development of
the modern automobile industry, mechanical elastic wheels emerged as required [2-4].

There is a flood of theoretical and computational literature on the mechanics analysis of
pneumatic tire and circular structure [5-13]. Despite the curved beam model is widely used in
various structures, but rarely used in the analysis of the tire model [14-16]. On one side, Kung
proposed a flexible boundary loop model based on the radial and circumferential springs, and then
verified it by using complicated finite element method [17]. Huang and Soedel studied the
influence of coriolis acceleration of dynamic elastic boundary ring, and compared it with static
ring model [18, 19]. On the other side, Kindt used the three-dimensional ring model to analyze
structure-bearing noise, and proved that this model was suitable for the condition of 300 Hz [20].
However, all those ring models on the Euler-Bernoulli Beam assumption overlook the factors of
shear deformation.

In this work, the curved beam model of MEW was proposed based on Timoshenko curved
beam theory to pridict deformations, forces and vibration modal of mechanical elastic wheel on
plane rigid ground. The relationship among three parameters: the radial deformation, the
tangential deformation and curved deformation, free vibration and the closed-form solution of
system equations were obtained by using the Frobenius theory and the Green function experiments
were finally carried out to check the feasibility and efficiency of the proposed model.

2. Characteristics of MEW
MEW is mainly consisted of one hub, hinges and elastic ring, as shown in Fig. 1. The external

of elastic ring is parceled by rubber tread, and which is connected to the hub by hinges with the
same angle along the circumferential direction. The forces and deformation of pneumatic wheel
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in load case are shown in Fig. 2, meanwhile whose circumferential part are under stress, just the
force on the bottom is small. The hinges of MEW can only sustain tension, and have zero modulus
in compression, so the deformation and couple of the elastic ring is large,which is shown in Fig. 3,
and the rest of elastic ring along the circumferential direction almost remains the same for the high
stiffness of hinges assumed as rigid-body. Therefore, the curved beam of elastic ring is the key
part of MEW.

Fig. 1. Structure of MEW

Loaded wheel
Unloaded wheel

Unloaded wheel
Loaded wheel

Fig. 3. Forces and deformation of MEW

3. Curved beam analysis
3.1. Governing equation and boundary conditions

According to the mechanics model of curved beam in Fig. 4, the setting-up of the Timoshenko
curved beam model is as below:
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the governing different equation and boundary conditions are, respectively:
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Fig. 4. Mechanical model of curved beam

At & = 0, boundary conditions are:

du
(85 +aw — go) Y114 =0,

ow
Y226 (E - au) Y21w =0,

d¢
Vszg_)’sﬂp =0
Até=1:

du
(af+aw <p>+y41u—0

Y526 (5 - au) +ys1w =0,
d¢
Ye2 % +ve10=0
1

—  i=1..6
1+8 "

Yia = Tlﬁl Yiz =

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2014, VOLUME 16, ISSUE 8. ISSN 1392-8716

)

2
(€))
“

(&)
(6)
O]

®
)
(10)
an

3953



1472. CLOSED-FORM SOLUTION OF CURVED BEAM MODEL OF ELASTIC MECHANICAL WHEEL.
Bo L1, YOUQUN ZHAO, LIGUO ZANG

W (0) and U(0) are tangential and radial deformation, respectively, ¢(8) is curving angle,
P(8), Q(0) and M(8) are vertical load, axial load and bending moment, respectively, E, G, k, I,
J and A are Young modulus, shear modulus, correction factor, area inertia moment, mass inertia
moment and sectional area, respectively, p, L and R are density, the length of the beam and radius,
respectively, Ky, Ky and K, are radial, tangential and rotation constraining force, respectively:

d 0
W(E,0) = wo(9), M—v'v(,(f), (12)

where, wy (&) and wy(§) are initial functions.
By taking the Laplace transformation, and the governing differential equations are as:

;d%(zg+aw <p>d {;VE—;—au>+szﬁ=p*(f,s), (13)
;(d—il:aw—w) (ng(df ai) + 5% = °(5,9), (14)
G+ am—0) -T2+ ns0 =mE.s), (15)
where:

[ee]

u(¢,s) = jwu(f,’f)e_“dr, w(¢,s) =j w(&, 1) e Stdr,
0 0

[ee]

269 = [ o€ netan pes) = [ pEoe
0 : (16)

169 = | a€ et mEs) = [ mEne
0 0
m*(§,s) =m(,s) + [spo(§) + 9o()], p*(€,5) =P, 5) + [sue(§) + 1o (9],
q"(&,5) = q(§,s) + [swo(§) + ()]
Substitute Eq. (15) into Eq. (13):
= ; i _i +ns?p + d_W 17
U= rsz|ag\Tq v e mm Flae ). a7

Multiply p/a and u({a? + s?)/a? by the derivatives of Eq. (14) and Eq. (17) respectively,
then add them together:

+”S 1(dﬁ —)—”dz _E s T e 18
P+ 2 2z W)= z|aez\ T ae ns?—m* | +p Ll (18)
Multiply p(us?/a? — 1) by Eq. (15), and then subtract it from Eq. (18):
a (1d*p 1 un
W — —— {4 — - - 2 LY
W_ZSZ{(XZ az [1 ('7“‘)] e? < 2 ”)S Tt ]"’

1 d*m* [us? Do 1dp 1 (19)
s Ta?

Substitute Eq. (19) into Eq. (17):
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Substitute Eq. (19) and Eq. (20) into Eq. (15):
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where:

1 1 1
q4=2a2—(n+y+z>sz, qz = [W) +E(u+n)]s4+[a2(u—2n +E>+1]sz+a4,

qo = —{%56 + [aznu +%(1 + n)]s4 + [a? + r]a‘*]sz},

SZ
ps=p", p2=—aq" - (2062 —us? - ?) m’,

2 2
p1 = <a2 - %) P, Po=— <a2 + %) [ag* + (a® + ps®)m*].

Substitute Eq. (19) and Eq. (20) into the boundary conditions.
Até =0:
d> d*p d*@ dp _
Y1191 d_fs + 71192 d_f:), + V1293 d_fz + Y1194E *+v12959 =0,
d>p d*@ dp d*p

do
Y2296 575 4z + V2197 574 azt t V2298 573 4z + V2199577 z? +V22910 az + 7219119 =0,

do _
V32 E —¥319 = 0.
Até=1:
d>p d3p d*p do _
Y4191 d_fs + Y1192 d_$3 — Y4293 d_fz + V4194 aw Va29sP =0,
d>p d*@ a3 d*p dp

V5296 75 zs — V5197 574 dgﬂ t V5298 573 4e3 — V5199 577 z2 + V52910 57 az —¥51911¢ =0,

i3
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where:
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3.2. General solution
Governing differential Eq. (21) can be represented as:
6
PE) =9, () + Y CV(©), (1)

i=1

where, @,(§) and {V;($)} are the particular solution and six linear normalized solutions,
respectively, C; are the constants. Equation solutions should meet the following standard
conditions:

V0 V(0 V(0 V(0)  Vs(0) V() ]
VL VL0 170 Ve vs@ V| [0 o o o ol
VL) V) V) V0 Vs e | lo 0 1 0 o ol
Vi) V) V) VL0 V70 V@10 0 0 1 0 of 32)
n®0) BP0 BP0 BP0 BP0 P00 0000 10
_Vl(s)(O) VZ(S)(O) V3(5)(0) V4(5)(0) VS(S)(O) VG(S)(O)_ 0 0 0 0 0 1

Substitute Eq. (31) into Eq. (23-30), and associated coefficients can be obtained through the
following matrix:

836 835 834 833 Ce Ag
826 825 824 823 Cs As
816 815 814 813 512 511 (o — A, (33)
Y1191 0 Y1192 Y1293 Y1194 V1295 || C3 Azl
V2296 Y2196 VY2298 VY2199 7/22910 V21911 CZJ [AZJ
0 0 0 0 Y32 —v31 JLC; A
where:
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Ay = —y3,0p(0) ;"V31<PP (0), , , ,
A, =— (szgefpz(; )(0) + ]/2197(p1(7 )(0) + szga%(; )(0) + ]/2199%(; )(0))
+V22910‘P;(;1)(0) + 7219119, (0)
Az =— (V1191‘P;(75)(0) + V1192§0;(;3)(0) + V1293<P;(;2)(0) + V1194‘P1(;1)(0) + V1295§0P(0)),(34)
Ay = V41g1<P;(;5)(1) + V4192§0;(;3)(1) - V4293‘P;(;2)(1) + V41g4§0;(;1)(1) — Ya2959p (1),
As = V5296057 (1) + V5197052 (1) — V5295057 (1) + ¥5190057 (1)
_y52910(p1(71)(1) + V51911900 (1),
Ag = _Vez%(;l)(l) —Ye10p(1),
61 =— (V4191V,'(5)(1) + V41.92Vi(3)(1) - V4293Vi(2)(1) + V4194Vi(1)(1) - V4295Vi(1)).
Sy = — (_Vszgsvi(s)(l) + V5197Vi(4()1§1) - Vszgsvi(g)(l) + V5199Vi(2)(1)) (35)
—Ys2910V; (1) + ¥51911Vi (1)
A3 = vV +yaVi(D),  i=123456.

The dynamic response of the system can be obtained by inverse Laplace transformation:
1 c+joo
WED =3[ eEetds e o, (36)
21j Jo_joo

where, j2 = —1, c is the constant of the inverse Laplace transformation.
3.3. Normalized homogeneous solution

A series representation of solutions can be established through the Frobenius method:

I/i = Z ki.ngnti = 152) . ';6; (37)
n=0

ACE k1,0 =1, k1,1 = k1,2 = k1,3 = k1,4 = k1,5 =0,
V,(&): k2,1 =1, kz,o = kz,z = k2,3 = k2,4 = kz,s =0,
V3(8): k3,2 =0.5, k3,o = k3,1 = k3,3 = k3,4 = k3,5 =0,

1
Va(©):ikys = g'kz;,o = ke = kyp = kgs = kys =0, (38)
1
Vs (&): k5,4 = ﬁ'ks,o = k5,1 = ks,z = k5,3 = k5,5 =0,
1
Ve(£): ke,s = m:kao = k6,1 = ke,z = k6,3 = k6,4 =0.

Solutions of these equations satisfy Eq. (32), and substitute Eq. (37) into Eq. (21), the
recurrence equation can be obtained:

_ U+ U+ 3+ 2)(+ Dgakiprs + U+ 2)(L+ DGokiies + gokiy

Bl+6 = I+6)(I+5)+HU+3DU+2)A+1) ' (39)
1=012..

3.4. Particular solution

Use Green function of an nth-order ordinary differential equation of constant coefficient to
derive the particular solution, and the particular solution ¢, () can be expressed as:
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0p(§) = Z [RICLIGREE (40)
where:
Eo(§) = Vs(§)H(E),

E>(§) = [Va(§) — qaVe(IH (),
E3(§) = [V3(§) — q4Vs(DIH (),

where H () is Heaviside function.
3.5. Free vibration

Considering free vibration on the system, s (Laplace transformation parameter) is replaced by

jw, that means s = jw, and w = 2L2,/pA/EI. Because 4; of Eq. (33) are zero, then the frequence
equation of the curved beam should be written as:

836 835 834 833 83, 831

826 825 824 823 822 821

816 815 814 813 812 811
Y1191 0 Y1192 VY1293 Y1194 V129s

Y2296 VY2196 VY2298 VY2199 V22910 V21911
0 0 0 0 V32 V31

=0. (42)

4. Experimental verification
4.1. Structural mechanics verification

In order to verify the accuracy of the curved beam model of MEW, the vertical loading
experiments were carried out in Fig. 5. The material and geometric parameters of MEW are shown
in Tablel. The vertical deflection is set as § = 15 mm, and the measurement range of curved beam
is —40° < 0 < 40°. The contrastive analysis between analytical results and experimental results
in regard to the radial displacement, the shear force, the axial force and the internal couple is
performed in Fig. 6. It can be perceived that the consistency between experiment results and
analytic results is good.

In Fig. 6(a), the greatest radial deformation emerges in the center of elastic ring, and rapidly
decreases along with the growth of central angle, up to the ends of the curved beam near the
stretching hinge shown in Fig. 3. The changes of internal shear force in curved beam is shown in
Fig. 6(b), the maximum shear force is near the centre of curved beam, where should be the contact
edges of elastic beam and ground, because the change of bending angle is larger. The change rate
of shear force near the ends of curved beam shows obvious ups and downs, which is mainly
because of the large bending deformation near the contact part between the curved beam and rigid
hinges. The results in Fig. 6(c) and Fig. 6(d) show the maximum axial force and internal moment
are located in the center of curved beam, and the rate of change near the ends of curved beam still
shows obvious fluctuation.

Table 1. Wheel property

Material parameters Geometrical parameters
E(GPa) | G(GPa) | R(mm) | h (mm) | b (mm) | § (mm)
180 75 420 25 180 15
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Fig. 5. Load experimental verification
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4.2. Vibration modal verification

For MEW modal testing, the modal test analysis software (LMS Test. Lab) was used for the
recognition analysis, and modal analysis method (Poly MAX) was used to identify the root of each
order and solve various modal parameters. With MEW as the test object, use the moving hammer
for excitation test. MEW was freely suspended, 12 pick-up points were evenly arranged at the
tread, the band of the test equipment is 512 Hz, the frequency resolution is 0.83 Hz, the experiment
is shown in Fig. 7, and Fig. 8 shows 1-8 order mode shapes. As can be seen from Fig. 9, the

Fig. 6. Test results

. .
-10 0 10 20 30
Central angle /deg

d)

theoretical and experimental values are close to prove the accuracy of the proposed model.
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Fig. 8. Vibration shape results
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Fig. 9. Vibration frequency comparison of the experiment and theory

5. Conclusions

1) With the condition of vertical load on rigid ground, as well as the different bearing
characteristics between pneumatic tire and MEW considered, the curved beam model is developed
based on the Timoshenko curved beam theory.

2) According to the force, displacement and elastic boundary conditions of curved beam, the
normalized fundamental solutions and special solution of governing differential equations are
obtained by Frobenius method and Green function, respectively. The relationship among radial
displacement, tangential displacement and curving angle is also revealed.

3) Through load experiments and vibration modal experiments on MEW the proposed model
was validated, and which proves effective.
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