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Abstract. Vibrations and noises induced by vehicle braking at low speeds are problems that have 
always blocked the development of the automotive industry, which the stick-slip vibrations of 
brake system are the major reason that causes the vibration and noise. Ref. [19] predicts chaotic 
stick-slip vibrations by introducing a torsional model. Additionally, in this article, we have 
established a four degree of freedom torsional braking model under pure braking, which is based 
on that reference. Since the chaotic stick-slip motions have been found based on a proper friction 
model through numerical method, from the bifurcation diagram of the relative velocity between 
the rotor and pad to corresponding brake pressure, we also found the dynamic characteristics of 
the system changing from doubling periodic bifurcation to chaos just by increasing the brake 
pressures. Any further numerical study showed that the doubling periodic bifurcation occurs both 
in stick phase and slip phase, which composed of the upper and lower bifurcation of the global 
bifurcation diagram. Thus, chaos and periodic motions in it can be identified by calculating 
Lyapunov exponents with ‘CLDYN’ method. At last, the effects of friction model parameters on 
bifurcation and chaos were studied, which provides important evidence theoretically showing that 
the decrease in braking vibrations and noises at low speed and the matching control of braking 
pressures. 
Keywords: friction pair, stick-slip, doubling periodic bifurcation, chaos, Lyapunov exponent. 

1. Introduction 

Because of the problem of brake vibrations and noises of automobiles at low speeds is still 
unresolved, and its mechanism is also not entirely clear for us [1-4], however, it is generally 
believed that the stick-slip vibrations is the main reason of the brake vibrations at low speeds, and 
bifurcation and chaos of vibrations are not negligible mechanisms that deteriorate vibrations and 
noises, therefore, many studies have been delivered by domestic and foreign scholars in this area. 
The current consensus is that the changes in the brake pressures lead to stick-slip friction 
excitations between the rotor and the pad at extremely low speeds, therefore generates a series of 
phenomenon called low-speed brake squeal. 

Early in 1938, Mills [5] had found that stick-slip vibration is one of the reasons that leads to 
the brake squeal when he was examining the drum brake squeal. Then he raised a concept of 
stick-slip, thinking that brake squeal was associated with the decrease in friction coefficient with 
rubbing speed. His work led to a school of scholars beginning to study on stick-slip vibrations. In 
fact, Bowden [6] and Morgan’s [7] works on stick-slip vibrations in friction oscillators confirmed 
Mills’ experiment results. Both of them share an idea that the necessary condition for a brake to 
vibrate is the negative correlations between friction and velocity. In order to explore the 
mechanism of stick-slip vibrations, many scholars conducted researches deeply with a simple one 
degree of freedom of slider – sliding belt model. Meantime, F. Van De Velde and P. De Baets [8] 
also find this phenomenon through their experiment, but additionally find the hysteretic effects 
between friction and velocity. U. Andreaus and P. Casin [9] further studied the effects of the belt 
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speed on system’s stick-slip vibrations, and found a critical value of the belt speed, which is the 
speed of higher bound of stick-slip vibrations. Yong Li [10] applied the dry friction model in Ref. 
[11] and found there exist a stable limit cycle and chaotic motions of the dynamic system based 
on previous slider-belt model, and she also found that stick-slip motion would occur at a relatively 
low speed. Oestreich [12] studied the effects of the frequency of harmonic external excitation on 
bifurcation and chaos of the slider-belt system, and found the system has complicated dynamic 
characteristics of period doubling bifurcation to chaos through the changing of the external 
excitation frequencies. Peter [13] studied the stick-slip motions of two-mass mechanical system 
with a driven force in different friction conditions, and found the stick-slip motions mainly depend 
on the properties of the mechanical system, especially on the drive, and rather on different 
characteristics of the friction model. 

Several researches above of the mechanism and the phenomenon of stick-slip showing that 
different scholars built different stick-slip vibration model of brake system, and these models can 
be generally classified into two categories: one is the tangential vibration model, and the other is 
the torsional vibration model. The first one is directly evolved from the slider-belt model, which 
has been comparatively studied and developed – K. Shin [14, 15] simplified the rotor and pad into 
a one degree of freedom system respectively, and coupled through a friction pair. Based on this 
model, he studied the effects of system’s damping on stick-slip motions, and found that the 
damping of the rotor and the pad are also fundamental to the stability of the system. Manish 
Paliwal [16] believe the interfacial coupling stiffness between the rotor and the pad will change 
while braking, and the effects on stick-slip motions can never be neglected. Then he added a 
coupling stiffness between the rotor and pad on K. Shin’s model, and studied the influences of 
coupling stiffness on the stability and the stick-slip motions of the system. Yang [17] studied the 
period doubling bifurcation and chaos of the brake system with the change of disc speeds, and 
analyzed the influences of damping on the bifurcation and chaos. Different from the above 
scholars’ tangential vibration model, Li Bo and Ding Qian [18] comprehensively considered the 
tangential and torsional vibrations of the pad, and learned the influences of disc speeds and the 
viscous friction factor of the LuGre friction model on the tangential and torsional stick-slip 
vibrations. In sum, their work showed that with the decrease of the disc velocity, and the tangential 
motions of the pad lose its stability, the stick-slip vibrations will occur, and the chaotic stick-slip 
motions can be resulted as the viscous factor becoming large. 

The tangential vibration model seemingly has many advantages and it is convenient for 
research because of its simple structure, which the influences of other sub-systems of the whole 
vehicle system on the brake system could be approximately ignored. However, since the motions 
of automobile’s driving and braking belong to rotary motions, its torsional vibration can never be 
neglected. Crowther [19, 20], in order to avoid this deficiency, firstly proposed a four degree of 
freedom torsional model, including driveline and brake torsional sub-systems coupled through a 
friction pair by studying the stick-slip motions of the coupled system under low constant drive 
torque according to Coulomb’s law, and found three types of stick-slip motions with different 
brake pressures. He also predicted the motion of the system might contain chaotic characteristics, 
but eventually failed to prove it. Jin Zhang [21] simplifies his four degrees of freedom torsional 
model into a two degree of freedom model by studying the periodic stick-slip motions of the 
system under different driving speeds, and then find that the higher the driving speeds is, the 
longer and higher the slip phase and the stick-slip frequency would be. 

In sum, many researchers and scholars have seen many phenomena related to the chaotic 
stick-slip vibrations of the brake system under different friction models through tangential 
vibration model. However, none of those ever did researches about chaotic vibrations through 
torsional vibration model; thus the effects of brake pressures on system’s vibrations that are 
limited to periodic vibrations, and researches about the effects of brake pressures on chaotic 
vibrations are never been found. Thus, in this article, we establish a four degree of freedom 
torsional vibration model under pure braking condition based on the coupled system proposed in 
Ref. [19] by using a light truck as prototypes, and studied the influences of brake pressures on 
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bifurcation and chaos of the system with phase planes and Lyapunov exponent by numerical 
method and find another several important mechanisms of torsional and chaotic stick-slip motions 
under low speeds. Also, we hope to provide theoretical references to reduce the vibration and 
noise of this type. 

2. Build a dynamic model for vehicle brake system 

2.1. Dynamic model and equations of motion for vehicle brake system 

In this article, we establish a four degree of freedom torsional model under pure braking 
condition based on the driven model mentioned in ref. [19]. Its mechanical model is shown in 
Fig. 1, including driveline and brake torsional sub-systems, with friction interface through the 
rotor and the pad. The brake sub-system (shown in Fig. 1(b)) which would include brake caliper, 
knuckle and suspension components is simplified to a disc, and its moment of inertia is denoted 
as ܬସ . The driveline dynamics (shown in Fig. 1(a)) can be divided into three inertias: ܬଵ 
representing the equivalent inertia of the final drive and half axle; ܬଶ is the equivalent inertia of 
the brake rotor, wheel hubs and rims; ܬଷ is the equivalent inertia of the tire and the vehicle mass. 
These inertias are connected via two torsional stiffness elements: ݇ଵ, an equivalent stiffness of 
half axle; ݇ଶ, the tire stiffness. ݇ଷ is the equivalent stiffness of brake. The terms ܿଵ, ܿଶ, ܿଷ is the 
viscous damping along with stiffness elements, and ݀ଵ is the equivalent damping counting the 
friction of the components of the final drive and the differential. Fig.1c is the side view of brake 
disc and tire. ݎ௕ is the average radius of contact between the brake pad and brake disc, ܴ is the 
radius of wheel rolling, ܸ is the vehicle speed, ܨ௕ is the brake friction force, ܨఓ is the ground brake 
force. ߠ௬ is the rotating angle of the system. ௥ܶ, ௧ܶ, ௕ܶ are the torques that act on the brake disc, 
the tire and the brake pad. Two assumptions are made to build this mechanical model: 1) the mass 
center of equivalent disc lies on the rim, 2) wheels can only consider to be pure rolling when 
calculating vehicle speeds in the process of braking. 

 
a) System of the driveline 

 
b) Brake sub-system 

 
c) Rotor/tire side view 

Fig. 1. 4-DOF brake torsional model 

Based on the dynamic model shown in Fig. 1, the differential equation of the 4-DOF system 
rotating along the ܻ-axle can be derived by using Lagrange’s equation: ݀݀ݐ ቆ∂ߠ∂்ܧሶ௜ ቇ − ௜ߠ∂்ܧ∂ + ௜ߠ∂௏ܧ∂ + ሶ௜ߠ∂஽ܧ∂ = ܳ௜, (1)

where ߠ௜ is generalized coordinates; ்ܧ is total kinetic energy; ܧ௏ is total potential energy; ܧ஽ is 
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total dissipative function; ܳ௜  is generalized forces. In this system, ்ܧ ௏ܧ , ஽ܧ ,  and ܳ௜  can be 
expressed as: 

ەۖۖۖ
۔ۖ
்ܧۓۖۖ = 12 ሶଵଶߠଵܬ + 12 ሶଶଶߠଶܬ + 12 ሶଷଶߠଷܬ + 12 ஽ܧ,ሶସଶߠସܬ = 12 ݀ଵߠሶଵଶ + 12 ܿଵ൫ߠሶଵ − ሶଶ൯ଶߠ + 12 ܿଶ൫ߠሶଶ − ሶଷ൯ଶߠ + 12 ܿଷߠሶସଶ,ܧ௏ = 12 ݇ଵሺߠଵ − ଶሻଶߠ + 12 ݇ଶሺߠଶ − ଷሻଶߠ + 12 ݇ଷߠସଶ,ܳ௜ = ௥ܶ/௕ ∂൫ߠሶଶ − ௜ߠ∂ሶସ൯ߠ + ௧ܶ ௜ߠ∂ሶଷߠ∂ .

 (2)

Substituting Eq. (2) into Eq. (1), then could obtains the differential equation of the system: 

۔ۖەۖ
ሷଵߠଵܬۓ + ݀ଵߠሶଵ + ܿଵ൫ߠሶଵ − ሶଶ൯ߠ + ݇ଵሺߠଵ − ଶሻߠ = ሷଶߠଶܬ,0 + ܿଵ൫ߠሶଶ − ሶଵ൯ߠ + ܿଶ൫ߠሶଶ − ሶଷ൯ߠ + ݇ଵሺߠଶ − ଵሻߠ + ݇ଶሺߠଶ − ଷሻߠ = ௥ܶ,ܬଷߠሷଷ + ܿଶ൫ߠሶଷ − ሶଶ൯ߠ + ݇ଶሺߠଷ − ଶሻߠ = ௧ܶ,ܬସߠሷସ + ܿଷߠሶସ + ݇ଷߠସ = ௕ܶ.  (3)

2.2. Selection of dry friction model 

Due to the complexity of the behavior of the system vary from friction parameter, a unified 
model cannot be established to illustrate the different dynamic characteristics of mechanics. 
Different scholars proposed different friction models to study particular dynamic characteristics 
of mechanical systems [22]. Generally, it’s believed that the decrease in friction coefficient with 
rubbing speeds is the reason that leads to stick-slip motions of the system, though different friction 
models may lead to different types of stick-slip motions. Thus, this paper selects the dry friction 
model shown in Ref. [23], which is smoothed with a factor ߪ by a hyper-tangent function. The 
relations between friction coefficient and relative velocity can be denoted as: 

௞ߤ＝ሶ଴൯ߜ൫ߤ ൤1.0 + ൬1ߦ − 1.0൰ ݁ିఈหఋሶ బห൨ tanh൫ߜߪሶ଴൯, (4)

where ߙ defines exponential decay factor, ߙ ߪ) defines the smooth factor ߪ ;2 =  defines ߦ ;(50 =
the ratio of the kinetic friction coefficient ߤ௞  and the static friction coefficient ߤ௦ , namely,  ߦ = ௞ߤ ⁄ୱߤ . According to the measurement of the kinetic and static friction coefficient about 
several friction materials of brake friction pairs in Ref. [24], in this paper, we select ߤ௦ = 0.6 and ߤ௞ =  .ݏߤ0.65

In order to explore the vehicle’s dynamic characteristics at a particular constant speed rather 
than the whole braking process, a constant excitation of forward speed ܸ is assumed to be given 
to the system. Since the automobile has been in a state of pure rolling, the functional relationships 
of wheel rotate speeds and the forward speeds of the vehicle can be approximately expressed as: ߱ = ܸܴ, (5)

where ߱ defines the wheel rotation speed, ܸ defines the forward speed of the vehicle. ߜሶ଴ is the relative angular velocity between rotor and brake in the friction model of Eq. (4). The 
driveline system gets a constant excitation of angular velocity ߱ which can be transformed from 
the vehicle speed. So ߜሶ଴ can be denoted as: 
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ሶ଴ߜ = ߱ + ሶଶߠ − ሶସ. (6)ߠ

Then the friction torque is: 

௕ܶ = − ௥ܶ = ௕ܨ ⋅ ௕ݎ = ேܨ ⋅ ሶ଴൯ߜ൫ߤ ⋅ ,௕ݎ (7)

where ܨே defines brake pressure between brake disc and brake pad. 
Considering the complexity of the dynamic behavior of friction between the wheel and the 

ground, it can be denoted neither by bringing forth the existed friction model of tire, nor equaling 
it to a damping similar to Ref. [19]. According to the analysis of the statics, the torque acting on 
the tire from the ground is approximately equivalent to the brake torque acting on the disc at slow 
speed. Then, it can be expressed as: 

௧ܶ = ఓܨ ⋅ ܴ = ୠܨ ⋅ ௕ܴݎ ⋅ ܴ = ୠܨ ⋅ ௕ݎ = ௕ܶ. (8)

Fig. 2 illustrates ߤ as a function of relative angular velocity ߜሶ଴ and the effects of smoothening 
on it, which are calculated by numerical methods based on the chosen friction model. The friction 
coefficient shows strong nonlinear and negative slope characteristics when the relative velocity is 
low as shown in Fig. 2, then tends to fix value at a high relative velocity. 

 
Fig. 2. The friction coefficient as a function of relative angular velocity and zoomed part 

3. Analyses of bifurcation and chaos properties 

In order to analyze the chaotic properties, in this article, we are based on a group of parameters 
obtained from a sample car (shown in Table 1). Then, establishing differential equations based on 
the dynamic model of braking system, and the friction model; the bifurcation characteristics of 
stick-slip motions related to brake pressures can be calculated by Runge-Kutta 4, 5 method with 
adaptive step size control. 

Table 1. Calculating parameters 
Parameter ܬଵ / kg·m2  ସ / kg·m2 ݇ଵ / N·m·radܬ ଷ / kg·m2ܬ ଶ / kg·m2ܬ
Value 0.0018 0.1094 6.2500 0.0625 5.31×104 
Parameter ݇ଶ / N·m·rad ݇ଷ / N·m·rad ܿଵ / N·m·rad/s ܿଶ / N·m·rad/s ܿଷ / N·m·rad/s 

Value 1.41×106 2×105 1 3 20 
Parameter ݀ଵ / N·m·rad/s ܨே / N·m ܴ / m ݎ௕ / m  
Value 30 1000 0.35 0.13  

There is a common view about the mechanism of stick-slip vibrations that there exist a 
boundary value of relative velocity ߜ଴. The stick-slip motions will usually occur when ߜ ൏  ,଴ߜ
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and disappear at ߜ ൐  between the rotor and pad bellow the ߜ ଴. To control the relative velocityߜ
critical velocity ߜ଴, the lower vehicle speed (ܸ = 0.05 m/s) was selected. 

Employing the brake pressure ܨே as one of a bifurcation parameter, then the system global 
bifurcation characteristics ߜሶ −  ே can be calculated (shown in Fig. 3) based on system dynamicܨ
Eqs. (3)-(8) (parameters shown in Table 1). 

From Fig. 3, when the brake pressures are between 300 N and 2000 N, with the increase of the 
brake pressures, the stick-slip vibration characteristics of the system will change from double 
periodic bifurcation to chaos under the selected vehicle speed. The content of this paper is arranged 
as follows: firstly, analyzed the effects of brake pressures on stick-slip vibration characteristics of 
the system through selecting the values of brake pressures corresponding to the typical bifurcation 
and chaos, then calculated Lyapunov exponent of the system to distinguish between chaos and 
periodic motions. Finally, the effects of friction model parameters on bifurcation and chaos were 
studied. 

 
Fig. 3. Bifurcation diagram employing ܨே as a bifurcation parameter 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 4. Time-domain diagram, phase diagram, Poincare diagram and  
power spectrum diagram under ܨே = 980 N 

Arbitrarily selecting values of brake pressure in the periodic region of 2ܶ, 4ܶ, 8ܶ and chaotic 

2T
4T 8T
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region respectively according to Fig. 3, and calculating the vibration characteristics of the relative 
velocity between the rotor and the pad. For example, we can select ܨே = 980 N, 1100 N, 1180 N, 
1320 N respectively, and then get the Time-Domain Diagram, Phase Diagram, Poincare Map and 
Power Spectrum under these ܨே through numerical calculations (shown in Figs. 4-7). 

The system’s motions are not strictly a stick-slip vibration from the time-domain diagram of 
friction torque and the relative velocities shown in Fig. 4(a). In the stick phase, the value of the 
relative velocity between the rotor and the pad is not always zero, however, the fluctuation around 
a value will be slightly larger above zero, which causes the bottom of the limit cycle will not be a 
straight line, but a tiny hump (shown in Fig. 4(b)). In the slip phase, the friction torque will not be 
a constant value but with a larger fluctuation due to the friction model we selected differs from 
the Coulomb’s law. The value of kinetic coefficient will be a constant value when the relative 
velocity is nonzero under the Coulomb’s law, so the friction torque remains unchanged, shown in 
Ref. [19]. Since the friction model selected in this paper has an obvious negative slop of the kinetic 
coefficient under a lower relative velocity, the friction torque will fluctuate in the slip phase; the 
values of friction torque suddenly drop while the motions of the system changing from slip to stick 
by comparing with the time-domain diagram of friction torque and relative velocity, shown in 
Fig. 4(a). This figure also shows that the system has two period stick-slip motions in the Poincare 
diagram (Fig. 4(c)) and power spectrum (Fig. 4(d)); the fundamental frequency is 549.5 Hz, the 
fractional frequency is 275 Hz, and the peak value of the latter is 3.02 times larger than the former. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 5. Time-domain diagram, phase diagram, Poincare diagram  
and power spectrum diagram under ܨே = 1100 N 

Fig. 5 shows that the system has four period stick-slip motions. In period ܶ, there exist two 
types of stick-slip vibrations – ଵܶ and ଶܶ, shown in Fig. 5(a) and Fig. 5(b). In the second stick phase 
(stick 2), the fluctuation of relative velocities is larger than the first stick phase (stick 1), which 
corresponds to the lower branch of the global bifurcation diagram. However, the peak value of the 
relative velocities in the first slip phase (slip 1) is smaller than that in the second slip phase (slip 2), 
which corresponds to the upper branch of the global bifurcation diagram. We can also see that the 
system has four period stick-slip motions in the Poincare diagram (Fig. 5(c)) and power spectrum 
(Fig. 5(d)), and its fundamental frequency is 546.5 Hz. Additionally, the system also has the 1/4 
fractional frequency of 137 Hz, the 1/2 fractional frequency of 273.5 and the 3/4 fractional 
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frequency of 410 Hz, and the peak value of the 1/2 fractional frequency is the maximum, which 
is 3.57 times larger than the fundamental frequency. 

Fig. 6 illustrates that the system has an eight-period stick-slip motions under the brake pressure ܨே = 1180 N. In period ܶ, there exist four types of stick-slip vibrations shown in Fig. 6(a) and 
Fig. 6(b). Among these four types of stick-slip periods, the high fluctuation and a low fluctuation 
of the relative velocities will appear periodically both in the stick phase and the slip phase, which 
forms the eight-period motions of the system. But compared with the double-period motions 
(Fig. 4) and the four-period motions (Fig. 5), the fluctuation of relative velocities will become 
bigger and bigger in the stick phase, which leads to the bifurcation mainly growing towards the 
upper bifurcation, while the shape of lower bifurcation becomes more straight, which makes the 
global bifurcation diagram (Fig. 3) appears to be a squashed doubling periodic bifurcation. Fig. 6 
also shows that the system has eight-period stick-slip motions in the Poincare diagram (Fig. 6(c)) 
and power spectrum (Fig. 6(d)). Its fundamental frequency is 545 Hz accompanied with some 
other harmonic frequencies. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 6. Time-domain diagram, phase diagram, Poincare diagram and  
power spectrum diagram under ܨே = 1180 N 

The motions of the system will turn into chaotic vibrations under the brake pressure  ܨே = 1320 N, as shown in Fig. 7. The attractor of the system has obvious self-similarity properties 
shown in the Poincare diagram (Fig. 7(d)) and the power spectrum of relative velocities (Fig. 7(e)) 
shows a background which is similar to that of noises. Fig. 7(a), (b) shows the time-domain 
diagram of the friction torque and relative velocities after adding a small perturbation Δ  
(Δ = 0.001 rad) to the initial angular velocity of the rotor, which indicates that the friction torque 
and relative velocities have a highly sensitivity at the initial condition. In the test, the trajectory of 
perturbation is similar to the first one in the time before 0.08 second, but the difference between 
these two trajectories will become larger with a tiny perturbation as the time goes. When  ݐ = 0.1656 s, the value of friction torque on original trajectory is 188.4 N/m, while the 
corresponding value on the perturbation trajectory is 146.5 N/m, and the former is 0.28 times 
larger than the latter. Similarly, the value of relative velocity on original trajectory is 8.24 times 
larger than that on perturbation trajectory when ݐ = 0.1888 s.  
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a) 

 
b) 

c) 
 

d) 

 
e) 

 
f) 

Fig. 7. Time-domain diagram, phase diagram, Poincare diagram and  
power spectrum diagram under ܨே = 1320 N 

In Fig. 7(b),(c), the fluctuation of relative velocity so large that it cannot be regarded as a 
fluctuation in the stick phase, but a slip motion; then the occurrences of ‘stick’ and ‘slip’ appears 
to be irregular and random, and hence the stick-slip motions turn into chaos. Fig. 7(f) shows the 
spectrum diagram of the friction torque; the frequency spectrum is obviously continuous, which 
indicates that the motions of friction torque are in the chaotic state. The chaotic motions of the 
friction torque with the vibrations and noises deteriorate the stability under driving conditions 
such as the release of the brake on takeoff and the brake of the vehicle to stop. 
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4. Identification of periodic solution and chaos by Lyapunov exponent 

It is easy to identify the type of motions, whether it is period or chaos under a specific 
bifurcation parameter through Poincare diagram and spectrum diagram from the analysis above. 
However, it’s arduous and unrealistic to identify the type of motions for each parameter of this 
method, especially for the range of bifurcation parameter becomes really large in ߜሶ −  ேܨ
bifurcation diagram, shown in Fig. 3. To avoid this deficiency and to obtain the interval of period 
and chaos, identifying the type of the system’s motions through calculating the Lyapunov 
exponent, which is an important quantitative index to measure the dynamic characteristics of the 
system and to character the average index ratio of convergence or divergence between two 
adjacent trajectories in the phase space, may be a good approach. This method can clearly identify 
periodic solutions and chaos of the system, particularly for the periodic solutions within the 
interval of chaos. 

 Fig. 8. The flow chart of calculating Lyapunov exponent 

In this article, the ‘CLDYN’ method proposed in Ref. [25] was applied to calculate the 
Lyapunov exponent spectrum. This method analyzes the evolution of the difference state vectors 
defined as the distance between the fiducial trajectory and the clones of these motion equations 
initially being disturbed by small values in orthogonal directions. The complete Lyapunov 
exponent spectrum can be obtained by adding a small perturbation on each orthogonal direction. 
Since the system changes its orientation continuously, it is impossible to define a specific axis of 
the phase space as either expansive or contractive. Moreover, the orthogonal directions tend to 
align in the most expansive direction as the dynamical system evolves, which leads to the failure 
of the calculation of Lyapunov exponent. Thus, another method – the Gram-Schmidt 
Reorthonormalization (GSR) – was used to calibrate the orthogonal directions. A flow chart 
(Fig. 8) shows the calculation of the Lyapunov exponent. 
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Selecting ߜ଴ =  10-5, ܶ =  0.01, and iterations ݊ =104, then, we can obtain the Lyapunov 
exponent spectrum under a specific bifurcation parameter ܨே  according to the algorithm 
introduced by the flow chart. Since the largest value of Lyapunov exponent could sufficiently 
reflect the stability of the system, the maximum positive Lyapunov exponent represents chaos and 
the zero exponent represents the periodic motion, thus we only calculate the maximal Lyapunov 
exponent in this paper; in other words, only considering the maximum value from the entire 
exponent spectrum, and its direction will always towards the direction of maximal Lyapunov 
exponent. Fig. 9(b) shows the maximum Lyapunov exponent under the brake pressures at  ܨே =  1190-1500 N, which can be obtained by iteration of computation with the changing 
parameter ܨே. Fig. 9(a) is one part of bifurcation diagram corresponding to the range of the brake 
pressures (1190-1500 N) from the global diagram (Fig. 3). In addition, the accuracy of the 
calculation could be improved by skipping the transient trajectory that the system has not arrived 
steady state. 

 
a) Partial enlarged details of chaotic interval Fig. 3 

 
b) Maximal Lyapunov exponent corresponding to a) 

Fig. 9. Partial bifurcation diagram and maximal Lyapunov exponent diagram  

The maximum Lyapunov exponent could successfully distinguishes the periodic motions from 
the chaos. When the maximum Lyapunov exponent drops abruptly to zero, the motions will 
become the periodic motions, otherwise the chaos, as shown in Fig. 9(a), (b). Moreover, the 
maximum Lyapunov exponent becomes even larger after the merge of the upper branch and the 
lower branch at ܨே ≈ 1300 N. 

Table 2. Lyapunov exponent spectrum under ܨே = 1200 N  ߣଵ ߣଶ ߣଷ ସߣ ହߣ ଺ߣ ଻ߣ  ଼ߣ
0 –0.0410 –0.6081 –4.8002 –305.5453 –173.5329 –402.3243 –976.1830 

Table 3. Lyapunov exponent spectrum under ܨே = 1320 N ߣଵ ߣଶ ߣଷ ସߣ ହߣ ଺ߣ ଻ߣ  ଼ߣ
162.2937 1.0107 –0.0780 –4.7805 –291.3179 –31.6590 –318.2370 –821.2558 

Table 4. Lyapunov exponent spectrum under ܨே = 1370 N ߣଵ ߣଶ ߣଷ ସߣ ହߣ ଺ߣ ଻ߣ  ଼ߣ
0 –0.1585 –4.9395 –36.4785 –260.2797 –13.7716 –255.1294 –756.8736 

Tables 2-4 shows the Lyapunov exponent spectrum when the brake pressures are selected to 
be three different values respectively, which is ܨே = 1200 N, 1320 N, and 1370 N. When the 
maximal Lyapunov exponent is zero and the rest of Lyapunov exponent are negative (Tables 2, 
4), it will be a periodic motion. However, when the maximal Lyapunov exponent to be positive, 
the motions of system will be chaos (Table 3). 
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5. Effects of friction model parameters on bifurcation and chaos 

It is necessary to reduce chaotic vibrations of the brake system, since the mechanical with the 
property of wide-frequency performance and the complexity of the chaotic vibration could greatly 
declines the overall performance of mechanical systems, which may increase the vibrations and 
noises, the crack propagation, the fatigue and the friction of the material. The characteristics of 
friction pair is a crucial factor that induce stick-slip vibrations of brake system; the surface texture 
of friction pair could influence its friction characteristics because it causes the periodic fluctuation 
of friction coefficient. Appropriate surface texture would provide the approximately ideal friction 
characteristics which contains better performance of vibrations and noise of the brake system 
[26-29]. In order to find a proper friction parameters which might reduce the chaos, any researches 
on the effects of friction model parameter on bifurcation and chaos in brake system should be 
delivered, and the surface texture and ingredient design of friction pair would be the topic. 

The Eq. (4) shows the friction model, where the exponential decay factor ߙ and the ratio of the 
kinetic friction coefficient and the static friction coefficient ߦ are the two key parameters which 
influence friction characteristics. The ߜሶ −  ே bifurcation diagrams could be obtained from Eq. (3)ܨ
by changing ߙ and ߦ respectively while remain other parameters kept unchanged as shown in 
Fig. 10. Fig. 10 (a) shows the bifurcation diagrams when ߦ was selected to be 0.6, 0.65 and 0.7; 
we can see that the brake system has a similar dynamic behavior under different ߦ, the dynamic 
behavior of the system will change from doubling periodic bifurcation to chaos along with the 
increase of the brake pressure, and periodic solution and chaos will appear alternately. But the 
intervals of brake pressure corresponding to a periodic solution expand as ߦ increase in the studied 
pressure range. Fig. 10(b) is the bifurcation diagrams when select ߙ to be 1, 2 and 3 respectively; 
we can see that the brake system has the similar dynamic behavior under different ߙ, but the 
periodic interval will shrink and the chaotic interval will expand with ߙ increases, thereafter the 
vibrations of brake system will be increased. 

a) 
 

b) 
Fig. 10. The ߜሶ −  ߦ and ߙ ே bifurcation diagram of brake system under differentܨ

Fig. 11(a), (b) reflects the size of periodic and chaotic pressure intervals corresponding to 
Fig. 10(a), (b) respectively. Fig. 11(a) shows that the periodic and the chaotic pressure intervals 
was interlaced with each other. When ߦ was selected to be 0.6, 0.65 and 0.7, the chaotic pressure 
interval will be the maximum at ߦ = 0.7 and the minimum at ߦ = 0.6 during the 0-2000 N of brake 
pressure. Therefore, the large value of ߦ will improve the characteristics of vibration of brake 
system. When ߙ was selected to be 1, 2 and 3, the chaotic pressure interval will be the maximum 
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at ߙ = 1 and the minimum at ߙ = 3 during the same pressure range mentioned above, as shown 
in Fig. 11(b). Thus, the smaller value of ߙ  could also improve the characteristics of system 
vibration. Through the analysis, we can find that the chaotic pressure intervals could shrink by 
decreasing ߤ௞ − ௦ߤ  and retarding its rate of decay, therefore to improve the vibration 
characteristics of brake system. 

a) 
 

b) 
Fig. 11. The approximate periodic and chaotic pressure intervals under different ߙ and ߦ.  

(White – periodic pressure interval, blue – chaotic pressure interval) 

6. Conclusions 

1) According to Ref. [15], the torsional dynamic model which is coupled through a friction 
pair and under the condition of brake release on takeoff, we establish the mathematical model of 
four degrees of freedom torsional system under ideal braking conditions, then we studied the 
stick-slip motions of the system based on the selected friction model by numerical method. Our 
analysis reveals that the dynamic characteristics of the system could be converting from doubling 
periodic bifurcation to chaos by increasing the brake pressures. 

2) The doubling periodic bifurcation is consists of two branches, the upper branch and lower 
branch. The bifurcation on the slip phase corresponds to the upper branch, while the fluctuations 
of relative velocities of stick phase corresponds to the lower branch. With the increase of brake 
pressures, the fluctuation of relative velocities becomes larger and larger that it can never be 
regarded as fluctuation in the stick phase, but the slip motion. In the test, the ‘stick’ and ‘slip’ 
appear to be irregular, then stick-slip motion gradually turns to chaos. 

3) The Lyapunov exponent of the chaotic interval can be obtained by ‘CLDYN’ method, and 
verified by comparing it with the corresponding bifurcation diagram, where the maximum 
Lyapunov exponent can successfully distinguish the periodic motions from the chaotic intervals. 

4) The effect of friction model parameter on bifurcation and chaos of the system has been 
studied to shrink the chaotic pressure interval by decreasing both the exponential decay factor ߙ 
and increasing the ratio of the kinetic friction coefficient and the static friction coefficient ߦ. 

5) The future work will focus on any experimental researches on stick-slip vibrations to verify 
the discovery about the effects of brake pressures on bifurcation and chaos of brake systems, trying 
to find the influence of brake pressure both on periodic and chaotic interval, and thereafter 
providing theoretical and experimental support to reduce the chaotic interval at low braking speeds 
and to avoid any chaotic vibration of this type. 
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