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Abstract. This paper considers the sensitivity of defective multiple eigenvalues of reducible
matrix pencil, the average of eigenvalues is proved to be analytic, the derivatives of the average
eigenvalues and the corresponding eigenvector matrices are obtained when the generalized
eigenvalue is reducible. The sensitivity of defective multiple eigenvalues of a quadratic eigenvalue
problem dependent on several parameters are also obtained by the result of generalized eigenvalue
problem. The results are useful for investigating structural optimal design, model updating and
structural damage detection.
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1. Introduction

Matrix eigensensitivity analysis has extensive applications in some engineering applications,
for example, structural optimal design [1, 2], model updating [3, 4] and structural damage
detection [5]. For example, in sensitivity-based finite element (FE) model updating, the
eigensolutions of the analytical model serve to construct the objective function, and the
eigensensitivities represent a linearized estimate of the change in the eigenvalues and eigenvectors
due to perturbations of the elemental parameters of the FE model. As a result, the study of the
variation of the eigenvalues and eigenvectors due to variations in the system parameters, or more
precisely the sensitivity of eigensolutions, has emerged as an important area of research.

Most of the early theoretical works, such as [6-10], were concentrated on existence of
derivatives of simple eigenvalues and their corresponding eigenvectors of a matrix or matrix
pencil. However, in problems such as those of dynamics of symmetric structures, the
corresponding matrices can have repeated eigenvalues. The sensitivity analysis of multiple
eigenvalues and associated invariant subspaces of a matrix or matrix pencil have been investigated
by many researchers [11-15]. More generally, Andrew et al. [16] discussed the existence of
derivatives of eigenvalues and corresponding eigenvectors of an analytic matrix-valued function,
which includes the quadratic eigenvalue problem considered here as a special case.

In practical numerical computation, a number of methods for the eigenpair derivatives have
been developed [17-35], but most of the results are under the condition that the eigenvalues are
simple or repeated eignvalues with well-separated derivatives. The requirement that the repeated
eigenvalues must have well-separated derivatives was relaxed in Andrew and Tan [36]. The
sensitivity of multiple eigenpairs of the quadratic eigenvalue problem are considered in [37-41].
Li et al. [42] showed that the undamped viscously or nonviscously damped eigenproblems can be
considered as a degenerated case of general nonlinear eigenproblems and developed an unified
eigensensitivity method for both distinct and repeated eigenvalues. Recently Qian et al. [43]
extended the methods of [36] for generalized eigenvalue problem to quadratic eigenvalue problem,
and proposed numerical methods for computing first and higher order derivatives of multiple
eigenpairs of quadratic eigenvalue problem, and obtained a particular solution to the governing
equation of the derivatives of eigenvectors by using the QR decomposition or SVD. Some of the
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existing works on sensitivity of eigensolutions of quadratic eigenvalue problem are reviewed by
Adhikari in [44, 45].

Unfortunately, most of the works of sensitivity analysis of repeated eigenvalues and their
corresponding eigenvectors are concentrated on non-defective matrices, although some results of
a matrix are available in [14]. This paper aims at developing a method for sensitivity calculation
of a defective repeated eigenpairs of generalized eigenvalue and quadratic eigenproblems. The
remainder of this paper is arranged as follows. In Section 2, the sensitivity of defective multiple
eigenvalues of generalized eigenvalue problem are derived. In Section 3, we focus on dealing with
Sensitivity of defective multiple eigenvalues of quadratic eigenvalue problem, and derive the
derivatives of the average eigenvalues and the corresponding eigenvector matrices. In Section 4,
one example is performed for illustrative purpose. Finally, we make some concluding remarks in
Section 5.

Throughout this paper we use the following notation. C™*™ denotes the set of complex
matrices, C* = C"™1, C = CL. I, is the identity matrix of order n, diag(ay, ..., a,,) stands for the
diagonal matrix with diagonal elements a, ,..., a,,. AT denotes the transpose of a matrix A.
If A= (aij) eC™  B= (bij) € C™™, then A ® B = (q;;B) € C™™™" denotes the
Kronecker product of matrix A and B.

2. Sensitivity of defective eigenpairs of reducible generalized eigenvalue problem

Suppose that L is an open set of CV, p = (py, ..., py) € L, A(p), B(p) € CV™ are analytic
matrix-valued functions in some neighborhood X(p*) of the point p* € L. Without loss of
generality we may assume that the point p* is the origin of CV. In this section we study sensitivity
analysis of the following generalized eigenvalue problem:

A()x(p) = A(p)B(@)x(p), Alp) €C, x(p) € C", p € R(0). ey

Except where stated otherwise, we consider the case in which:

(1) {A(p), B(p)} is a reducible matrix pencil for p € X(0), i.e., B(p) is invertible.

(i) Eq. (1) has an eigenvalue A; with multiplicity r > 1 when p = 0 and A; is a defective
multiple eigenvalue of the matrix pencil {A(0), B(0)}.

Before giving the main result, we cite some related lemmas.

Lemma 1. [46] Let A, B € C™*" and suppose {A, B} is a regular matrix pencil, then there exist
invertible matrices P, Q € C™*", such that:

o= (y ). woo= (i 1)

where:

) =diag(Jy(A), .. J;(A)) € C™, ;%4 (i#)), 1<i, j<r,
Ji(A) = diag(®P (1), -, 18P () € crxn@o,

A1
1) = :: | |G, 1<k <k, 1<i<r,
A;
ki r
Y@ =n@), 1sisr, Y @) =mn,
k=1 i=1
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0 1
N = diag(N®, ..., N@)) g ¢rexnz, N = R eci¥l, 1<j<s,

N
le =n,, N +n,=n
j=1

Lemma 2. [14] Let A(p) € C™™ be an analytic matrix-valued function in some neighborhood
X(0) of the origin, 4; is r multiple defective eigenvalue of A(0), i.e., there exist invertible
matrices X = (X1,X;) € C"™ Y = (Y3, Y;) € CV", X4, Yy, € CV", such that:

YHA(0)X = ( e

) Y =1, 2(A) =2, AA)NAA) =0

Then there exist a neighborhood of the origin X;(0) and analytic matrix-valued functions
X;(p), Yi(p) € C¥", A;(p) € C™*" on &, (0) which satisfy:

D AP)X (p) = X1 (A1 (D), Y (D)A(p) = A (D) (), Yi (0)X(p) = 1.

2)A;(0) = A1, X;(0) =X, Y, (0) =Y.

3) Define A4per = tr(A1(p)) /1, then A4, is analytic on X, (0) and:

Ogver (0) _ 1 (. 0A(0)
ap, —Ttr Y; p; X; )

0X1(0) _ _ 1 0A(0) aYl (0) 1 0A(0) " .
4) aw; X2®1 (Y X ), P @2 (Y1 207 XZ)YZ, where:

Gl(V) = VAl - sz, Qz(v) = AIV - VAz,

when 1(A;) N A(A,) = 0, 0,(V), 0,(V) is invertible.

Theorem 1. Let p = (py,py, ..., Py) € CV, X(0) be a neighborhood of the origin of C¥, A(p),
B(p) € C™™ be analytic on X(0). Assume that B(p) is invertible on X(0) and A, is a defective
multiple eigenvalue of Eq. (1) at the origin with multiplicity r (r > 1). By Lemma 1 there exist
invertible matrices X = (X4, X;) € CV", Y = (Y, Y;) € C™™", X4, Yq, € C7, such that:

YHA(0)X = ( 0 A

) Y'BOX =1,
where A; € C™7", A, € C»*(=1) 3(A) N A(A;) = @. Then there exist a neighborhood of
the origin X;(0) and analytic matrix-valued functions X;(p), Y;(p) € C¥", A;(p) € C"*" on
X, (0) which satisfy:

1) AMX1(p) = B(p)X1(p)A1(p). YI ()AP) = A1(p)YT (p)B(p);

2)A1(0) = A1, X5(0) = X4, Y1 (0) = Yy

3) Define A,per = tr(A1(p)) /1, then A4, is analytic on X, (0) and:

Maver 0) 1 (. 3A(0) ) 1()
TR Nt e Vel p XA )

4)3’%‘)) = X,07! (Y” ROy, — v aB(‘))x Ay).

1A

m;l_p(o) — 051 ( aA(o) X2 _ y 28O aB(o) XZ)Y” yi 2B aB(o) B-1(0).
1A
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Where @1(‘/) = VAl - sz, @z(v) = A1V - VAz, (When A(Al) n A(Az) = @, @1(V), @z(v) IS
invertible).
Proof. Let C(p) = B~1(p)A(p), then Eq. (1) is equivalent to the following equation:

Cx() = A(p)x(p), A)eC, x()eC", perRO). @
Let Y = YB(0), Y = Y¥B(0), Y = (Y, Y}), then Y/ satisfies:

T4C(0)X = ( o A

), YiX =1,

According to Lemma 2, there exist a neighborhood of the origin ¥,(0) and analytic
matrix-valued functions X;(p) , Y;(p) €CY" , A;(p) €C™" on X;(0) which satisfy

Egs. (3)-(6):

CPX.(p) =X; (A, (), Yip)C®) =A,®YiP), ¥®Xp =1, 3)
Al(o) =A,, X1(0) =Xy, Y1(0) =Y;. “

Agver = tr(A1(p))/r is analytic on X, (0) and:

Maver (0 _1 (. 0C(0)

S = (W, %) (5)
X, (0) (. 3c(0) aYH(0) . (.. ac(0)_ \.

api =X2®11<Y£I apl Xl ’ apl 2921 Y{I 9 ; X2 YI;IJ (6)

Where @1(‘/) = VAl - sz, @z(v) = A1V - VAz, (When /’{(Al) n /’{(Az) = @, @1(‘/), Gz(v) 1S
invertible).
Let Y/ (p) = Y (p)B~1(P), from Eq. (3), we have:

A(P)X,(p) = B(p)X1(A,(p), YI{(p)A(p) = A;(p)Y!(P)B(p),

and A;(0) = A4, X1(0) = X4, Y;(0) =Yy, then we get Egs. (1), (2) of the Theorem 1.
Because Eq. (1) is equivalent to the Eq. (2), the eigenvalues of Eq. (1) is same with Eq. (2),
then the average of eigenvalues of Eq. (1) equals to the average of eigenvalues of Eq. (2). From
B~1(0) (— -

Eq. (5), Agper = tr(A;(p))/r is analytic on X, (0) and:
X
op; op; 1}

1 dA(0) dB(0) )
=—tr| Y ——=X, - Y —X A, |
r < 1 apl 1 1 apl 1741

Oaver 0) _ 1 (W ac(0) X1> 1
r r

dp; ' op;
L |yn <6A(0) aB(0)

= 1tr [Y{’B(O)

dA(0) 9B(0) c (0)>

— I —

B op; op;

B-l(O)A(0)> X,

From Eq. (6), we get the derivatives of right generalized eigenvectors matrices of Eq. (1):

X, (0) < 0C(0) B1(0) <6A(0) _9B(0) c (0)> Xl}

=X,07Y
apl 2V1 <2

x1> =X,07! {YQB(O)

op; op;

i

0A(0) 0B(0)
—x,07! |v# - B-1(0)A(0) | X
2Y1 2( apL apL 1
0A(0) dB(0) )
=X 9_1<YH X, - Y ——XA,; )
2V1 2 apl 1 2 apl 1741
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According to:

67{’(0)29 (YHaC(O) )?H

ap;

“1(0) <6A(0) 9B(0) C(O))
op; op;

JdA(0 4 9B(0
L

= 951 [Y{’B(O)

}Y’;’ B(0)

—X,A )Y’Z B(0),
and Y (p) = Y (p)B(P), we get the derivatives of left generalized eigenvectors matrices of
Eq. (1):

GY{’(O)_?{’(O) . _
op; B op; 0 - ¥ =B

= 03! (Y{’ aA(O)x - Yy aB(O)X A )Y’j -Yy a];;()) B~1(0).

aB(O)

ap. 7 oy
So the proof of the Theorem 1 is completed.
3. Sensitivity of defective eigenpairs of quadratic eigenvalue problem

In this section we study sensitivity of the following quadratic eigenvalue problem:

(22()M(p) + 1(p)C(p) + K(p))u(p) =0, A(p) € C, x(p) € C*, p € R(0), (7

where p = (pq, P2, -, Py) € CV, M(p), K(p), C(p) € C™ " are analytic matrix-valued functions
in some neighborhood X(p*) of the point p* and M(p) is invertible. Without loss of generality we
may assume that the point p* is the origin of CV.

Lemma 3 [38]. Suppose M, C, K € C™*" and M is invertible, let:

-K 0 C M
A_( 0 M)’ B_(M 0)'
Then, we have:
1) Quadratic eigenvalue problem Eq. (7) is equivalent to generalized eigenvalue problem
Ax = ABx, where x = [u”, 2u’].
2) Suppose 4 is the eigenvalue of Eq. (7), the columns of U, V € C™" are the corresponding
right eigenvectors and left eigenvectors of 4, let X = [U#, AU#], Y? = [VH, AVH], then:

AX = ABX, YA = AY¥B, Y"BX = VH#(2AM + C)U.

3)If U, € C¥7, D, € C™"satisfy MU, D + CU, D, + KU; = 0, then A(D,) € A(M, C,K).
Theorem 2. Suppose M, C, K € C™™ and M is invertible. If 1, is a defective multiple
eigenvalues of Eq. (7) with multiplicity r. Then there exist:

U= (UII Uz) € Cann, V= (Vl’VZ) € CTLXZn’ Ul’ Vl € C‘{rl‘xr,
A1 € CTXT, A2 c C(Zn—r)X(Zn—r)’

such that U;, V; are right and left eigenvector matrices corresponding to eigenvalues matrix A,
respectively, U,, V, are right and left eigenvector matrices corresponding to eigenvalues matrix
A, respectively. Moreover:
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V{ICU1 + A1V]I_-IMU1 + VfMUlAl = IT"
VgICUZ + AzV;MUZ + VgIMUZAZ = IZTI—T'
;{(Al) = /’{lt /11 e /’{(Az)

Proof. Since 1, is a defective multiple eigenvalues of Eq. (7) with multiplicity r, from
Lemma 3, A, is also a defective multiple eigenvalues of Ax = ABX, where:

A= (8 B W)

By Lemma 1, there exists X = (X;,X;), Y = (Y, Y2), Xy, Y; € C?™7 such that:

A, 0

H —
YAX-(O A,

), YIBX =1,, A, ¢ A(A,). ©)

From Eq. (8) we get:

Axl = BXlAl, Y:{-IA = AlY{IB, (9)
AX, = BX,A,, YYA =A,YB, (10)
Y'BX, =1, YUBX,=1,, . (11)

Let U; = [I,,, 01X;, V; = [I,,, 0]Y; (i =1, 2), from Eq. (9) we have:

X{ = [uf,Afuf], Y = [v{,A,V{], (12)
MU,A? + CU,A, + KU, =0, A2VEM + A,VHC+ VAK = 0. (13)

From Eq. (10) we get:

X§ = [Uf,AJUY], VY = [V, A, V(] (14)

Thus Uy and V; are right and left eigenvector matrices corresponding to eigenvalues matrix
A, respectively, U, and V, are right and left eigenvector matrices corresponding to eigenvalues
matrix A, respectively. From Egs. (11), (12) and (14) we get:

VECU, + A,VFMU, + VEMU,A, =1, (16)
Vé‘ICUZ + AngIMUZ + VQIMUZAZ = IZn—r- (17)

So the proof of the theorem is completed.

Theorem 3. Let p = (py, P2, -, D) € CV, R(0) be a neighborhood of the origin of CV, M(p),
C(p), K(p) € C™™ be analytic on ¥(0). Assume that M(p) is invertible on X(0) and 4, is a
defective multiple eigenvalue of Eq. (7) at the origin with multiplicity r (r > 1), i.e., there exist
invertible matrices U = (U;,U,) € C2", V = (V,,V,) € C™2* U,, V; ECY™" A, € CT¥7,
A, € C@n=mX@n=7) guch that Uy, V; are right and left eigenvector matrices corresponding to
eigenvalues matrix A, respectively, U,, V, are right and left eigenvector matrices corresponding
to eigenvalues matrix A, respectively. Moreover:

V{ICU1 + A1V{1MU1 + VfMUlAl = IT’
V;ICUZ + szglMUZ + VgIMUZAZ = IZTL—T’
;{(Al) = Alt /11 e /’{(Az)

Then there exist a neighborhood of the origin &;(0) and analytic matrix-valued functions
U,(p), Vi(p) € C¥", A;(p) € C™*" on &, (0) which satisfy:
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1) M(p)Y: (A% (p) + C(p)Us1(P)A: (p) + K(p)Ui(p) = 0

Ai(PVI M(p) + A1 (P)VI ®)C(P) + V{' (D)K(p) = 0.

2)A1(0) = A4, Uy(0) = Uy, V1 (0) = Vy.

3) The average of the eigenvalues Ay, = tr(A;(p))/7 is analytic on &, (0) and:

M aper (0) 1 [ <6M(0) aC(0) 9K(0) >]
AT L — —tr|—VH U A2 + ——2U A +———=U, .

op; Y\ op T ap, ' op

5 0U1(0) U0t [ v (6M(0)U A2+0c(o) VA, + aK((‘>) Ul)]

aw;lp(o) 051 [ _yH (aM(o) U,AZ + aC(o) ) y,A, + aK(o)U )] VIZ _p aM(o)M 1(0),
where 0,(V) =VA; —A,V, 0,(V) = A V—-VA,, (When A(AAD)N A(Az) =0, 0, 0, is
invertible).

Proof. Let:

K@) 0 C(p) M) u(p)
A@) = ( ). B = ) %@ =(30yuim)
®={ 0" mp) BP =M o ) *P=Lpum

X = (X,X,), X =[ull,Affull], x¥ =[u¥, Adud],
Y= (Ylt Yz), YH = [VH'AIVZ{.I]' Ygl = [VgtAZV;I]

From Lemma 3 and the proof of Theorem 2, Eq. (7) is equivalent to generalized eigenvalue
problem A(p)x(p) = A(p)B(p)x(p), B(p) is invertible, 4, is a defective multiple eigenvalue of
{A(0), B(0)} at the origin with multiplicity r and:

YHA(0)X = ( 0 A

), YHBX = 121’1’ A‘l $ A(Az).

According to Theorem 1, Then there exist a neighborhood of the origin &, (0) and analytic
matrix-valued functions X;(p), Y;(p) € C¥", A (p) € C"™" on R,(0) which satisfy
Egs. (18-22):

AX;(p) = B@X,(»A,(p), Yi(®A(P) =AY ([®@)B®), (18)
Al(O) =A, X1(0) =Xy, YI(O) =Y. (19)

The average of the eigenvalues A,,,, = tr(A;(p))/r is analytic on &, (0) and:

02 aver (0) 1 ( dA(0) dB(0) )
—_— Y/ ——X, - Y/ —=X,A, ), 20
ap; ap; ap; ! @0
0X,(0) < dA(0) dB(0) )
=X,07 (Y ——=X, - Y/ ——X,A, |, 21)
ap; AP g Y ap; ! ¢
aYH (0) ( 0A(0) dB(0) ) aB(O)
=0, Y/ X, —YH X, | Y — Y ——B~1(0), (22)
ap; 2\t o TP ap ) ap;

where @1(V) = VAl - sz, @z(V) = A1V - VAz, (When A(Al) n A(Az) = @, Ol(v)a Gz(v) is
invertible).

Let Uy(p) = [I, 0]X;(p), Vi(p) = [I,, 0]Y;(p), (i =1, 2), then Uy (p), V1 (p) is analytic on
X,(0). From Eq. (18) we get:

M(p)U,; (p)A3(p) + C(p)U; (p)A;(p) + K(p)U;(p) =0,
Ai (VY (pM(p) + A, (p)Vi (p)C(p) + Vi (p)K(p) = 0.
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Thus U, (p), V; (p) are the right and left eigenvector matrices corresponding to eigenvalues
matrix A;(p) of the Eq. (7) respectively. By Eq. (19), U;(0) = Uy, V;(0) =V;, so we get
Egs. (1), (2) of this theorem. By Eq. (20), the average of the eigenvalues 1,0, = tr(A;(p))/r is
analytic on &, (0) and:

Oaver 0) _ 1 [ 0AQ) ~  0B(0)
Since:
JK(0)
dA(0) 9B(0) -~ op; <U )
H —YH — H i 1
Y; p; X; Y] p; X;A; = (Vi,A4VY) am(0) |\u,A,
op;
(GC(O) 6M(0)\
ap; Jp; U, )
— H 4 i
Ve AVI am(0) (0,,):
0
op; /
aM(0) ac(0) dK(0) >
=—V”<—U A+ ——UA +——U, |
! op, op; ap;
Then:
02 gper (0) _ 1 H oM(0) 2 aC(0) JK(0)
ap, —rtr Vi p; U,A] + p; U,;A; + , U, ||,
so we get Eq. (3) of the theorem. According to Eq. (21):
au, (0) < 9A(0) 9B(0) )
=U,07 [ Y ——X, - Y/ ——X,A, ).
api 2V 2 api 1 2 api 11
Since
JK(0)
dA(0) dB(0) ~ op; U
vy X, — Y{ ——X,A, = (V¥,A, V¥ l ( L )
2 g, X1 Yo gy XAy = (VL AV aM(0) | \U,A,
op;
dC(0) oaM(0)
ap; dp; U,
_(VH H 14 i
(W2 A2V am(o) (uia,) 2
op;
oM(0) aC(0) JK(0)
-t (G« R+ )

Then:
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aM(0) ac(0) 9K (0)
—_ -1|_yH 2
=U,0; [ v2< o, U, A% + o, U, A + o, u, |

au,(0)
op;

Utilizing Eq. (22) and the following equation:

_ 0K(0)

L 0A(0)

v 9B(0)

ap; U
X, - Y ——=X, = (V{,A, Vf ' ( 2 )
api 2 1 api 2 ( 1 1) OM(O) U2A2

ap;

ac(0) aM(O)\|

_(VH H (api op; (Uz )
(V ,A1V1) aM(O) 0 / U,A, A,

op;

aM(0) aCc(0) dK(0) )
= —VH<—U A3+ UA, + U, ),
1 apl 2482 apl 2482 apl 2

we have:

VIO _ oy [_VH <6M(O) ac(0) oK) | )} v
- Y2 1 2

U,A% + U,A, + oM(0
op; 22T ap, PP opy 2

4

—vH M~1(0).

op;
So the proof of the theorem is completed.
4. An example

Let p = (p4, p,), consider the matrix, consider the matrix:

2py+p.+1 py+p+1 py 1 p, O
A(p) = 2p, pi+1  p2|, B@=(0 1 0]

21 P2 0 0 0 1
Then:
110 1 0 0
A(0O)=|0 1 0], B(p)=|0 1 0]
0 0O 0 0 1

The eigenvalue of {A(0),B(0)} is 4 = 1 with multiplicity r = 2. The derivatives of the

matrices are:

2 1 1 0 1 0
w0 (313 @0 (01 0)
P1 100 P1 0 0 0

pZ 0 1

LetX =13 and Y = I3, then:
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110 10 0
YHA(O)X=(0 1 0), YHB(O)X=<O 1 o).
0 0 1 0 0 1

From Theorem 1 we have:

0daper(0) 1 1 3
== =50l D)-6 06 D=37@ D=3
0aper(0) 1 1 1
===l 0= 06 DI=37(G o) =3
0x,0) (O\ 0 0 0

5 =<0>@11(1 0)=<0>(1 —1)=<0 0>,

o 0 0 0 oy !
a);;(o)=<o>®;1(o 1)=<0>(0 1)=<o 0>,

2
aXZ(O):@: (0) © o 1)_1(0 0) =0(01 -1 1)
op, N | 0 0 0 0 0/

1
0

X, (0) _

. =®21((1))(0 0 1)=(8 8 h.

5. Conclusion

The derivatives of eigenvalues and eigenvectors, which characterize the tendency of variation
for frequencies and mode shapes with respect to design parameters, are widely used in many
applications. For example, one of the most commonly used methods in damage detection of bridge
is vibration test analysis method, whose idea is to discrete bridge by finite element method or
finite difference method and convert the dynamic model of the bridge structure to computing the
eigensensitivity of a damped system. This paper proposes the theoretical analysis on sensitivity of
defective multiple eigenvalues. For generalized eigenvalue problem, the derivatives of the average
eigenvalues and the corresponding eigenvector matrices (Theorem 1) are both obtained by the
equivalence of generalized eigenvalue problem and standard eigenvalue problem when mass
matrix is invertible. For quadratic eigenvalue problem, we can translate quadratic eigenvalue
problem into generalized eigenvalue problem, then by the result of generalized eigenvalue
problem, the average of eigenvalues is proved to be analytic, the derivatives of the average
eigenvalues and the corresponding eigenvector matrices (Theorem 3) are obtained when the mass
matrix is invertible.
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