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Abstract. Accuracy of machine tool with a gantry frame is reduced due to the vibration caused 
by inertial force impact. Hydrostatic slider bearings are considered as key structures of machine 
tools, which play an important role in improving impact and vibration resistance ability as 
dynamic performance. In this work, an incline model which combines bending deformation with 
linear displacement is simulated using working conditions of the straddle carrier under inertial 
force impact as an imitation of vibration amplitude. Using finite difference method (FDM), 
numerical solution of pressure distribution in oil pad can be determined by solving the Reynolds 
equation. Relationship between carrying capability and incline extent can be determined by 
analyzing the resolution of the Reynolds equation. A new type of oil pad size optimizing process 
is propose in this work, which is carried out based on the analysis of the analyzing result to 
enhance the inertial force resistance ability. Finally, impact resistance capacity of machine tool 
can be improved by sacrificing oil film thickness. 
Keywords: hydrostatic slider bearing, inertial force impact, Reynolds equation, finite difference 
method, structural optimizingy. 

Nomenclature  Length of bearing pad 
 Width of bearing pad 

 Length of oil pocket 
 Width of oil pocket 
 Film thickness 
 Inertial force 
 Mass of straddle carrier 

 Acceleration 
 Offset of straddle carrier’s center of gravity 
 Inertial moment  = 1, 2,…,  Number of oil pad 
 Displacement on  coordinate 

 Length of bending part 
 Maximum offset 

 Film thickness of ideal model 
 Pressure 
 Pressure in oil pocket 
 Carrying capacity 
 Moment on  coordinate 

 Volumetric flow rate 
 Velocity of straddle carrier on  coordinate 

 Viscosity 



1715. CARRYING CAPACITY ANALYSIS AND OPTIMIZING OF HYDROSTATIC SLIDER BEARINGS UNDER INERTIAL FORCE AND VIBRATION IMPACT 
USING FINITE DIFFERENCE METHOD (FDM). LIGANG CAI, YUMO WANG, ZHIFENG LIU, QIANG CHENG 

2782 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2015, VOLUME 17, ISSUE 6. ISSN 1392-8716  

 Dimensionless pressure 
 Dimensionless size on  coordinate 
 Dimensionless size on  coordinate 
 Dimensionless size on  coordinate 
 Dimensionless carrying capacity 
 Dimensionless moment on  coordinate 

 Dimensionless slow rate 
 Dimensionless velocity of straddle carrier on  coordinate ℎ Dimensionless film thickness ̅  Step length on  coordinate 

 Step length on  coordinate 
 Numerical count of elements on  coordinate 
 Numerical count of elements on  coordinate 

 Supply flow rate of each oil pad 
 Acceleration of gravity ̅   Slope rate of linear inclination 

1. Introduction 

Hydrostatic slider bearings are widely used for a range of applications including in a number 
of industrial instruments and are considered to be among the typical uses of hydrostatic supporting 
systems. Lubricating oil is pumped into oil pads, which are fixed on the slide carriage. This results 
in the formation of an oil film between the edges of the oil seal of the oil pads and the slider rail. 
A major part of the loading ability for these supporting surfaces is provided by pressurized oil 
within a pocket on the oil pad and the oil film at edge of the oil seal, which maintains the pressure 
in pocket. This is referred to as the hydrostatic effect. Hydrostatic slider bearings have a large 
carrying capacity. As a result of this, hydrostatic bearing are mainly used in huge machines such 
as heavy machine tools with mobile gantry frames or straddle carriers, where the weight of the 
carrier can exceed hundred tons. Starting or stopping the gantry frame would result in vibrations 
due to the accelerating inertial force. This results in reduced machining accuracy and in some 
cases could also damage the work piece. Therefore, impact resistance should be taken into 
consideration along with the static carrying capability when designing or analyzing hydrostatic 
slider bearings. The resistant ability is evaluated by the inclination extent which is regarded as the 
amplitude of inertial variation. Smaller inclination under greater inertial force means better 
resistant ability. Typically, studies on hydrostatic supporting systems are based on the resolution 
of the Reynolds equation. 

Several groups have carried out research on hydrostatic slider bearings based on the Reynolds 
equation, and the results reported were verified by applying them to solve the practical engineering 
problems [1, 2]. Reynolds equation is a second order partial differential equation, which includes 
parameters as pressure, film thickness, oil viscosity and density and loading surface velocity. 
Before being solved, the Reynolds equation has to be modified according to the working condition 
[3, 4]. Pressure distribution in the oil pad determines carrying capacity, which is influenced by 
film thickness [5]. Uneven distribution of the oil film due to inclination caused by inertial force 
impact should be taken, which would influence the carrying capacity is taken into consideration 
in the current work. A modified Reynolds equation which takes into account the influence of film 
thickness variation is needed [6, 7]. Lubricating oil in hydrostatic systems is always considered as 
incompressible due to the fact that the influence of fluid density can be neglected. In addition, 
moving velocity of the gantry frame is relatively low, which allows temperature variation and 
non-Newtonian features to be neglected. As a result, effect of oil viscosity can also be ignored 
[8, 9]. The partial derivative in respect of time in the Reynolds equation is ignored in many 
researches because hydrostatic systems always have relatively high damping coefficient [10]. So 
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this work mainly focuses on the transient impact like inertial force impact. The Reynolds equation 
is always solved numerically. This is because the analytical solution of is difficult to solve, even 
in cases where the equation has been modified. Finite difference method (FDM) is a widely used 
numerical approach for solving partial differential equations such as the modified Reynolds 
equation [11]. Using FDM, the Reynolds equation can be approximated into finite algebraic 
equations, which can be solved using the Gauss-Seidel method. This can then be used to determine 
numerical pressure at each node [12]. Using successive over-relaxation (SOR) method allows to 
make the computations more stringent and also allows for improved iteration speed [13]. 
Numerical results demonstrate reliability of the method within a fixed error tolerance [14]. Oil 
flow rates are also influenced by inclination caused by inertial forces. The flow rate along with 
pressure distribution determines carrying capacity of hydrostatic slider bearing [15, 16]. 
According to the multi-body system (MBS) theory, tool tip position is significantly affected by 
small geometrical errors. These errors are typically caused by inclination of slider and are 
amplified through the structure of the frame. All these errors reduce machining precision [17, 18]. 
Therefore, inclination error of slide carriage studied in this work is limited to relatively small 
scales. An optimizing process is used to determine parameters which can be used to improve 
inertial force resistance based on the relationship between slider inclination and carrying ability. 
An optimal solution is determined based on testing carried out in several experiments [19, 20]. 

Here, the Reynolds equation is modified to solve pressure distribution in a sloped oil pad 
according to the working condition of hydrostatic slider bearings. Bending deformation and linear 
displacements are both taken into consideration to simulate shape of the oil film. The Reynolds 
equation is then converted into algebraic form using FDM and is solved numerically using the 
Gauss–Seidel iterative method and accelerated using SOR. Relationship between slider inclination 
and carrying capacity is obtained using the pressure distribution and oil supply mode. Here, oil 
supply mode was set with constant flow rate pump, which is widely used in heavy devices. 
Optimal oil pad design to enhance impact resistance ability can be determined based on current 
analysis. The resistance capability is estimated by the inclination extent under equivalent inertial 
impact or, in another word, the resistant moment generated by equivalent inclination. 

2. Methodology 

2.1. Model for hydrostatic slider bearing under inertial force impact 

Hydrostatic slider bearings are mainly used in large machine tools to support and lubricate the 
mobile gantry frame. In this work, two slider rails were fixed on the ground and two slide carriages 
were allowed to move on the rails. Several oil pads were fixed along two symmetrical rows on the 
bottom side of each slide carriage. The model for slider bearing and oil pad is shown in Fig. 1. 

 
a) Oil pads on machine tool 

 
b) Model of oil pad 

Fig. 1. Model of hydrostatic slider bearing 
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In Fig. 1,  is the length of the oil pad,  is the width of the oil pad,  is the length of the oil 
pocket,  is the width of oil the pocket and  is the film thickness. 

Impact inclination of the slider bearing is caused by inertial force, which means that the incline 
extent is associated with the mass of gantry frame and moving acceleration. 

Assuming that,  is inertial force,  is mass of the gantry frame,  is acceleration,  is the 
offset from center for the gantry frame,  is inertial moment,  is number of oil pads coded  
1, 2,…, : = − ,= .  (1)

Every oil pad is fixed at the bottom of slide carriage, so deformation or displacement of slide 
carriage will directly affect film thickness between oil pad and slider rail. Under the impact of 
inertial force, slope caused by inclination and bending caused by inertial moment will both 
influence film thickness. Bending deformation is typically associated with working conditions as 
inertial force; Young modulus of the material, geometry of the carriage, etc. Extent of this type of 
bending deformation is related to square of the length of the part loaded with constant moment. 
No deformation occurs on the part without loaded, which results in the bending deformation 
relationship to be linear. To analyze the slider bearing under inertial impact, the slide carriage can 
be divided in two parts undergoing bending deformation and linear displacement. At the boundary 
point between these two parts, value of the function and derivative are considered to be  
continuous. Model of displacement is shown in Fig. 3. 

Fig. 2. Inertial force impact on slider bearing 
 

Fig. 3. Displacement assumption of oil pads 

Displacement extent is written as: 

= 2 − , 0 ,
2 − −− + − 2 − −− , , (2)

where,  is deformation along the  coordinate,  is the boundary point between two parts,  is 
maximum offset of . Different  values stand for a unique inclination situation. Impact of 
inertial force on slider bearing is reflected on the displacement of slide carriage, so the offset  is 
able to represent impact instead of  or . Film thickness can be represented as the summation 
of original film thickness  and displacement : = + . (3)

For analysis, the following dimensionless variables are used: 
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= ,    = 1 ,   = , = 1, = , = 1, = , = ,ℎ = ℎ  ,   = 1,   = , = , = , = , (4)

where,  is pressure,  is pressure in the oil pocket,  is carrying capability,  is volumetric 
flow rate,  is carriage velocity, ℎ  is film thickness and  is viscosity. In addition,  is 
dimensionless pressure,  is dimensionless size on  coordinate,  is dimensionless size on  
coordinate,  is dimensionless size on  coordinate,  is dimensionless carrying capability,  
is dimensionless moment on  coordinate,  is dimensionless flow rate,  is dimensionless 
carriage velocity and ℎ is dimensionless film thickness. 

Moving speed of hydrostatic slider bearing has always been found to be low in most 
applications. Viscosity and density variations can be ignored, as there is no significant temperature 
change. The modified Reynolds equation for analyzing the hydrostatic slider bearing is  
written as [7]: 

̅ ℎ ̅̅ + ℎ ̅ = 6 ̅ ℎ . (5)

2.2. Finite difference method 

Partial differential equations (PDE) such as Eq. (5) are difficult when solved analytical, 
however using FDM, the PDEs can be converted into algebraic equations, which are relatively 
easier to solve. According to Taylor's theorem, function like pressure distribution can be written 
as: 

̅ , = ̅ ,0! + ( ̅ − ̅ )1! ∙ ̅ ,̅ + ( ̅ − ̅ )2! ∙ ̅ ,̅ + ⋯, (6)

where, ̅ − ̅  is the step length for the  coordinate and it can be written as ̅ ,  and  is 
numerical counts of the elements on  and  coordinate respectively. The precision of the 
numerical solution is able to be improved by choosing appropriate ̅ . So all polynomials 
beyond quadratic ̅  could be ignored as infinitesimals and PDE can be approximately written 
as [12]: ̅ ,̅ = ̅ , − ̅ ,̅ − ̅ . (7)

Eq. (5) is converted and reorganized as: 

̅ , =
ℎ , ̅ , + ℎ , ̅ , + ̅ ℎ , ̅ ,+ ̅ ℎ , ̅ , + 6 , ℎ , − , ℎ , ̅ℎ , + ℎ , + ̅ ℎ , + ̅ ℎ , , (8)

where,  is step length for the  coordinate. Discrete nodes of FDM are shown in Fig. 4. 
Where, central axis is the neutral axis, where all the moments are zero. In this work, the central 
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axis is located in the middle of the slide carriage along the  coordinate. ̅ ,  is the distance from 
the central axis to the node. 

 
Fig. 4. Discrete nodes of FDM 

Eq. (8) is the iterative form of the modified Reynolds equation, which can be solved 
numerically. Pressure distribution can be determined by using Gauss-Seidel method and SOR 
acceleration, whose convergence has been verified in many researches [10]. Boundary condition 
is written as: 

̅ , = 1, | ̅ | 12  ̅  and 
12 ,0, | ̅ | = 12   or  = 12 . (9)

ℎ at each node is prerequisite to solve for the pressure distribution. However, dimensionless 
film thickness is highly associated with the oil supply mode, loading situation and pressure 
distribution. To resolve this contradiction, film thickness can be chosen artificially as a trail value ( ) and then pressure distribution  ( ) can be solved. The dimensionless carrying capability and 
flow rate of the th oil pad, namely ( )  and ( ),  are determined based on the pressure 
distribution. The total carrying capability for a single row of oil pads ( ) is regarded as the 
summation of all the oil pads. Real load of the hydrostatic slider bearing is approximately equal 
to the weight of the gantry frame. Supply flow rate is constant, so film thickness ( ) can be 
determined based on ( ),  and . 

According to Eq. (4): 

( ) = 14 ̅ ,( ) + ̅ ,( ) + ̅ ,( ) + ̅ ,( ) ̅ ,
( ) = ( )( ) ( ) ,  (10)

where,  is the supply flow rate for each oil pad. 
Pressure distribution can be affected by inclination of the slide carriage, so ̅ ( ) needs to be 

solved based on ( ) . ( )  and  need to be renewed based on the result of ̅ ( ) . Then, an 
updated film thickness ( ) is determined, which means the iteration moves to the next round: 

( ) = ( ) ∙ 4 ∑ ( ), (11)

where,  is the acceleration due to gravity. 
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Successive iterations are carried out until numerical results match the preset error tolerance to 
determine ( )  depend on which  and  can be solved as while.  is the ability of 
hydrostatic slider bearing to resist the inertial force impact: 

( ) = ( )( ) ( ) ∙ ,
( ) = 14 ( ̅ ,( ) + ̅ ,( ) + ̅ ,( ) + ̅ ,( ) ) ∙ 12 ̅ , + ̅ , ̅ ,
( ) = ( )( ) ( ) ∙ .

 (12)

The flow chart illustrating the iteration algorithm is shown in Fig. 5 [16]. 

 
Fig. 5. Flow chart illustrating the iteration algorithm 

3. Results and discussions 

3.1. Incline impact on carrying capability of single oil pad 

According to the displacement assumption shown in Fig. 3 and Eq. (2), oil pads generate 
moment to resist incline impact. Values and ranges of parameters used in the analysis are listed in 
Table 1. 

Before carrying out the carrying capability analysis, the displacement assumption should be 
verified. In this work,  is limited to the range between 0 and 2×10-5 m. This range for  poses a 
measurement difficulty. However, finite element modeling (FEM) software has been proved to be 
reliable for small deformations in this range. A comparison of displacement assumption shown in 
Fig. 3 with FEM result determined using simulations carried out in ANSYS 14.5 are  
shown in Fig. 6. 
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Table 1. Value/range of  
major parameters 

Parameter Value/range 
 3×105 kg 
 3.5 m 
 0.6 m 
 0.4 m 
 0.36 m 
 0.24 m 
 5 
 0.06 Pa·s 
 0-2×10-5 m ( ) 5×10-5 m 
 3.3×10-6 m3/s

Error tolerance [16] 1×10-7 
 

 
Fig. 6. Verification of displacement assumption 

In Fig. 6,  is set as 1.3 m and  is set as 2×10-5 m to match the FEM result. Maximum error 
between the displacement assumption and FEM result is about 7 %, which implies that results 
based on the assumption are reliable to set permissible level. 

In an ideal model without inclination, namely = 0 m, pressure distribution determined by 
FDM is shown in Fig. 7. 

 
a) Distribution in 3-D 

 
b) Distribution in contour 

Fig. 7. Dimensionless pressure distribution for a single oil pad 

In Fig. 7, dimensionless pressure  is 1 in the oil pocket and 0 at the outer boundary of oil seal 
edge. Based on the results, dimensionless carrying performance can be determined with  = 0.6209 and = 0.9798. According to Eq. (10), relationship between carrying capability and 
film thickness is shown in Fig. 8. 

According to the constant flow rate oil supply mode, carrying ability decreases with increasing 
film thickness and increases with increasing supply flow rate. In most working conditions, load 
on the hydrostatic bearing is predominantly the weight of the gantry frame, which implies that the 
loading is stable. Therefore, carrying capacity and film thickness remain constant in an ideal model 
without inclination. Under the influence of inertial force impact, dimensionless carrying capability 
and flow rate will be change with the slope. Variation of dimensionless carrying ability and flow 
rate for a single oil pad with linear inclination is shown in Fig. 9. 

In Fig. 9, dimensionless carrying capacity and flow rate are both increasing with rising ̅ but 
the extent at which flow rate increases is more than the carrying capability. With ̅ rising from 0 
to 1×10-5,  increases about 0.16 %, which can be considered as negligible growth;  increases 
5.9 %, which is approximately 36 times . When loading, with geometry of oil pad and supply 
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flow rate held as constants, film thickness can be written as: 

∝ . (13)

From Eq. (13), it can be concluded that for this type of linear inclination of single oil pad can 
reduce the film thickness . However, uneven pressure distribution in each oil pad generates the 
moment to resist inclination and this serves as the working principle for the oil pads. Relationship 
between ,  and ̅ when = 3.3×10-6 m3/s is shown in Fig. 10. 

 
Fig. 8. Change in carrying ability for different oil film thickness 

Fig. 9. Slope impact on dimensionless carrying 
ability and flow rate 

 
Fig. 10. Slope impact on oil film thickness and 

moment 

With increasing slope rate and decreasing film thickness,  increases collision possibility for 
oil pad and slider rail. This could result in catastrophic damage to the equipment. On the contrary, 
resisting moment can only be produced due to oil pad inclination. Based on this, it can be inferred 
that an optimization process to improve the inertial impact resistant ability and prevent the oil film 
form breaking down simultaneously in critical. 

3.2. Inertial force impact on carrying performance of slider bearing 

When,  is set as 5, there are 10 oil pads fixed on each slide carriage and 20 on the slider 
bearing. Due to symmetry, only 5 oil pads on the side of slide carriage are needed for analysis, 
which are able to provide a quarter of the carrying capacity for the whole hydrostatic slider  
bearing. Displacement of 5 oil pads can be determined based on the assumptions shown in Fig. 3 
and carrying capability can be solved according based on the algorithm shown in Fig. 5. Results 
are shown in Fig. 11. 
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a) Moment b) Film thickness 

Fig. 11. Inertial force impact on 5 oil pads 

In Fig. 11, the slide carriage appears to be horizontal and there is no moment in the ideal model 
when = 0 m. With increase in , moment generated by oil pads increases with the oil film 
sinking caused by the reduced carrying ability, which corresponds results shown in Fig. 10. When = 2×10-5 m, film thickness decreases approximately by 3.9 %. In addition, film thickness of the 
No. 5 oil pad shown in Fig. 11 decreases while that of the No. 1 oil pad increases with rising . 
This implies that the supporting ability of No. 1 oil pad is larger than the No. 5. Therefore, details 
for every oil pad is needed as each oil pad has different contribution to resist the inertial force 
impact. Results are shown in Fig. 12. 

 
a) Carrying ability 

 
b) Moment 

Fig. 12. Inertial force impact on oil pads carrying performance 

From Fig. 12, it can be seen that the carrying capabilities are same when = 0 m. No. 1 and 
No. 2 oil pads are fixed on one side of central axis and moments are in the positive direction. 
Whereas, the No. 4 and No. 5 oil pads are fixed on the other side of central axis and their moments 
are along the negative direction. Moment generated by No. 3 oil pad is small because it is fixed 
near central axis. With increase in , carrying capacity of the No. 1 and No. 2 oil pad increases 
while that of the No. 4 and No. 5 oil pad decreases. Carrying ability of No. 3 oil pad increases 
slightly. Moment produced by 5 oil pads increase simultaneously whose algebraic summation is 
the inertial force resistant moment. 

3.3. Inertial force resistance ability optimizing of hydrostatic slider bearing 

Form Fig. 12, it can be observed that moment variations for the No. 1 and No. 5 are larger 
compared to the No. 3 oil pad. This is because of the different contribution by each oil pad. Due 
to this fact, optimizing process can focus on changing the proportion of each oil pad. One practical 
method is to change the length  of the oil pad. Stable carrying performance cannot be achieved 
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if only  is altered without changing oil pocket proportion ⁄  variation. This optimizing is able 
allows improving the inertial force resistance capability without influencing the static supporting 
capacity. Considering acceleration and deceleration inertial forces to be symmetrical, No. 1 and 
No. 5 oil pad lengths should be equal, and No. 2 and No. 4 should be equal. Also, total length of 
5 oil pads must remain constant and every oil pad must greater than 0 m. Constraint conditions for 
the optimizing process can be written as: = ,= ,= 5 × 0.6m = 3m,> 0.  (14)

According to the constraint conditions shown in Eq. (14), every oil pad length is determined 
by established  and . Since, carrying capability cannot be affected by any changes in  and 

,  optimizing schemes are evaluated by film thickness and resistant moment. When,  = 2×10-5 m using different  and , supporting performance of hydrostatic slider bearing is 
shown in Fig. 13. 

According to the results shown in Fig. 13, maximum film thickness is seen when = 0.6, = 0.6, = 0.6 and minimum value of film thickness is seen when = 0.1, =  1.35,  = 0.1. Maximum moment occurs when = 0.9, = 0.15, = 0.9 and minimum is seen 
when =  0.1, =  0.95, =  0.9. Taking the supporting performance when =  0.6,  = 0.6, = 0.6 as criterion  and , contrasting optimizing results for several cases are 
listed in Table 2. 

Table 2. Optimizing results of several cases 
Case ⁄ ⁄

1 0.6 0.6 0.6 1.00 1.00 
2 0.4 0.7 0.8 0.976 0.732 
3 0.5 0.6 0.8 0.993 0.847 
4 0.8 0.5 0.4 0.983 1.34 
5 1.0 0.4 0.2 0.923 1.99 
6 0.1 1.35 0.1 0.804 1.23 
7 0.1 0.95 0.9 0.905 0.591 
8 0.9 0.55 0.1 0.975 1.82 
9 0.9 0.15 0.9 0.919 2.02 

Impact of  on moment for case 1 to case 5 is shown in Fig. 14. 
Form Table 2 and Fig. 14, it can be concluded that changes in regulation of moment under 

altering  are similar for different cases though the values are distinct. Case 1 is the criterion where 
film thickness is maximum, which means that it is the safest condition preventing oil film from 
breaking down. Case 6 improves the moment by about 23 % but there is a 20 % loss in film 
thickness. Case 7 is the worst optimizing case that sees a 10 % loss in film thickness but also 
reduces the moment by nearly 40 %. Case 9 is the optimal plan; in this range about 100 % 
improvement moment is observed with only 10 % loss in film thickness. However, oil pad lengths 
in Case 6-Case 9 are extreme condition, which are not practical in real working situations with 
constraints such as limited width of oil seal edge, film thickness demand, limitations in oil pad 
manufacture. More conditions are required to determine the final optimizing scheme. This method 
proved to be effective to improve inertial force resistance ability by sacrificing a small oil film 
thickness or by reducing the incline extent under comparable inertial force impact. 
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a) Film thickness in 3-D 
 

b) Moment in 3-D 

 
c) Film thickness for different  

 
d) Film thickness for different  

 
e) Moment for different  f) Moment for different  

Fig. 13. Carrying performance for different oil pad lengths 

 
Fig. 14. Moment in different offset of Case 1-Case 5 
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4. Conclusions 

In the present work, Reynolds equation is solved using FDM and Gauss-Seidel method in order 
to analyze inertial force impact on hydrostatic slider bearing. Bending deformation of slide 
carriage is taken into consideration to simulate the working condition. Following conclusions can 
be drawn from the analysis based on the model proposed in this paper. 

1. Inclination on slide carriage of hydrostatic slider bearing can be caused by inertial force or 
vibration impact, which generates the moment to resist leaning. The value of moment is associated 
with incline extent, geometry of oil pads and oil supply mode. 

2. Each oil pad plays a different role in the inertial force restricting ability of the hydrostatic 
slider bearing. Contribution of every oil pad corresponds to the distance from central axis, which 
is the foundation of optimizing process. 

3. Changing the length of oil pads is a practical method to improve the inertial force resistance 
ability by reducing film thickness. For instance, moment was improved by 100 % using the 
optimizing scheme with only 10 % loss in film thickness. However, when film thickness was 
reduced, a reduction in moment was observed and maximum film thickness can only be obtained 
when every oil pad has equal length. 
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