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Abstract. A simplified model of the system of unbalanced rotors coupled with pendulum rod is
examined. The model consists of two counter-rotating rotors, a rigid pendulum rod and a rigid
vibrating body, which is horizontally connected to a fixed support by means of springs. The
synchronous state of the system, i.e. synphase and antiphase synchronization of the rotors, is
studied by means of the Poincare method. Moreover, the assessment of the synchronous state is
converted to find a solution that should satisfy a balanced function and a stability function of the
system. However, frequency ratios and installation angular are included in the two functions. It is
demonstrated that the spring stiffness and the installation angular have a large influence on the
existence and stability of the synchronization state in the coupling system. Finally, computer
simulations are preformed to verify the theoretical computations.

Keywords: synchronization, stability, rotors, pendulum rod.
1. Introduction

The word “synchronization” is often encountered in both science and daily life. Our
surroundings are full of synchronization phenomenon, which is considered as an adjustment of
rhythms of oscillating objects due to their internal weak couplings [1]. For examples: violinists
play in unison; insects in a population emit acoustic or light pulses with a common rate; birds in
a flock flap their wings simultaneously; the heart of a rapidly galloping horse contracts once per
locomotory cycle, etc. [2]. Synchronization phenomenon in large populations of interacting
elements are the subjects of intense research efforts in physical, biological, chemical and social
system, however, the most representatives are synchronization of complex systems [3-5], coupled
with pendula or mechanical rotors in recent years. For the synchronization of pendula, in the
particular case of the Huygens’ clocks system, the remarkable feature reported by Huygens in
1665 is that pendulum clocks synchronize in antiphase. Nowadays the synchronized limit behavior
of Huygens’ clocks, synphase and antiphase synchronization of the pendula, is studied considering
the difference values of spring stiffness [6, 7]. Meanwhile, the synchronization of derivatizations
of Huygens’ clocks, including two coupled double pendula [8], pendulum coupled by an elastic
force [9] and pendula connected by linear springs [10], have been attracting many scholars’
attention. For the synchronization of rotors, I. I. Blekhman [1] proposed the Poincare method for
the synchronization state and stabilty and by now this method is widely used in engineering. Based
on Blekhman’s method, many scientists have been developing the other methods to analyze the
synchronization of the rotors. Wen et al. [11] developed the average method to investigate
synchronization and stability of multiple rotors in after-resonance. Zhang et al. [12, 13] described
the average method of modified small parameters, which immensely simplify the process for
solving the problems of synchronization of the rotors. Sperling et al. [14] presented analytical and
numerical investigation of a two-plane automatic balancing device, for equilibration of rigid-rotor
unbalance. Balthazar [15, 16] examined self-synchronization of four non-ideal exciters in non-
linear vibration system via numerical simulations. Djanan A. A. N. [17] explored the condition,
for which three motors working on a same plate, can enter into synchronization with the phase
difference depending on the physical characteristics of the motors and the plate.
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The above-mentioned researches are mainly synchronization of the pendula or the rotors;
however, the synchronization of the rotors coupled with pendula is less reported. Recently, we
have purposed that synchronization of two homodromy rotors coupled with a pendulum rod in an
after-resonant system, but the influence of the variation of the spring stiffness on the synchronous
state of the rotors is less considered. This paper is a continuation of our published literature by
means of the Poincare method, building on the original work of Blekhman. Here, we consider the
model of a two counter-rotating rotors coupled with a rigid pendulum rod through a torsion spring,
and the vibrating body is horizontally connected to a fixed support by means of springs. It is
demonstrated that the spring stiffness and the installation angular of the pendulum have a large
influence on the existence and stability of the synchronization state in the coupling system.

This paper is organized as follows. Section 2 describes the strategy and considered model. In
Section 3, we employ the Laplace transform method to calculate the value of the coupling
coefficients. In Section 4, we derive the synchronization equation and the synchronization
criterion of the system. In Section 5, we compare and analyze the values of the stable phase
difference with theoretical computations and the computer simulations. Finally, we summarize
our results in Section 6.

2. Strategy and model
2.1. Strategy

Consider the dynamic equation of a rotation system:

Is®s = ,LLCDS((pS,)'C'), (s k= 1,..,k),
¥+ 2w,8,% + wix = Z Fi(wt, ay, ..., a) + pt Fyg (0t, g, ..., ay), M
=1

where u®; = M3 — R, pt 1s a small parameter, J; is the rotational inertia of the sth induction
motors, R, is the mechanical damping torque of the motors, &, is the damping ratio of the system
in the x-direction, w, is natural frequency of the system in x-direction. w and ¢, are mechanical
velocity and phase angular of the sth unbalanced rotor, respectively.

Based on the Eq. (1), the following sequence of analysis for vibration system employing
synchronizing rotors can be formulated:

1) Steady forced vibrations with T = 2m/w are determined by:

x = x(wt, ay, ..., ay), )

the supporting body or supporting system of bodies (i.e., from the second formula of Eq. (2)
considering ¢ = 0) when rotors are uniformly rotating with initial phase a;,..., ay, i.c.:

o5 = ¢ = (wt + ay). A3)

2) Above-mentioned Eq. (3) may correspond only to such values of constants ay,..., aj,
which satisfy:

Ps(al' "'!ak) = .U(q’s((Ps; X)> =0, (4)
where the angle brackets (*) show the average within T, i.e.:

T

1
() = Tf* dt, ®)

0
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where symbol * represents a function related to time ¢ [1].
3) If a certain set of constants @; = aj, ..., a; = ay, which satisfy Eq. (4), real parts of all roots
x of the kth order algebraic equation:

0P ~P) _ 0(PL=P 0(P, — P)
Jay Jda, Jdag_4
AP, =P) 0P, —Py) (P, = Py)
day oa, B day_q =0, (6)
0(Pi—1 —P)  0(Pe—1 — P) 0(Pi—1 = P)
da, da, day_4

are negative, then at sufficiently small u this set of constant is indeed correlated with the unique,
analytical relative to u, asymptotically stale periodic solution of Eq. (1). This solution changes
into the fundamental solution (Eq. (4)) at u = 0. If the real part of at least one root of Eq. (6) is
positive, then the corresponding solution is unstable. With purely imaginary zero roots, an
additional analysis is requires in general case [1].

2.2. Model

A simplified rotor-pendulum system depicted in Fig. 1 is considered. This model consists of a
rigid vibrating body of mass m, [Kg] elastically supported via a linear spring with stiffness k,
[N/m] and a linear viscous damper with damping constant f, [Ns/m]. Unbalanced rotor i is
modelled by a point mass m; [Kg] (for i = 1, 2) attached at the end of a massless rod of length r
[m]. One of the unbalanced rotors in the system is directly mounted on the vibrating body, and the
other is fixed at the end of a pendulum rod, connected with the vibro-platform by a linear torque
spring with stiffness k, [N/rad] and a linear viscous damper with damping constant f,
[Nm/(rad/s)]. The rotation angle of rotor i is denoted by ¢; € St (for i = 1, 2) in [rad]; the
oscillating angle of the pendulum rod is denoted by @5 € S* in [rad]; the installation angle of the
pendulum rod is expressed by B € S! in [rad]; x is the horizontal displacement of the
vibro-platform in [m]; and M,; represents the electromagnetic torque of the induction motors
in [N/m].

Then expressions for kinetic and potential energy of the system can be written as follows:

1 1
T = Emoxz + §m1[(56 + r¢;sing;)? + (r¢,cosg,)?]
tom, [(t — r@2sing, — 1@ssin(B + ¢3))? + (r,c05p; + lpzcos(B + ¢3))?] )

3
1 1
+5ms[(x — lpssin(B + ®3))? + (Ipscos(B + 93))*] + EZL’ oF.

i=1

Moreover, the potential energy of the system can be given as follows:
1 1
szkxxz +Ek(p(p§ (3
In addition, the viscous dissipation function of the system can be expressed in form:

1,1 1 1
D= Efxxz +§f1<ﬂf +§fz<l’% +§f3¢§- ©)
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The dynamics equation of the system is established by using the Lagrange’s equation:

doTr o(T—-V) oD

—— 4 — =, (10)
dtaq; aq; aq; '

Fig. 1. Simplified model

If g = {x, 91, ¢,, @3} is chosen as the generalized coordinates, the generalized force are
Qx = Qyp, =0,Qp, = Mgy — Rey, Qp, = Mgy — Rep. Assuming my <K mg and m, < m, in the
system, the inertia coupling from asymmetry of the rotors and the pendulum rod can be neglected.
Considering Yi_omp =M, m;=my=m, Ji+mr2=mr? ], +myr?=m,r?
J3 + myl? + mgl? =~ m,1? + m3l? and substituting Eqgs. (7), (8) and (9) into (10), we can obtain
the dynamic equation of the vibration system:

_ .o . + . 2 + .o . + . 2
M5 + foi + kyx = mr(@,sing; + @1 C05¢12 .mr(fﬂz.szmq’z $3c08¢93) ’
+(ml + m3l)[@3sinf + p5cosf]
mr2y, = M,y — Ryy — mrising;,
mr?@g, = Mg, — Rep + mr[ising, — gzcos(B — @,) + lp3sin(B — ¢,)],

. _ (ml + mzD)¥sinp
ml? + myl*) s + +k =( . 2 )
( 08s 4 o9t KoP3 =i, cos(p, — B) + 93 sin(p, — )]

(11

Considering the solution of the problem by the Poincare method (i.e., based on the fundamental
Eq. (1)), we will introducing the small parameter u into Eq. (11), thus presenting it in the form:

. —mr(¢1sing; + gicosp,) + mr(@;sing, + ¢p3cose,)
Mi+ k,x = v .o A
+(ml + myD)@3sinf + pu[(ml + myl)@scosf] — uf' %
2 .. — ¢ ..
Jmrdn = g den k), (12)
mr (pZ = ,Ll CDZ (9021 (Ps: (P3; X, );
(ml + mgD¥sinf — mri[@,cos(p, — ﬁ))
ml? + mgl®)§; + k03 = o . .
( 3003 + k05 ( —@3sin(@, — B)] — uf'y 93
where:
{,ud)l = Mg, — R,y — mrising,, (13)
p®, = Mgy — Rep + mr[ising, — l@scos(p, — B) — Ip3sin(p, — B)I.

According to reference [12], when the two rotors synchronously rotate, the electromagnetic
torque of the inductions M,; can be linearized at the vicinity of ¢; = w; as:
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2 2
Lmi US 0

=N, ="
et D2
L wm Ry

M (ws — Ny, (14)

where L,,; is the mutual inductance of the ith induction motor; Lg; is stator inductance of the ith
induction motor; n,, is the number of pole pairs of the induction motor; w,, is synchronous electric
angular velocity; R,; is the rotor resistance of the ith induction motor; Us, is the amplitude of the
stator voltage vector.

3. Analytical deduction

The first and the last formulas of Eq. (12) are coupling dynamic equations related to DOFs x
and ¢5. Neglecting the item related to small parameter u and introducing the following
dimensionless parameters into the mentioned equation:

T m ms
Tl=7, wxz\/kx/Mt TmZM, n=—,

my
Fi(8) = 1uri(—c05p; + cosy), fo(t) = —omsin(p, — ), )
_ ke _ 1
Do = mi2 + myl2’ o= 1+7n
we obtain:
1, 1sin
d (16)

; sinf
P35 + w53 = ] X~ Wi fo(0).
Applying the Laplace transform to Eq. (16), one gets:
Ty ls?sin
(52 + wDX () = 0iIFE) + T o)

5 (17)
(s? + a)(f,)cb(s) = STX(s)sinﬁ — w2 F,(s).

Thus, ®(s) and X(s) can be expressed:

l(s‘2 + wé)w,anl(s) — (M1 + N3 s? w2 Fy(s)sinf
G(s) '
s2w? F,(s)sinf — (s + w?)w?2, F,(s)
G(s) '

(
X(s) =

(18)

kCD (s) =

where G(s) = (s* + wZ)(s? + w}) — (h,s*sin?B) /o.
Applying the inverse Laplace transformation to Eq. (18), whose numerator and denominator
are divided by a)f, w?. Then introduce frequency ratio n, and n, into Eq. (18):

W W

n, = w—x, Tl(p = (U_(p (19)

In this case, the spring stiffness k, and k,, is convert into the function of frequency ratio n,
and n, respectively. From Eq. (18) it follows:
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{ _ol(1- nZ)ng f1(t) + ln,ning f,(t)sinf
x= o(1—-n%)(1 —nf) — nyningsin?p
i‘% =

’

. (20)
—oning fi(t)sinf + o(nz — ng f,(t)
o(1—n2)(1 —ng) — nyningsin?f
Then, rearranging Eq. (20) one gets:
{x = Wy T (COSQy — €OSP,) — paorsin(p; — f), @1
®3 = UsTT(COSP1 — COSP,) — pyomsin(e, — B),
with:
o(nz — Dn;, Tmning,sinf
Uy = N y M2 = 4
2.2 o 2 _ 2
ongngsinf a(ny — Dng (22)
U3 = ’ =

=T

N
N =o0(1—nH)(1—n2) — n,nZnisin?p.

Parameters 4, iy, 3 and p, in Eq. (22) represent the mutual coupling coefficients of between
the vibrating body, rotors and pendulum rod through the springs. The larger the coupling
coefficient u, and p; of the system is, the stronger the coupling ability of the system is. Obviously,
the analytical solution of u; and p, is identical to each other, and the absent of the coupling ability
is appeared when 8 = 0°. In order to understand the coupling characteristics of the system, the
following numerical computations have been performed since the these coupling coefficients are
the functions of parameters ny, n,, o, B and 7. Considering the value of parameters o, 7, and 8
as constant, in the following deduction, we can confirm the value of the coupling coefficients
when changing the value of parameters n, and n,, within a definite range. According to Tables 1
and 2, we determine the value of the coupling coefficients.

Table 1. Parameter values for system Eq. (11)

Unl;jrla;nietll r;) tor Vibro-platform Pendulum rod Induction motor
m; =2 [kg] mg = 100 [kg] 1 =0.3[m] mz = 10 [kg]
r = 0.05 [m] k, =246490000-50307 [N/m] | k, =4980-24402510 [N/rad] | L,,; = 0.13 [H]
Wy, = 152-157 [rad/s] fr = 1064 [Ns/m] fo =15 [Nm/(rad/s)] Ly = 0.1 [H]
- - B=0,m/6,m/3,5m/12 [rad] n, =2
- — - R, = 0.54[Q]
- — - Uso =220 [V]

Table 2. Parameter values according to dimensionless Eq. (15)
| n=35,0=0.171, =0.02,n, =0.1-7,n, =0.1-7

From Fig. 2 it follows that the value of the coupling coefficients depends on the value of n,
and n,,. In this figure, it can been seen that the peak value of the coupling coefficients is related

to the frequency ratio (n, and n,,) of the system, however, parameters n,, and n,, are the function
of the spring stiffness k, and kg, respectively. In other words, the coupling coefficients are
determined by the spring stiffness. Clearly, for 0.1 <n, < 0.9 and 0.1 <n, < 0.9, the vibration

frequency of the system is less than the eigen-frequency of the system; in this case, the absolute
value of uy, u,, us and p, is smaller, which is denoted by before-resonance system. For
0.9<n, <l.land 0.9 < n, < 1.1, the vibration frequency of the system is approximately equal
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to the eigen-frequency of the system; in this case, the absolute value of y;, 4y, 13 and p, is far
larger, which is denoted by resonance system. For n, = 1.1 and n,, = 1.1, the vibration frequency
of the system is larger than the eigen-frequency of the system; in this case, the value of pq, t,, Uz
and p, is also smaller, which is denoted by after-resonance system. Then, we can define the type
of coupling of the system according to frequency ratio:

Type 1: system of before-resonance coupled before-resonance (0.1 <n, < 0.9 and
0.1 <n, <0.9);

Type 2: system of after-resonance coupled before-resonance (0.1 <n, < 0.9 and
1.1<n, <7,orl.l <n,<7and0.1 <n, <0.9)

Type 3: system of after-resonance coupling after-resonance (1.1 <n, <7and 1.1 <n, <7).

¥ 03654

V¥ 2.498

b) The value of u,
60
50
40
30
20

10
0
-10
-20
-30
-40

¢) The value of 3
Fig. 2. The value of the coupling coefficients of the system for ¢ = 0.17, 1, = 0.02 and § = 30°. In this
figure, coordinate X represents the value of frequency ratio n,; coordinate Y represents the value of
frequency ratio ny,; coordinate Z represents the value of coupling coefficients

4. Synchronization and stability

In this section, we analyze the synchronization and stability of the system with theoretical
method. As was already mentioned in Eq. (3), permits the family of synchronous solutions:

(o,

wt + a4,

wt + a,. (23)

So Eq. (19) can be rewritten as:
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{x = wyryrlcos(wt + ay) — cos(wt + a,)] — uyorsin(wt + a, — B), (24)
@3 = Ustyrlcos(wt + a;) — cos(wt + a,)] — pyonsin(wt + a, — B).
Specifying parameter a as the phase difference between the two rotors, we have:
a= al - 0!2. (25)
Consequently, the basic Eq. (4) is expressed as:
[Pl =(u ®;) = (M¢y — R,y — myrising,)
1
= M,y — Roy — =mriw?[u ry,sina + pyocos(a + B)],
: (26)

P, = (u @,) = (M, — R, + mr[Xsing, — Igzcos(B — ¢;) + l@3sin(B — ¢,)])

1
=M, — R, + Emzrzw,zn[ulrmsina + uyocosP + pstycos(a + B) — ustycosBl.
During the synchronization state, consider the excessive torque Z¢(w) of the rotor to be zero:
Zy(w) = Mg —Res =0, (s=1,2). (27)

Therefore, according to Eqgs. (25) and (26), further calculations lead to the following from:

{/,tlrmsina + pu,ocos(a+ ) =0, 28)
UiTmsina + psrypcos(a + B) = (Usty, — Up0)cosp.

In terms of Eq. (22), we can obtain:
H3Tm = U20. (29)

Thus the two formulas in Eq. (28) are identical. The synchronization occurs when the
following equations are fulfilled:

Uysina + pscos(a + f) = 0. (30)

We can defined Eq. (30) as balance equation of synchronization of the system. Applying
expansion of trigonometric function to Eq. (30), we have:

sinf —
cota = /,13—[3;11 3D
Hzcosf

If a solution of parameter a exists in Eq. (31), the denominator of this equation should be
nonzero. Therefore, there is a “critical point’, which can be expressed as:

B=kn+g, (k=0,1,23..). (32)

When the installation angular of the pendulum rod is approximated or equal to this point, the
absent-synchronization of the system will be appeared. Based on Eq. (31), the synchronization
equation of the system, we can determine phase difference @ with numerical computations.
Obviously, the value of the phase difference is related to the coupling coefficients (¢, and u3) and
the installation angle (£). Moreover, parameters y; and p5 are the function related to spring
stiffness k, and k,,, which indicate that spring stiffness k, and k,, are the key parameters to
determine phase difference a.
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Therefore, Eqs. (26) and (31) can be solved for synchronous velocity w,, of the motors and
the phase difference between the two rotors, respectively. Then the phase difference between the
two rotors can be obtained:

sinf —
a= arccotm. (33)
pscosp

Now, let us consider the stability of the synchronous rotation for the rotors. With a subtraction
for the two formulas in Eq. (26), one gets:

Py — P, = Mgy — Rey — (Mgp — Rep) — mr?w?[py iy sina + pztcos(a + B)]. (34)
Considering Eq. (34), the following criterion of synchronous stability is obtained from Eq. (6):

d(P,—P)) 3P, —P
X = (P = Py) = (P = Py) = —mriw?[punycosa — usty,sin(a + )] < 0. (3%)

Ja, Jda

Rearranging Eq. (35), the stability criterion of synchronization of the system can be
simplified as:

uicosa — pssin(a + g) > 0. (36)

Only should the values of the system parameters satisfy the balance equation and the stability
criterion of synchronization of the system, that the synchronous operation of the rotors can be
implemented. In this case, the phase difference between the rotors is called as the stable phase
difference.

5. Numerical discussions

The above-mentioned sections have given some theoretical discussions in the simplified form
on synchronization problem for the vibration system that the two unbalanced rotors coupled with
a pendulum rod. In this section, we will quantitatively analyze the results of the stable phase
difference. The parameter values corresponding to general engineering application are as given in
Tables 1, 2.

5.1. Theoretical solutions

The stiffness coefficients k, and k,,, which is separately converted to frequency ratio n, and
Ny, have influence on the phase difference according to Eq. (30). Under the condition that the
synchronization condition and stability criterion of two rotors (Eq. (30) and (36)) are satisfied, the
stable phase difference can be determined by using numerical method.

The influence of the frequency ratio on values of the stable phase difference is compared,
considering the different values of the parameter f8, as shown in Fig. 3. According to Egs. (22),
(30) and (36), we have u, = u; = 0 when = 0, and the synchronization condition is simply
expressed as sina = 0, similarly, the synchronization stability criterion is rewritten as
uicosa > 0. Since 0.1 <n, <1 and y; <0 (in this case, « = ), it then follows that in
before-resonance region (w,, < w,) the synphase motion is unstable and the antiphase motion is
stable ([1] describes that the motion, as the existence of « € (—m/2, w/2), is call as synphase
synchronization; and the motion, as the existence of a € (m/2, 31/2), is call as antiphase
synchronization). In after-resonance region (w,, > w,), on the contrary, (in this case, a = 0), the
synphase synchronization is stable and the antiphase synchronization is unstable. As shown in
Fig. 3(a), it is clear that the stable phase difference is equal to m [rad] for 0.1 <n, <1
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(2.46x10° < k, < 2.46x10%) and is equal to zero for 1 < n, < 7 (50307 < k, < 2.46x10°). Note
that parameter n,, has little influence on the value of stable phase difference; in other words, the
phase difference is independent of the stiffness of the torque spring in the pendulum rod for
= 0 [rad].

g On[the] other hand, from Fig. 3(b), (c) and (d), it follows that the spring stiffness in the
pendulum rod also determine the value of the phase difference when the value of parameter § is
nonzero. As shown in Fig. 3(b), considering § = 7 /6 [rad], the antiphase synchronization exists
when 0.1 <n, < 1land1 <n, <7, clearly, for 0.1 <n, < 1and0.1 <n, <1, both antiphase
and synphase synchronization appear; furthermore, in the interval 1 <n, <7and 0.1 <n, <7,
the two rotors always synchronize in synphase.

X: 0.494; X: 5916
v 5.028 v: 5,029
Z: 3.689 7 -0.5474

"
X: 3.254

Y. 3.254
7: -0.583

X: 0.5929 X 1.973

Y. 1.973 Y 1.973

Z: 3.862 Z:-0.7208
-

98
X 0.4943} X 2.057 -
o Y. 049430 TEH BRI
Z:0.1288

a) ff =0 [rad]

X 0.49d, 5916, X 0.494 X 5,916/

Y 5029 Y 5.029 ;5,029 Y: 5.020

22,023 Z: 1118 1Z: 4.419 Z: -1.27
.

X: 3.254
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Fig. 3. Stable phase difference with the theoretical computation. In this figure, coordinate X represents
the value of frequency ratio n,; coordinate Y represents the value of frequency ratio n,;

coordinate Z represents the value of stable phase difference «

In the following calculations, the parameter values are the same as in the previous
computations, except for 8, which is fixed to f = m/3 [rad]. From Fig. 3(c) it follows that for this
value of B the rotors may synchronize either synphase or antiphase, also depending on the values
of n, and n,,. The obtained results reveal that: in the interval 0.1 <n, <1and 0.1 <n, <1,
antiphase synchronization is implemented between the rotors; in the interval 0.1 <n, < 1 and
1 <n, <7, both antiphase and synphase synchronization are remained; in the interval
1 <n, <7andfor 1 <n, <7, the two rotors will be synchronously operated in synphase state.

In the last computations, considering § = 57 /12 [rad] near the absent-synchronization point
(B = /2 [rad]), and the other parameter values are identical with the previous calculations.
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Fig. 3(d) depicts the value of the stable phase difference. In the figure, the value of the frequency
ratio in the region of 0.1 < n,, < 1 and 0.1 < n,, < 1, antiphase rotation of the rotor is carried out;
however, in the region of 1 <n, <7 and 0.1 <n, <2.7, both antiphase and synphase

synchronization are appeared; finally, the frequency ratio in the other regions, synphase
synchronization between the two rotors is locked.

5.2. Sample verifications

Further analyses have been performed by computer simulations to verify our theoretical
solutions above, which can be carried out by applying the Runge-Kutaa routine with adaptive
stepsize control to the dynamics Eq. (11). Here, the parameters of the two motors, supplied the
power source at the same time, are assumed to be identical.
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c¢) Displacement responds of the pendulum rod and the vibrating body
Fig. 4. Simulation results for n, = 0.4943, n, = 0.4943 and f = /6

1) For n, =0.4943,n, = 0.4943 and f = 1 /6.

Simulation results for n, = 0.4943, n, = 0.4943 and 8 = m/6 are shown in Fig. 4, here, the
spring stiffness is k, = 9859600 [N/m] and k, = 976100 [N/rad]. The coupling type of the
system belongs to type 1. When the two motor are supplied the electric source at the same time,
the angular accelerations of the two rotors are equal each other (in Fig. 4(a)). The reason is that
the inertia moments of the two rotors are identical and the spring stiffness is stronger. During the
staring process of the system, the velocity difference exists between the two rotors, which leads
to the phase difference unstable. However, when the angular velocities of the motors reach the
operation value and the pendulum rod oscillate steadily, the synchronization phenomenon occurs.
At this moment, the coupling torques (in Fig. 4(b)), making the phase difference a stabilize at
3.10 [rad], are approximated to 3.08 [N-m]. In this case, the two motors rotate stably in antiphase
synchronization, and the synchronous velocity is 153.8 [rad/s]. From Fig. 4(c) it follows the
displacements of the pendulum rod and the vibrating body. It can be seen that the displacement
responds of the pendulum rod and the vibrating body are stable, and the amplitudes of them are
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7x10* [rad] and 7x10** [m], respectively. Comparing simulation results with Fig. 3(b), it should
be noted that the value of the stable phase difference is in agreement with the results obtained for
the case of theoretical solutions (i.e., the stable phase difference in Fig. 3(b) is equal to 3.013 [rad],
here, the stable phase difference is equal to 3.10 [rad]).

2) Forn, =5.916,n, = 5.029 and § = m/6.

This subsection refers to the case that the system of after-resonance is coupled with the
after-resonance, for n, = 5.916, n, = 5.029. In the simulation model, here the spring stiffness are
ky = 65969 [N/m] and k, = 1053 [N/rad], and the other parameter value is identical with Table 1.
When the two motor are supplied the electric source at the same time, the angular accelerations of
the two rotors are incompatible (in Fig. 5(a)) because of the larger amplitude of pendulum than
that of condition 1. During the staring process of the system, the velocity difference obviously
exists between the two rotors, which leads to unstable phase difference of the rotors. However,
when the angular velocities of the motors reach the operation value and the pendulum rod oscillate
steadily, the synchronization phenomenon occurs. At this moment, the coupling torques (in
Fig. 5(b)), making the phase difference a stabilize at —0.515 [rad], are approximated to
3.23 [N-m]. In this case, the two motors rotate stably in synphase synchronization, and the average
synchronous velocity is 153.5 [rad/s]. It is noteworthy that the velocity fluctuation of rotor 2,
installed in the pendulum, is stronger than rotor 2. This indicate that the larger amplitude of the
pendulum results in the larger velocity fluctuation of the motor. From Fig. 5(c) it follows the
displacements of the pendulum rod and the vibrating body. It is clear that when the rotation
velocity of the two rotors pass through the resonant region of the coupling system, the resonant
responses of the system in the x- and ¢s-direction are appeared in the starting process. In the
synchronization state, the displacements of the pendulum rod and the vibrating body are stable,
and the amplitudes of them are 0.02 [rad] and 2.5x10* [m], respectively. Comparing simulation
results with Fig. 3(b), the value of the stable phase difference by the computer simulations is
according to the theoretical computations (i.e., the stable phase difference in Fig. 3(b) is equal to
—0.5474 [rad], here, the stable phase difference is equal to —0.515 [rad]).
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Fig. 5. Simulation results for n, = 5.916, n, =5.029 and § = /6
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3) Forn, =5.916, n, = 5.029 and g = /2.

Importantly, the theoretical results in Eq. (32) have shown that around the ‘critical point’
B = m/2, the stable phase difference does not exist or is unstable. Moreover, the results can be
supported by numerical simulations. We assume that § = /2 in the simulation model and the
other parameter values is the same as condition 2. The numerical results are depicted in Fig. (6).
During the staring process of the system, the velocity of rotor 1 is obviously larger than rotor 2 on
account of the oscillation of the pendulum rod. When the angular velocities of the motors reach
the operation value, however, coupling torques between the rotors is absent as § = /2 (as shown
in Fig. 6(b), the torque of the two rotors is non-identical in all time-histories). Therefore, the phase
difference between the rotors is unstable, as shown in Fig. 6(a). From Fig. 6(c), it follows the
displacement responses of the pendulum rod and the vibrating body; it reveals that the unstable
phase difference leads to the unstable displacement responses. Therefore, the system within such
parameters unsuitably applied in the engineering.
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Fig. 6. Simulation results for n, =5.916, n, =5.029 and f = 7/2

6. Conclusions

Based on our published literature, we have studied a model considering of two counter-rotating
rotors coupled with a rigid pendulum rod and a vibrating body, which is horizontally connected
to a fixed support by means of springs. In this paper, the dynamics equations of the system are
converted into dimensionless equations, on which the synchronized state (i.e., synphase and
antiphase synchronization of the rotors) have been investigated. Only should the values of the
system parameters satisfy the synchronization balance equation and the stability criterion of
synchronization of the system, the synchronization operation of the rotors can be implemented.
Theoretical and numerical results have shown that the existence and stability of the synchronous
state are influenced by the spring stiffness and the installation angular of the pendulum rod, which
is verified by the computer simulations. Meanwhile, the existence of the ‘critical point’
B=kn+mn/2,(k=0,1,2,3...)) results in the absence of the coupling torques between the
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rotors. Therefore, the phase difference is unstable, which leads to the unstable displacement
responses of the system.

The vibration system proposed in this paper may be applied to design new balanced elliptical
vibrating screens, when their physics parameters satisfy the balance equation and the stability
criterion of synchronization. In the early stage, for the developing and understanding the internal
characteristics of the system, we only consider the vibrating body under the assumption of
horizontal displacement. Will these results change if the vibrating body under multiple DOFs is
taken into account? We believe that finding the answer to this question is the next step in
challenging task of getting a complete understanding of synchronization in such system.
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