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Abstract. A simplified model of the system of unbalanced rotors coupled with pendulum rod is 
examined. The model consists of two counter-rotating rotors, a rigid pendulum rod and a rigid 
vibrating body, which is horizontally connected to a fixed support by means of springs. The 
synchronous state of the system, i.e. synphase and antiphase synchronization of the rotors, is 
studied by means of the Poincare method. Moreover, the assessment of the synchronous state is 
converted to find a solution that should satisfy a balanced function and a stability function of the 
system. However, frequency ratios and installation angular are included in the two functions. It is 
demonstrated that the spring stiffness and the installation angular have a large influence on the 
existence and stability of the synchronization state in the coupling system. Finally, computer 
simulations are preformed to verify the theoretical computations. 
Keywords: synchronization, stability, rotors, pendulum rod. 

1. Introduction 

The word “synchronization” is often encountered in both science and daily life. Our 
surroundings are full of synchronization phenomenon, which is considered as an adjustment of 
rhythms of oscillating objects due to their internal weak couplings [1]. For examples: violinists 
play in unison; insects in a population emit acoustic or light pulses with a common rate; birds in 
a flock flap their wings simultaneously; the heart of a rapidly galloping horse contracts once per 
locomotory cycle, etc. [2]. Synchronization phenomenon in large populations of interacting 
elements are the subjects of intense research efforts in physical, biological, chemical and social 
system, however, the most representatives are synchronization of complex systems [3-5], coupled 
with pendula or mechanical rotors in recent years. For the synchronization of pendula, in the 
particular case of the Huygens’ clocks system, the remarkable feature reported by Huygens in 
1665 is that pendulum clocks synchronize in antiphase. Nowadays the synchronized limit behavior 
of Huygens’ clocks, synphase and antiphase synchronization of the pendula, is studied considering 
the difference values of spring stiffness [6, 7]. Meanwhile, the synchronization of derivatizations 
of Huygens’ clocks, including two coupled double pendula [8], pendulum coupled by an elastic 
force [9] and pendula connected by linear springs [10], have been attracting many scholars’ 
attention. For the synchronization of rotors, I. I. Blekhman [1] proposed the Poincare method for 
the synchronization state and stabilty and by now this method is widely used in engineering. Based 
on Blekhman’s method, many scientists have been developing the other methods to analyze the 
synchronization of the rotors. Wen et al. [11] developed the average method to investigate 
synchronization and stability of multiple rotors in after-resonance. Zhang et al. [12, 13] described 
the average method of modified small parameters, which immensely simplify the process for 
solving the problems of synchronization of the rotors. Sperling et al. [14] presented analytical and 
numerical investigation of a two-plane automatic balancing device, for equilibration of rigid-rotor 
unbalance. Balthazar [15, 16] examined self-synchronization of four non-ideal exciters in non-
linear vibration system via numerical simulations. Djanan A. A. N. [17] explored the condition, 
for which three motors working on a same plate, can enter into synchronization with the phase 
difference depending on the physical characteristics of the motors and the plate.  
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The above-mentioned researches are mainly synchronization of the pendula or the rotors; 
however, the synchronization of the rotors coupled with pendula is less reported. Recently, we 
have purposed that synchronization of two homodromy rotors coupled with a pendulum rod in an 
after-resonant system, but the influence of the variation of the spring stiffness on the synchronous 
state of the rotors is less considered. This paper is a continuation of our published literature by 
means of the Poincare method, building on the original work of Blekhman. Here, we consider the 
model of a two counter-rotating rotors coupled with a rigid pendulum rod through a torsion spring, 
and the vibrating body is horizontally connected to a fixed support by means of springs. It is 
demonstrated that the spring stiffness and the installation angular of the pendulum have a large 
influence on the existence and stability of the synchronization state in the coupling system. 

This paper is organized as follows. Section 2 describes the strategy and considered model. In 
Section 3, we employ the Laplace transform method to calculate the value of the coupling 
coefficients. In Section 4, we derive the synchronization equation and the synchronization 
criterion of the system. In Section 5, we compare and analyze the values of the stable phase 
difference with theoretical computations and the computer simulations. Finally, we summarize 
our results in Section 6. 

2. Strategy and model 

2.1. Strategy 

Consider the dynamic equation of a rotation system: ܬ௦ ሷ߮ ௦ = ,Φ௦(߮௦ߤ ሷݔ ݏ)   ,( = 1, … , ሷݔ ,(݇ + 2߱௫ߦ௫ݔሶ + ߱௫ଶݔ = ෍ ,ݐ߱)௝ܨ ,ଵߙ … , (௞ߙ + ௞ߤ
௝ୀଵ ,ݐ߱)௞ାଵܨ ,ଵߙ … , ௞), (1)ߙ

where ߤΦ௦ = ௘௦ܯ − ܴ௘௦, ߤ is a small parameter, ܬ௦ is the rotational inertia of the ݏth induction 
motors, ܴ௘௦ is the mechanical damping torque of the motors, ߦ௫ is the damping ratio of the system 
in the ݔ-direction, ߱௫ is natural frequency of the system in ݔ-direction. ߱ and ߮௦ are mechanical 
velocity and phase angular of the ݏth unbalanced rotor, respectively.  

Based on the Eq. (1), the following sequence of analysis for vibration system employing 
synchronizing rotors can be formulated:  

1) Steady forced vibrations with ܶ = ݔ :are determined by ߱/ߨ2 = ,ݐ߱)ݔ ,ଵߙ … , ௞), (2)ߙ

the supporting body or supporting system of bodies (i.e., from the second formula of Eq. (2) 
considering ߤ = 0) when rotors are uniformly rotating with initial phase ߙଵ,…, ߙ௞, i.e.: ߮௦ = ߮௦଴ = ݐ߱) + ௦). (3)ߙ

2) Above-mentioned Eq. (3) may correspond only to such values of constants ߙଵ ௞ߙ ,…, , 
which satisfy: 

௦ܲ(ߙଵ, … , (௞ߙ = ,Φ௦(߮௦ۦߤ ሷݔ )ۧ = 0, (4)

where the angle brackets ۦ∗ۧ show the average within ܶ, i.e.: 

ۧ∗ۦ = 1ܶ න∗ ்ݐ݀
଴ , (5)



1707. STUDY OF SYNCHRONIZATION FOR A ROTOR-PENDULUM SYSTEM WITH POINCARE METHOD.  
PAN FANG, YONGJUN HOU, YANGHAI NAN, LE YU 

 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. AUG 2015, VOLUME 17, ISSUE 5. ISSN 1392-8716 2683 

where symbol ∗ represents a function related to time [1] ݐ. 
3) If a certain set of constants ߙଵ = ,∗ଵߙ … , ௞ߙ = ∗௞ߙ , which satisfy Eq. (4), real parts of all roots ߯ of the ݇th order algebraic equation: 

ተ
ተ∂( ଵܲ − ௞ܲ)∂ߙଵ − ߯ ∂( ଵܲ − ௞ܲ)∂ߙଶ ⋯ ∂( ଵܲ − ௞ܲ)∂ߙ௞ିଵ∂( ଶܲ − ௞ܲ)∂ߙଵ ∂( ଶܲ − ௞ܲ)∂ߙଶ − ߯ ⋯ ∂( ଶܲ − ௞ܲ)∂ߙ௞ିଵ⋯ ⋯ ⋯ ⋯∂( ௞ܲିଵ − ௞ܲ)∂ߙଵ ∂( ௞ܲିଵ − ௞ܲ)∂ߙଶ ⋯ ∂( ௞ܲିଵ − ௞ܲ)∂ߙ௞ିଵ − ߯ተ

ተ = 0, (6)

are negative, then at sufficiently small ߤ this set of constant is indeed correlated with the unique, 
analytical relative to ߤ, asymptotically stale periodic solution of Eq. (1). This solution changes 
into the fundamental solution (Eq. (4)) at ߤ = 0. If the real part of at least one root of Eq. (6) is 
positive, then the corresponding solution is unstable. With purely imaginary zero roots, an 
additional analysis is requires in general case [1]. 

2.2. Model  

A simplified rotor-pendulum system depicted in Fig. 1 is considered. This model consists of a 
rigid vibrating body of mass ݉଴ [Kg] elastically supported via a linear spring with stiffness ݇௫ 
[N/m] and a linear viscous damper with damping constant ௫݂  [Ns/m]. Unbalanced rotor ݅  is 
modelled by a point mass ݉௜ [Kg] (for ݅ = 1, 2) attached at the end of a massless rod of length ݎ 
[m]. One of the unbalanced rotors in the system is directly mounted on the vibrating body, and the 
other is fixed at the end of a pendulum rod, connected with the vibro-platform by a linear torque 
spring with stiffness ݇ఝ  [N/rad] and a linear viscous damper with damping constant ఝ݂ 
[Nm/(rad/s)]. The rotation angle of rotor ݅  is denoted by ߮௜ ∈ ܵଵ  (for ݅ =  1, 2) in [rad]; the 
oscillating angle of the pendulum rod is denoted by ߮ଷ ∈ ܵଵ in [rad]; the installation angle of the 
pendulum rod is expressed by ߚ ∈ ܵଵ  in [rad]; ݔ  is the horizontal displacement of the 
vibro-platform in [m]; and ܯ௘௜  represents the electromagnetic torque of the induction motors  
in [N/m]. 

Then expressions for kinetic and potential energy of the system can be written as follows: 

ܶ = 12 ݉଴ݔሶ ଶ + 12 ݉ଵ[(ݔሶ + ݎ ሶ߮ ଵsin߮ଵ)ଶ + ݎ) ሶ߮ ଵcos߮ଵ)ଶ]      + 12 ݉ଶ[(ݔሶ − ݎ ሶ߮ ଶsin߮ଶ − ݈ ሶ߮ ଷsin (ߚ + ߮ଷ))ଶ + ݎ) ሶ߮ ଶcos߮ଶ + ݈ ሶ߮ ଷcos (ߚ + ߮ଷ))ଶ]       + 12 ݉ଷ[(ݔሶ − ݈ ሶ߮ ଷsin(ߚ + ߮ଷ))ଶ + (݈ ሶ߮ ଷcos(ߚ + ߮ଷ))ଶ] + 12 ෍ ௜ଷܬ
௜ୀଵ ሶ߮ ௜ଶ. (7)

Moreover, the potential energy of the system can be given as follows: 

ܸ = 12 ݇௫ݔଶ + 12 ݇ఝ߮ଷଶ. (8)

In addition, the viscous dissipation function of the system can be expressed in form: 

ܦ = 12 ௫݂ݔሶ ଶ + 12 ଵ݂ ሶ߮ ଵଶ + 12 ଶ݂ ሶ߮ ଶଶ + 12 ଷ݂ ሶ߮ ଷଶ. (9)
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The dynamics equation of the system is established by using the Lagrange’s equation: ݀݀ݐ ሶ௜ݍ∂ܶ∂ − ∂(ܶ − ௜ݍ∂(ܸ + ሶ௜ݍ∂ܦ∂ = ܳ௜. (10)

 
Fig. 1. Simplified model 

If ݍ = ሼݔ, ߮ଵ, ߮ଶ, ߮ଷሽ  is chosen as the generalized coordinates, the generalized force are  ܳ௫ = ܳఝయ = 0, ܳఝభ = ௘ଵܯ − ܴ௘ଵ, ܳఝమ = ௘ଶܯ − ܴ௘ଶ. Assuming ݉ଵ ≪ ݉଴ and ݉ଶ ≪ ݉଴ in the 
system, the inertia coupling from asymmetry of the rotors and the pendulum rod can be neglected. 
Considering ∑ ݉௞ଷ௞ୀ଴ = ,ܯ  ݉ଵ = ݉ଶ = ݉, ଵܬ  + ݉ଵݎଶ ൎ ݉ଵݎଶ, ଶܬ  + ݉ଶݎଶ ൎ ݉ଶݎଶ,  ܬଷ + ݉ଶ݈ଶ + ݉ଷ݈ଶ ൎ ݉ଶ݈ଶ + ݉ଷ݈ଶ and substituting Eqs. (7), (8) and (9) into (10), we can obtain 
the dynamic equation of the vibration system: 

۔ۖۖەۖۖ
ሷݔܯۓ + ௫݂ݔሶ + ݇௫ݔ = ቆ−݉ݎ( ሷ߮ ଵsin߮ଵ + ሶ߮ ଵଶcos߮ଵ) + )ݎ݉ ሷ߮ ଶsin߮ଶ + ሶ߮ ଶଶcos߮ଶ)+(݈݉ + ݉ଷ݈)[ ሷ߮ ଷsinߚ + ሶ߮ ଷଶcosߚ] ቇ ଶݎ݉, ሷ߮ ଵ = ௘ଵܯ − ܴ௘ଵ − ଶݎ݉,ሷsin߮ଵݔݎ݉ ሷ߮ ଶ = ଶୣܯ − ܴ௘ଶ + ሷsin߮ଶݔ]ݎ݉ − ݈ ሷ߮ ଷcos(ߚ − ߮ଶ) + ݈ ሶ߮ ଷଶsin(ߚ − ߮ଶ)],(݈݉ଶ + ݉ଷ݈ଶ) ሷ߮ ଷ + ఝ݂ ሶ߮ ଷ + ݇ఝ߮ଷ = ൬ (݈݉ + ݉ଷ݈)ݔሷ sin݈ݎ݉−ߚ[ ሷ߮ ଶ cos(߮ଶ − (ߚ + ሶ߮ ଶଶ sin(߮ଶ − ൰[(ߚ . (11)

Considering the solution of the problem by the Poincare method (i.e., based on the fundamental 
Eq. (1)), we will introducing the small parameter ߤ into Eq. (11), thus presenting it in the form: 

۔ۖۖەۖۖ
ሷݔܯۓ + ݇௫ݔ = ቆ−݉ݎ( ሷ߮ ଵsin߮ଵ + ሶ߮ ଵଶcos߮ଵ) + )ݎ݉ ሷ߮ ଶsin߮ଶ + ሶ߮ ଶଶcos߮ଶ)+(݈݉ + ݉ଷ݈) ሷ߮ ଷsinߚ + ݈݉)]ߤ + ݉ଷ݈) ሶ߮ ଷଶcosߚ] − ሶݔ௫′݂ߤ ቇ ଶݎ݉, ሷ߮ ଵ = ,Φଵ(߮ଵ  ߤ ሷݔ , ଶݎ݉,( ሷ߮ ଶ  = ,Φଶ(߮ଶ  ߤ ሶ߮ ଷ, ሷ߮ ଷ, ሷݔ , ),(݈݉ଶ + ݉ଷ݈ଶ) ሷ߮ ଷ + ݇ఝ߮ଷ = ቆ(݈݉ + ݉ଷ݈)ݔሷ sinߚ − ]݈ݎ݉ ሷ߮ ଶcos(߮ଶ − −(ߚ ሶ߮ ଶଶsin(߮ଶ − [(ߚ − ఝ′݂ߤ ሶ߮ ଷ ቇ . (12)

where: ൜ߤΦଵ = ଵୣܯ − ܴ௘ଵ − Φଶߤ,ሷsin߮ଵݔݎ݉ = ଶୣܯ − ܴ௘ଶ + ሷsin߮ଶݔ]ݎ݉ − ݈ ሷ߮ ଷcos(߮ଶ − (ߚ − ݈ ሶ߮ ଷଶsin(߮ଶ − .[(ߚ (13)

According to reference [12], when the two rotors synchronously rotate, the electromagnetic 
torque of the inductions ܯ௘௜ can be linearized at the vicinity of ሶ߮ ௜ = ߱௦ as: 
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௘௜ܯ = ݊௣ ௠௜ଶܮ ௌܷ଴ଶܮ௦௜ଶ ߱௠ܴ௥௜ ൫߱௦ − ݊௣߱௠൯, (14)

where ܮ௠௜ is the mutual inductance of the ݅th induction motor; ܮ௦௜ is stator inductance of the ݅th 
induction motor; ݊௣ is the number of pole pairs of the induction motor; ߱௠ is synchronous electric 
angular velocity; ܴ௥௜ is the rotor resistance of the ݅th induction motor; ௌܷ଴ is the amplitude of the 
stator voltage vector.  

3. Analytical deduction  

The first and the last formulas of Eq. (12) are coupling dynamic equations related to DOFs ݔ 
and ߮ଷ.  Neglecting the item related to small parameter ߤ  and introducing the following 
dimensionless parameters into the mentioned equation: ݎ௟ = ݎ݈ ,   ߱௫ = ඥ݇௫/ܯ, ௠ݎ = ܯ݉ , ߟ = ݉ଷ݉ଵ,

ଵ݂(ݐ) = ௟(−cos߮ଵݎ௠ݎ + cos߮ଶ),   ଶ݂(ݐ) = ௟sin(߮ଶݎߪ− − ఝ߱ ,(ߚ = ඨ ݇ఝ݈݉ଶ + ݉ଷ݈ଶ , ߪ = 11 + ,ߟ (15)

we obtain: 

൞ݔሷ + ߱௫ଶݔ = ߱௠ଶ ݈ ଵ݂(ݐ) + ߪߚ௠݈sinݎ ሷ߮ ଷ,ሷ߮ ଷ + ߱ఝଶ ߮ଷ = sin݈ߚ ሷݔ − ߱௠ଶ ଶ݂(ݐ). (16)

Applying the Laplace transform to Eq. (16), one gets: 

۔ە
ଶݏ)ۓ + ߱௫ଶ)ܺ(ݏ) = ߱௠ଶ ଵ(s)ܨ݈ + ߪߚଶsinݏ௠݈ݎ Φ(ݏ),൫ݏଶ + ߱ఝଶ ൯Φ(ݏ) = ଶ݈ݏ ߚsin(ݏ)ܺ − ߱௠ଶ .ଶ(s)ܨ  (17)

Thus, Φ(ݏ) and ܺ(ݏ) can be expressed: 

۔ۖەۖ
(ݏ)ܺۓ = ݈൫ݏଶ + ߱ఝଶ ൯߱௠ଶ (ݏ)ଵܨ − ଶଵߟ) + ଶ߱௠ଶݏ௠ݎ݈(ଷଵߟ (ݏ)ܩߚsin(ݏ)ଶܨ ,Φ(ݏ) = ଶ߱௠ଶݏ ߚଵ(s)sinܨ − ଶݏ) + ߱௫ଶ)߱௠ଶ (ݏ)ܩଶ(s)ܨ , (18)

where (ݏ)ܩ = ଶݏ) + ߱௫ଶ)(ݏଶ + ߱ఝଶ ) − (ߚସsinଶݏ௠ݎ) ⁄ߪ . 
Applying the inverse Laplace transformation to Eq. (18), whose numerator and denominator 

are divided by ߱ఝଶ ߱௫ଶ. Then introduce frequency ratio ݊௫ and ݊ఝ into Eq. (18): ݊௫ = ߱௠߱௫ ,    ݊ఝ = ߱௠߱ఝ . (19)

In this case, the spring stiffness ݇௫ and ݇ఝ is convert into the function of frequency ratio ݊௫ 
and ݊ఝ, respectively. From Eq. (18) it follows: 
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۔ۖەۖ
ݔۓ = 1)݈ߪ − ݊௫ଶ)݊ఝଶ ଵ݂(ݐ) + ௠݊௫ଶ݊ఝଶݎ݈ ଶ݂(ݐ)sin1)ߪߚ − ݊௫ଶ)(1 − ݊ఝଶ ) − ௠݊௫ଶ݊ఝଶݎ sinଶߚ ,

߮ଷ = ௫ଶ݊ఝଶ݊ߪ− ଵ݂(ݐ)sinߚ + ௫ଶ݊)ߪ − 1)݊ఝଶ ଶ݂(ݐ)1)ߪ − ݊௫ଶ)(1 − ݊ఝଶ ) − ௠݊௫ଶ݊ఝଶݎ sinଶߚ . (20)

Then, rearranging Eq. (20) one gets: ൜ݔ = cos߮ଵ)ݎ௠ݎଵߤ − cos߮ଶ) − sin(߮ଶݎߪଶߤ − ଷ߮,(ߚ = ௟(cos߮ଵݎ௠ݎଷߤ − cos߮ଶ) − ௟sin(߮ଶݎߪସߤ − (21) ,(ߚ

with: 

ଵߤ = ௫ଶ݊)ߪ − 1)݊ఝଶܰ ଶߤ   , = ௠݊௫ଶ݊ఝଶݎ sinܰߚ ଷߤ , = ௫ଶ݊ఝଶ݊ߪ sinܰߚ ସߤ   , = ௫ଶ݊)ߪ − 1)݊ఝଶܰ , ܰ = 1)ߪ − ݊௫ଶ)൫1 − ݊ఝଶ ൯ − ௠݊௫ଶ݊ఝଶݎ sinଶ(22) .ߚ

Parameters ߤଵ, ߤଶ, ߤଷ and ߤସ in Eq. (22) represent the mutual coupling coefficients of between 
the vibrating body, rotors and pendulum rod through the springs. The larger the coupling 
coefficient ߤଶ and ߤଷ of the system is, the stronger the coupling ability of the system is. Obviously, 
the analytical solution of ߤଵ and ߤସ is identical to each other, and the absent of the coupling ability 
is appeared when ߚ = 0°. In order to understand the coupling characteristics of the system, the 
following numerical computations have been performed since the these coupling coefficients are 
the functions of parameters ݊௫, ݊ఝ, ߚ ,ߪ and ݎ௠. Considering the value of parameters ݎ ,ߪ௠ and ߚ 
as constant, in the following deduction, we can confirm the value of the coupling coefficients 
when changing the value of parameters ݊௫ and ݊ఝ within a definite range. According to Tables 1 
and 2, we determine the value of the coupling coefficients. 

Table 1. Parameter values for system Eq. (11) 
Unbalanced rotor  

for ݅ = 1, 2  Vibro-platform Pendulum rod Induction motor ݉௜ = 2 [kg] ݉଴ = 100 [kg] ݈ = 0.3 [m] ݉ଷ = 10 [kg] ݎ = 0.05 [m] ݇௫ = 246490000-50307 [N/m] ݇ఝ = 4980-24402510 [N/rad] ܮ௠௜ = 0.13 [H] ߱௠ = 152-157 [rad/s] ௫݂ = 1064 [Ns/m] ఝ݂ = 15 [Nm/(rad/s)] ܮ௦௜ = 0.1 [H] 
ߚ – – = 12/ߨ5 ,3/ߨ ,6/ߨ ,0  [rad] ݊௣ = 2 
– – – ܴ௥௜ = 0.54 [Ω] 
– – – ௌܷ଴ = 220 [V] 

Table 2. Parameter values according to dimensionless Eq. (15) ߟ ߪ ,5 = = ௠ݎ ,0.17 = 0.02, ݊௫ = 0.1-7, ݊ఝ = 0.1-7 

From Fig. 2 it follows that the value of the coupling coefficients depends on the value of ݊௫ 
and ݊ఝ. In this figure, it can been seen that the peak value of the coupling coefficients is related 
to the frequency ratio (݊௫ and ݊ఝ) of the system, however, parameters ݊௫ and ݊ఝ are the function 
of the spring stiffness ݇௫  and ݇థ , respectively. In other words, the coupling coefficients are 
determined by the spring stiffness. Clearly, for 0.1 < ݊௫ < 0.9 and 0.1 < ݊ఝ < 0.9, the vibration 
frequency of the system is less than the eigen-frequency of the system; in this case, the absolute 
value of ߤଵ, ,ଶߤ  ଷߤ   and ߤସ  is smaller, which is denoted by before-resonance system. For  
0.9 ≤ ݊௫ < 1.1 and 0.9 ≤ ݊ఝ < 1.1, the vibration frequency of the system is approximately equal 
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to the eigen-frequency of the system; in this case, the absolute value of ߤଵ, ߤଶ, ߤଷ and ߤସ is far 
larger, which is denoted by resonance system. For ݊௫ ≥ 1.1 and ݊ఝ ≥ 1.1, the vibration frequency 
of the system is larger than the eigen-frequency of the system; in this case, the value of ߤଵ, ߤଶ, ߤଷ 
and ߤସ is also smaller, which is denoted by after-resonance system. Then, we can define the type 
of coupling of the system according to frequency ratio: 

Type 1: system of before-resonance coupled before-resonance (0.1 < ݊௫ < 0.9  and  
0.1 < ݊ఝ < 0.9); 

Type 2: system of after-resonance coupled before-resonance (0.1 < ݊௫ < 0.9  and  
1.1 < ݊ఝ < 7, or 1.1 < ݊௫ < 7 and 0.1 < ݊ఝ < 0.9); 

Type 3: system of after-resonance coupling after-resonance (1.1 < ݊ఝ < 7 and 1.1 < ݊௫ < 7). 

a) The value of ߤଵ and ߤଶ 
 

b) The value of ߤଶ 

 
c) The value of ߤଷ 

Fig. 2. The value of the coupling coefficients of the system for ߪ ௠ݎ ,0.17 = = 0.02 and ߚ = 30°. In this 
figure, coordinate ܺ represents the value of frequency ratio ݊௫; coordinate ܻ represents the value of 

frequency ratio ݊ఝ; coordinate ܼ represents the value of coupling coefficients 

4. Synchronization and stability 

In this section, we analyze the synchronization and stability of the system with theoretical 
method. As was already mentioned in Eq. (3), permits the family of synchronous solutions: ቄ߮ଵ = ݐ߱ + ଵ,߮ଶߙ = ݐ߱ + ଶ. (23)ߙ

So Eq. (19) can be rewritten as: 
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൜ݔ = ݐ߱)cos]ݎ௠ݎଵߤ + (ଵߙ − cos(߱ݐ + [(ଶߙ − ݐ߱)sinݎߪଶߤ + ଶߙ − ଷ߮,(ߚ = ݐ߱)௟[cosݎ௠ݎଷߤ + (ଵߙ − cos(߱ݐ + [(ଶߙ − ݐ߱)௟sinݎߪସߤ + ଶߙ − .(ߚ (24)

Specifying parameter ߙ as the phase difference between the two rotors, we have: ߙ = ଵߙ − ଶ. (25)ߙ

Consequently, the basic Eq. (4) is expressed as: 

۔ۖەۖ
ۓ ଵܲ = Φଵۧ  ߤۦ = ௘ଵܯۦ − ܴ௘ଵ − ݉ଵݔݎሷsin߮ଵۧ      = ௘ଵܯ − ܴ௘ଵ − 12 ߙ௠sinݎଵߤ]ଶ߱ଶݎ݉ + ߙ)cosߪଶߤ + ,[(ߚ

ଶܲ = Φଶۧ  ߤۦ = ௘ଶܯۦ − ܴ௘ଶ + ሷsin߮ଶݔ]ݎ݉ − ݈ ሷ߮ ଷcos(ߚ − ߮ଶ) + ݈ ሶ߮ ଷଶsin(ߚ − ߮ଶ)]ۧ      = ௘ଶܯ − ܴ௘ଶ + 12 ݉ଶݎଶ߱௠ଶ ߙ௠sinݎଵߤ] + ߚcosߪଶߤ + ߙ)௠cosݎଷߤ + (ߚ − (26) .[ߚ௠cosݎଷߤ

During the synchronization state, consider the excessive torque ܼ௦(߱) of the rotor to be zero: ܼ௦(߱) = ௘௦ܯ − ܴ௘௦ = 0, ( ݏ = 1, 2). (27)

Therefore, according to Eqs. (25) and (26), further calculations lead to the following from: ൜ߤଵݎ௠sinߙ + ߙ)cosߪଶߤ + (ߚ = ߙ௠sinݎଵߤ,0 + ߙ)௠cosݎଷߤ + (ߚ = ௠ݎଷߤ) − (28) .ߚcos(ߪଶߤ

In terms of Eq. (22), we can obtain: ߤଷݎ௠ = (29) .ߪଶߤ

Thus the two formulas in Eq. (28) are identical. The synchronization occurs when the 
following equations are fulfilled:  ߤଵsinߙ + ߙ)ଷcosߤ + (ߚ = 0. (30)

We can defined Eq. (30) as balance equation of synchronization of the system. Applying 
expansion of trigonometric function to Eq. (30), we have: 

cotߙ = ߚଷsinߤ − ߚଷcosߤଵߤ . (31)

If a solution of parameter ߙ exists in Eq. (31), the denominator of this equation should be 
nonzero. Therefore, there is a ‘critical point’, which can be expressed as: ߚ = ߨ݇ + 2ߨ ,   (݇ = 0, 1, 2, 3 … ). (32)

When the installation angular of the pendulum rod is approximated or equal to this point, the 
absent-synchronization of the system will be appeared. Based on Eq. (31), the synchronization 
equation of the system, we can determine phase difference ߙ with numerical computations. 
Obviously, the value of the phase difference is related to the coupling coefficients (ߤଵ and ߤଷ) and 
the installation angle (ߚ). Moreover, parameters ߤଵ  and ߤଷ  are the function related to spring 
stiffness ݇௫  and ݇ఝ , which indicate that spring stiffness ݇௫  and ݇ఝ  are the key parameters to 
determine phase difference ߙ.  
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Therefore, Eqs. (26) and (31) can be solved for synchronous velocity ߱௠ of the motors and 
the phase difference between the two rotors, respectively. Then the phase difference between the 
two rotors can be obtained: 

ߙ = arccot ߚଷsinߤ − ߚଷcosߤଵߤ . (33)

Now, let us consider the stability of the synchronous rotation for the rotors. With a subtraction 
for the two formulas in Eq. (26), one gets: 

ଵܲ − ଶܲ = ଵୣܯ − ܴ௘ଵ − ଶୣܯ) − ܴ௘ଶ) − ߙ௠sinݎଵߤ]ଶ߱ଶݎ݉ + ߙ)௠cosݎଷߤ + .[(ߚ (34)

Considering Eq. (34), the following criterion of synchronous stability is obtained from Eq. (6): 

߯ = ∂( ଵܲ − ଵܲ)∂ߙଵ = ∂( ଵܲ − ଵܲ)∂ߙ = ߙ௠cosݎଵߤ]ଶ߱ଶݎ݉− − ߙ)௠sinݎଷߤ + [(ߚ < 0. (35)

Rearranging Eq. (35), the stability criterion of synchronization of the system can be  
simplified as: ߤଵcosߙ − ߙ)ଷsinߤ + (ߚ > 0. (36)

Only should the values of the system parameters satisfy the balance equation and the stability 
criterion of synchronization of the system, that the synchronous operation of the rotors can be 
implemented. In this case, the phase difference between the rotors is called as the stable phase 
difference. 

5. Numerical discussions 

The above-mentioned sections have given some theoretical discussions in the simplified form 
on synchronization problem for the vibration system that the two unbalanced rotors coupled with 
a pendulum rod. In this section, we will quantitatively analyze the results of the stable phase 
difference. The parameter values corresponding to general engineering application are as given in 
Tables 1, 2.  

5.1. Theoretical solutions  

The stiffness coefficients ݇௫ and ݇ఝ, which is separately converted to frequency ratio ݊௫ and ݊ఝ, have influence on the phase difference according to Eq. (30). Under the condition that the 
synchronization condition and stability criterion of two rotors (Eq. (30) and (36)) are satisfied, the 
stable phase difference can be determined by using numerical method. 

The influence of the frequency ratio on values of the stable phase difference is compared, 
considering the different values of the parameter ߚ, as shown in Fig. 3. According to Eqs. (22), 
(30) and (36), we have ߤଶ = ଷߤ = 0 when ߚ = 0, and the synchronization condition is simply 
expressed as sinߙ = 0 , similarly, the synchronization stability criterion is rewritten as  ߤଵcosߙ > 0 . Since 0.1 < ݊௫ < 1  and ߤଵ < 0  (in this case, ߙ = ߨ ), it then follows that in 
before-resonance region (߱௠ < ߱௫) the synphase motion is unstable and the antiphase motion is 
stable ([1] describes that the motion, as the existence of ߙ ∈  is call as synphase ,(2/ߨ ,2/ߨ–)
synchronization; and the motion, as the existence of ߙ ∈ (2/ߨ3 ,2/ߨ) , is call as antiphase 
synchronization). In after-resonance region (߱௠ > ߱௫), on the contrary, (in this case, ߙ = 0), the 
synphase synchronization is stable and the antiphase synchronization is unstable. As shown in 
Fig. 3(a), it is clear that the stable phase difference is equal to ߨ  [rad] for 0.1 < ݊௫ < 1 
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(2.46×106 < ݇௫ < 2.46×108) and is equal to zero for 1 < ݊௫ < 7 (50307 < ݇௫ < 2.46×106). Note 
that parameter ݊ఝ has little influence on the value of stable phase difference; in other words, the 
phase difference is independent of the stiffness of the torque spring in the pendulum rod for  ߚ = 0 [rad]. 

On the other hand, from Fig. 3(b), (c) and (d), it follows that the spring stiffness in the 
pendulum rod also determine the value of the phase difference when the value of parameter ߚ is 
nonzero. As shown in Fig. 3(b), considering ߚ =  the antiphase synchronization exists ,[rad] 6/ߨ
when 0.1 < ݊௫ < 1 and 1 < ݊ఝ < 7; clearly, for 0.1 < ݊௫ < 1 and 0.1 < ݊ఝ < 1, both antiphase 
and synphase synchronization appear; furthermore, in the interval 1 < ݊௫ < 7 and 0.1 < ݊ఝ < 7, 
the two rotors always synchronize in synphase.  

 
a) ߚ = 0 [rad] 

 
b) ߚ = 6/ߨ [rad] 

c) ߚ =  [rad] 3/ߨ
 

d) ߚ =  [rad] 12/ߨ5
Fig. 3. Stable phase difference with the theoretical computation. In this figure, coordinate ܺ represents  

the value of frequency ratio ݊௫; coordinate ܻ represents the value of frequency ratio ݊ఝ;  
coordinate ܼ represents the value of stable phase difference ߙ 

In the following calculations, the parameter values are the same as in the previous 
computations, except for ߚ, which is fixed to ߚ =  From Fig. 3(c) it follows that for this .[rad] 3/ߨ
value of ߚ the rotors may synchronize either synphase or antiphase, also depending on the values 
of ݊௫ and ݊ఝ. The obtained results reveal that: in the interval 0.1 < ݊௫ < 1 and 0.1 < ݊ఝ < 1, 
antiphase synchronization is implemented between the rotors; in the interval 0.1 < ݊௫ < 1 and 
1 < ݊ఝ < 7,  both antiphase and synphase synchronization are remained; in the interval  
1 < ݊௫ < 7 and for 1 < ݊ఝ < 7, the two rotors will be synchronously operated in synphase state. 

In the last computations, considering ߚ =  near the absent-synchronization point [rad] 12/ߨ5
ߚ) =  .and the other parameter values are identical with the previous calculations ,([rad] 2/ߨ
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Fig. 3(d) depicts the value of the stable phase difference. In the figure, the value of the frequency 
ratio in the region of 0.1 < ݊௫ < 1 and 0.1 < ݊ఝ < 1, antiphase rotation of the rotor is carried out; 
however, in the region of 1 < ݊௫ < 7  and 0.1 < ݊ఝ < 2.7,  both antiphase and synphase 
synchronization are appeared; finally, the frequency ratio in the other regions, synphase 
synchronization between the two rotors is locked. 

5.2. Sample verifications  

Further analyses have been performed by computer simulations to verify our theoretical 
solutions above, which can be carried out by applying the Runge-Kutaa routine with adaptive 
stepsize control to the dynamics Eq. (11). Here, the parameters of the two motors, supplied the 
power source at the same time, are assumed to be identical. 

a) Rotational velocity and phase difference  
of the two rotors 

 
b) Torques of the two rotors 

 

 
c) Displacement responds of the pendulum rod and the vibrating body 
Fig. 4. Simulation results for ݊௫ = 0.4943, ݊ఝ = 0.4943 and ߚ =  6/ߨ

1) For ݊௫ = 0.4943, ݊ఝ = 0.4943 and ߚ =  .6/ߨ
Simulation results for ݊௫ = 0.4943, ݊ఝ = 0.4943 and ߚ =  are shown in Fig. 4, here, the 6/ߨ

spring stiffness is ݇௫ = 9859600 [N/m] and ݇ఝ = 976100 [N/rad]. The coupling type of the 
system belongs to type 1. When the two motor are supplied the electric source at the same time, 
the angular accelerations of the two rotors are equal each other (in Fig. 4(a)). The reason is that 
the inertia moments of the two rotors are identical and the spring stiffness is stronger. During the 
staring process of the system, the velocity difference exists between the two rotors, which leads 
to the phase difference unstable. However, when the angular velocities of the motors reach the 
operation value and the pendulum rod oscillate steadily, the synchronization phenomenon occurs. 
At this moment, the coupling torques (in Fig. 4(b)), making the phase difference ߙ stabilize at 
3.10 [rad], are approximated to 3.08 [N⋅m]. In this case, the two motors rotate stably in antiphase 
synchronization, and the synchronous velocity is 153.8 [rad/s]. From Fig. 4(c) it follows the 
displacements of the pendulum rod and the vibrating body. It can be seen that the displacement 
responds of the pendulum rod and the vibrating body are stable, and the amplitudes of them are 
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7×10-4 [rad] and 7×10-4 [m], respectively. Comparing simulation results with Fig. 3(b), it should 
be noted that the value of the stable phase difference is in agreement with the results obtained for 
the case of theoretical solutions (i.e., the stable phase difference in Fig. 3(b) is equal to 3.013 [rad], 
here, the stable phase difference is equal to 3.10 [rad]). 

2) For ݊௫ = 5.916, ݊ఝ = 5.029 and ߚ =  .6/ߨ
This subsection refers to the case that the system of after-resonance is coupled with the 

after-resonance, for ݊௫ = 5.916, ݊ఝ = 5.029. In the simulation model, here the spring stiffness are ݇௫ = 65969 [N/m] and ݇ఝ = 1053 [N/rad], and the other parameter value is identical with Table 1. 
When the two motor are supplied the electric source at the same time, the angular accelerations of 
the two rotors are incompatible (in Fig. 5(a)) because of the larger amplitude of pendulum than 
that of condition 1. During the staring process of the system, the velocity difference obviously 
exists between the two rotors, which leads to unstable phase difference of the rotors. However, 
when the angular velocities of the motors reach the operation value and the pendulum rod oscillate 
steadily, the synchronization phenomenon occurs. At this moment, the coupling torques (in 
Fig. 5(b)), making the phase difference ߙ  stabilize at –0.515 [rad], are approximated to  
3.23 [N⋅m]. In this case, the two motors rotate stably in synphase synchronization, and the average 
synchronous velocity is 153.5 [rad/s]. It is noteworthy that the velocity fluctuation of rotor 2, 
installed in the pendulum, is stronger than rotor 2. This indicate that the larger amplitude of the 
pendulum results in the larger velocity fluctuation of the motor. From Fig. 5(c) it follows the 
displacements of the pendulum rod and the vibrating body. It is clear that when the rotation 
velocity of the two rotors pass through the resonant region of the coupling system, the resonant 
responses of the system in the ݔ- and ߮ଷ-direction are appeared in the starting process. In the 
synchronization state, the displacements of the pendulum rod and the vibrating body are stable, 
and the amplitudes of them are 0.02 [rad] and 2.5×10-4 [m], respectively. Comparing simulation 
results with Fig. 3(b), the value of the stable phase difference by the computer simulations is 
according to the theoretical computations (i.e., the stable phase difference in Fig. 3(b) is equal to 
–0.5474 [rad], here, the stable phase difference is equal to –0.515 [rad]).  

a) Rotational velocity and phase difference  
of the two rotors 

 
b) Torques of the two rotors 

 

 
c) Displacement responds of the pendulum rod and the vibrating body 
Fig. 5. Simulation results for ݊௫ = 5.916, ݊ఝ = 5.029 and ߚ =  6/ߨ
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3) For ݊௫ = 5.916, ݊ఝ = 5.029 and ߚ =  .2/ߨ
Importantly, the theoretical results in Eq. (32) have shown that around the ‘critical point’  ߚ =  the stable phase difference does not exist or is unstable. Moreover, the results can be ,2/ߨ

supported by numerical simulations. We assume that ߚ =  in the simulation model and the 2/ߨ
other parameter values is the same as condition 2. The numerical results are depicted in Fig. (6). 
During the staring process of the system, the velocity of rotor 1 is obviously larger than rotor 2 on 
account of the oscillation of the pendulum rod. When the angular velocities of the motors reach 
the operation value, however, coupling torques between the rotors is absent as ߚ =  as shown) 2/ߨ
in Fig. 6(b), the torque of the two rotors is non-identical in all time-histories). Therefore, the phase 
difference between the rotors is unstable, as shown in Fig. 6(a). From Fig. 6(c), it follows the 
displacement responses of the pendulum rod and the vibrating body; it reveals that the unstable 
phase difference leads to the unstable displacement responses. Therefore, the system within such 
parameters unsuitably applied in the engineering.  

a) Rotational velocity and phase difference  
of the two rotors 

 
b) Torques of the two rotors 

 

 
c) Displacement responds of the pendulum rod and the vibrating body 
Fig. 6. Simulation results for ݊௫ = 5.916, ݊ఝ = 5.029 and ߚ =  2/ߨ

6. Conclusions  

Based on our published literature, we have studied a model considering of two counter-rotating 
rotors coupled with a rigid pendulum rod and a vibrating body, which is horizontally connected 
to a fixed support by means of springs. In this paper, the dynamics equations of the system are 
converted into dimensionless equations, on which the synchronized state (i.e., synphase and 
antiphase synchronization of the rotors) have been investigated. Only should the values of the 
system parameters satisfy the synchronization balance equation and the stability criterion of 
synchronization of the system, the synchronization operation of the rotors can be implemented. 
Theoretical and numerical results have shown that the existence and stability of the synchronous 
state are influenced by the spring stiffness and the installation angular of the pendulum rod, which 
is verified by the computer simulations. Meanwhile, the existence of the ‘critical point’  
ߚ) = ߨ݇ + ݇) ,2/ߨ = 0, 1, 2, 3…)) results in the absence of the coupling torques between the 
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rotors. Therefore, the phase difference is unstable, which leads to the unstable displacement 
responses of the system. 

The vibration system proposed in this paper may be applied to design new balanced elliptical 
vibrating screens, when their physics parameters satisfy the balance equation and the stability 
criterion of synchronization. In the early stage, for the developing and understanding the internal 
characteristics of the system, we only consider the vibrating body under the assumption of 
horizontal displacement. Will these results change if the vibrating body under multiple DOFs is 
taken into account? We believe that finding the answer to this question is the next step in 
challenging task of getting a complete understanding of synchronization in such system. 
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