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Abstract. In order to grasp the nonlinear characteristic of high-speed spatial parallel mechanism, 
the analysis of nonlinear characteristics for spatial parallel mechanism is investigated. The 
nonlinear elastic dynamic equation of 4-UPS-UPU high-speed spatial parallel mechanism is 
derived by kineto-elastodynamics theory, the dynamic equation is solved by numerical method, 
the nonlinear characteristic of the parallel mechanism is analyzed by phase diagram. Numerical 
results show that 4-UPS-UPU high-speed spatial parallel mechanism exhibits typical nonlinear 
characteristic during exercise, the factors, such as the motion trajectory of parallel mechanism, the 
material of driving limbs, the diameter of driving limbs and the mass of moving platform, are also 
have effect on nonlinear characteristics of parallel mechanism. Therefore the reasonable choice of 
the above factors can weaken the chaos motion. This researches provide important theoretical base 
of the chaos suppression for spatial parallel mechanism. 
Keywords: spatial parallel mechanism, kineto-elastodynamics, nonlinear characteristic, chaos. 

1. Introduction 

The spatial parallel mechanism, which has advantages of high speed, high precision, good 
dynamic performance, high stiffness and tight construction, has been paid more attention [1, 2]. 
The stiffness of all parts in spatial parallel mechanism is different, for example, the stiffness of 
telescopic rod in driving limbs is far below the stiffness of moving platform. In high speed and 
high acceleration conditions, the spatial parallel mechanism is a rigid-flexible dynamic coupled 
system due to the geometry nonlinearity and coupling effect between rigid body motion and elastic 
deformation, and exhibits strong nonlinear characteristics. Therefore, in order to reveal and 
improve the dynamic behaviors, meet the needs of the design, the nonlinear characteristics of 
spatial parallel mechanisms must be investigated. 

Up to now, the overwhelming majority of the analysis of elastodynamic behaviors for parallel 
mechanism are implemented within the linear theory framework [3-8], so the results obtained, 
which have bigger error [9-11], can not reflect the influencing factors of dynamic behaviors and 
actual dynamic behaviors, and then affect the dynamic optimal design. Besides, the existing 
studies are mainly focused on planar parallel mechanism, while less on spatial parallel mechanism. 
And that the study of the nonlinear characteristics of high-speed spatial parallel mechanism is 
quite few. 

The elastic dynamics equation of 4-UPS-UPU 5-DOF high-speed spatial parallel mechanism 
(see Fig. 1) is derived by kineto-elastodynamics theory in this paper, the nonlinear characteristics 
are analyzed by Newmark method and phase diagram, the relationship between nonlinear 
characteristics and the factors, such as the motion trajectory of parallel mechanism, the material 
of driving limbs, the diameter of driving limbs and the mass of moving platform, are discussed. 

2. Elastic dynamics model of spatial parallel mechanism 

When defining the telescopic rod in driving limbs as elastomers, the nonlinear dynamic model 
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of the 4-UPS-UPU high-speed spatial parallel mechanism is established as follows. 

 
Fig. 1. Mechanism diagram of 4-UPS-UPU 

 
Fig. 2. Model of beam element 

2.1. Model of rectangle beam element 

The rectangle beam element is adopted to model the spatial parallel mechanism, as shown in 
Fig. 2. The elastic displacement and elastic corner of arbitrary point on the axis of element are 
given by: 

௫ܹ(ݔ, (ݐ = ஺்ܰ ,ݔ)௬ܹ(1) ,ߜ (ݐ = ஻்ܰ ,ݔ)௭ܹ(2) ,ߜ (ݐ = ஼்ܰ ,ݔ)௫߰(3) ,ߜ (ݐ = ஽்ܰ ,ݔ)௬߰(4) ,ߜ (ݐ = ൬߲ ஼߲ܰݔ ൰் ߜ = ሶܰ஼் ,ߜ (5)߰௭(ݔ, (ݐ = ൬߲ ஻߲ܰݔ ൰் ߜ = ሶܰ஻் ,ߜ (6)

where ௫ܹ(ݔ, (ݐ , ௬ܹ(ݔ, (ݐ , ௭ܹ(ݔ, (ݐ  are elastic displacement along ݔ ݕ ,  and ݖ  axis, ߰௫(ݔ, ,ݔ)௬߰ ,(ݐ ,ݔ)௭߰ ,(ݐ  is generalized coordinate vector for ߜ .axis ݖ and ݕ ,ݔ are elastic angle around (ݐ
unit. ஺ܰ, ஻ܰ, ஼ܰ and ஽ܰ are displacement functions for unit. 

The speed of arbitrary point on the axis of element is given by: ሶܹ ௔௫(ݔ, (ݐ = ሶܹ௥௫ + ሶܹ௫(ݔ, ,(ݐ (7)ሶܹ ௔௬(ݔ, (ݐ = ሶܹ௥௬(ݔ, (ݐ + ሶܹ௬(ݔ, ,(ݐ (8)ሶܹ ௔௭(ݔ, (ݐ = ሶܹ௥௭(ݔ, (ݐ + ሶܹ௭(ݔ, ,(ݐ (9)ሶ߰௔௫(ݔ, (ݐ = ሶ߰௥௫(ݔ, (ݐ + ሶ߰௫(ݔ, ,(ݐ (10)

where ሶܹ ௔௫(ݔ, ሶܹ , (ݐ ௔௬(ݔ, ሶܹ , (ݐ ௔௭(ݔ, ݔ are absolute velocity along (ݐ ݕ , ݖ ,  direction, ሶܹ ௥௫(ݔ, ሶܹ , (ݐ ௥௬(ݔ, ሶܹ , (ݐ ௥௭(ݔ, direction; ሶܹ ݖ ,ݕ ,ݔ are rigid body velocity along (ݐ ௫(ݔ, ሶܹ , (ݐ ௬(ݔ, ሶܹ , (ݐ ௭(ݔ,  (ݐ
are elastic velocity along ݔ ,ݔ)direction, ሶ߰௔௫ ݖ ,ݕ , ሶ߰ ,(ݐ ௥௫(ݔ, ,ݔ)ሶ߰௫ ,(ݐ  are absolute angular (ݐ
velocity, rigid body angular velocity and elastic velocity around ݔ direction. 

2.2. Dynamic model of rectangle beam element 

2.2.1. Kinetic energy of beam element 

The kinetic energy of beam element without considering the rotational energy can be expressed 
as: 
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ܶ = 12 න (ݔ)݉ ൥ቆ݀ ௔ܹ௫(ݔ, ݐ݀(ݐ ቇଶ + ቆ݀ ௔ܹ௬(ݔ, ݐ݀(ݐ ቇଶ + ቆ݀ ௔ܹ௭(ݔ, ݐ݀(ݐ ቇଶ൩ ௅ݔ݀
଴  

     + 12 න ௣ܫߩ ቆ݀߰௔௫(ݔ, ݐ݀(ݐ ቇ௅
଴

ଶ, (11)

where ܮ is the length of the beam element, ρ is the mass density of the beam element, ܣ is the 
cross sectional area, ݉(ݔ) is mass of the beam element, and ݉(ݔ) =  ௣ is polar moment ofܫ ,ܣߩ
inertia of cross sectional area to ݔ axis. 

2.2.2. Deformation energy of the beam element  

The deformation energy of the beam element considering geometric nonlinearity is written as: 

ܸ = 12 ܧ න ൥ܫ௭ ቆ߲ଶ ௬ܹ(ݔ, ଶݔ߲(ݐ ቇଶ + ௬ܫ ቆ߲ଶ ௭ܹ(ݔ, ଶݔ߲(ݐ ቇଶ൩ ௅ݔ݀
଴ + 12 න ௣ܫܩ ቆ߲߰௔௫(ݔ, ݔ߲(ݐ ቇ௅

଴
ଶ  ݔ݀

     + 12 ܣܧ න ൥߲ ௫ܹ(ݔ, ݔ߲(ݐ + 12 ቆ߲ ௫ܹ(ݔ, ݔ߲(ݐ ቇଶ + 12 ቆ߲ ௬ܹ(ݔ, ݔ߲(ݐ ቇଶ + 12 ቆ߲ ௭ܹ(ݔ, ݔ߲(ݐ ቇଶ൩௅
଴

ଶ (12) ,ݔ݀

where ܧ is elastic modulus of tension and compression; ܩ is shearing modulus of elasticity; ܫ௣, ܫ௬, 
and ܫ௭ are principal moment of inertia of unit cross section to ݖ ,ݕ ,ݔ axis. 

2.2.3. Dynamic model of the beam element  

Putting Eq. (11) and Eq. (12) into Lagrange equation, we can get: ݀݀ݐ ൬߲߲ܶߜሶ൰ − ߜ߲߲ܶ + ߜ߲ܸ߲ = ,ܨ (13)

where ߜሶ is the first-order derivative of unit’s generalized coordinate vector ܨ ;ߜ is the generalized 
force for unit. 

From Eq. (13), the elastic dynamic model of beam element is given by: ܯ௘ߜሷ + ߜ∗௘ܭ = ௘ܨ + ௘ܲ + ܳ௘, (14)

where ܨ௘ is generalized force array of element caused by external applied load, ௘ܲ is force array 
of research element caused by connecting beam element, ܳ௘ = ௥ሷߜܯ−  is the rigid inertial force 
array, ߜሷ௥  is unit rigid body acceleration described by generalized coordinate vector, ߜሷ  is the 
second-order derivative of unit’s generalized coordinate vector ܯ ;ߜ௘∗ is the unit mass matrix, ܭ௘∗ 
is the unit stiffness matrix with considering nonlinear factors. 

2.3. Kinematic constraint equations 

The kinematic constraint equations of spatial parallel mechanism are written as: 

ௌ௜ݍ = ቎1 0 0 0 ௌܼ௜஺ − ௌܻ௜஺0 1 0 − ௌܼ௜ ஺ 0 ௌܺ௜஺0 0 1 ௌܻ௜ ஺ − ௌܺ௜஺ 0 ቏ ,଴ݍ (15)

where ௌܺ௜ ஺ , ௌܻ௜ ஺ , ௌܼ௜ ஺  is the coordinate of ௜ܵ ௌ௜ݍ , = ሾߜ௜̅௠ଵ଴ ௜̅௠ଵଵߜ ௜̅௠ଵଶሿ்ߜ  is the elastic 
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displacement vector of ௜ܵ  on ௜ܷ ௜ܲ ௜ܵ  driving limb, ݍ଴  is the displacement of moving platform 
caused by elastic deformation, ߜ௜̅௠ଵ଴ ௜̅௠ଵଵߜ ,  and ߜ௜̅௠ଵଶ  are unit (the unit ݉ on driving limb ݅) 
generalized coordinate vector in coordinate system ሼܣሽ. 

2.4. Dynamic constraint equations 

The dynamic constraint equations of spatial parallel mechanism are written as: 

ێێۏ
ێێێ
଴݉ۍ 0 0 0 0 00 ݉଴ 0 0 0 00 0 ݉଴ 0 0 00 0 0 ௫௫ܫ ௫௬ܫ ௫௭0ܫ 0 0 ௬௫ܫ ௬௬ܫ ௬௭0ܫ 0 0 ௭௫ܫ ௭௬ܫ ௭௭ܫ ۑۑے

ۑۑۑ
ې

ێێۏ
ۍێێ
ۑۑےሷ଺ݍሷହݍሷସݍሷଷݍሷଶݍሷଵݍ

ېۑۑ =
ێێۏ
ێێێ
ێێێ
ۍێێ ෍ ௜௫෍ܨ ௜௬෍ܨ ௜௭෍ܨ ௜௫෍ܯ ௜௬෍ܯ ௜௭ܯ ۑۑے

ۑۑۑ
ۑۑۑ
ېۑۑ

+
ێێۏ
ێێێ
ێێێ
ۍێێ ෍ ௢௫෍ܨ ௢௬෍ܨ ௢௭෍ܨ ௢௫෍ܯ ௢௬෍ܯ ۑۑے௢௭ܯ

ۑۑۑ
ۑۑۑ
ېۑۑ
 

      −
ێێۏ
ێێێ
଴݉ۍ 0 0 0 0 00 ݉଴ 0 0 0 00 0 ݉଴ 0 0 00 0 0 ௫௫ܫ ௫௬ܫ ௫௭0ܫ 0 0 ௬௫ܫ ௬௬ܫ ௬௭0ܫ 0 0 ௭௫ܫ ௭௬ܫ ௭௭ܫ ۑۑے

ۑۑۑ
ې

ێێۏ
ێێێ
ۍ ሷܺ஻ܻሷ஻ܼሷ஻ߛሷߚሷߙሷ ۑۑے

ۑۑۑ
 ,ې

(16)

where ∑ ௢௫ܨ , ∑ ௢௬ܨ , ∑ ௢௭ܨ , ∑ ௢௫ܯ , ∑ ௢௬ܯ , ∑ ௢௭ܯ  are the force and moment of moving platform 
caused by external applied load, ∑ ∑ ,௜௫ܨ ∑ ,௜௬ܨ ∑ ,௜௭ܨ ∑ ,௜௫ܯ ∑ ,௜௬ܯ  ௜௭ are the force and momentܯ
of moving platform caused by driving limbs, ܫ௫௫,…, ܫ௭௭ are the rotational inertia of moving platform, ݉଴ is the mass of moving platform, ݍሷଵ, ݍሷଶ,…, ݍሷ଺ are the acceleration of a moving platform, which 
contain 3 linear acceleration and 3 angular acceleration, ሷܺ஻, ሷܻ஻, ሷܼ஻ are the second-order derivative 
of position coordinates; ߙሷ ሷߚ ,  and ߛሷ  are the second-order derivative of Euler-angle coordinates. 

2.5. Dynamic model of the spatial parallel mechanism 

When assembling the dynamic model of each element, we can get the dynamic equation of 
each driving limb. The dynamic model of 4-UPS-UPU High-speed spatial parallel mechanism, 
which is obtained by combining the dynamic equation of each driving limb, kinematic constraint 
equations and dynamic constraint equations, is given by: ݍܯሷ + ሶݍመܥ + ݍܭ = ܳ, (17)

where ܯ = ∑ ܴ௜் ௜ܴ௜ହ௜ୀଵܯ + ܴ଴் መܥ ,଴ܴ଴ is the mass matrixܯ = ∑ ܴ௜் ௜ܴ௜ହ௜ୀଵܥ  is the gross damping 
matrix, ܭ = ∑ ܴ௜் ௜ܴ௜ହ௜ୀଵܭ  is the stiffness matrix, ܳ = ∑ ܴ௜் ௜ܲହ௜ୀଵ + ܴ଴் ܳ଴ is the generalized force 
matrix, ݍ is the generalized coordinate of system, ܴ௜ is the transfer matrix from driving limb’s 
generalized coordinates to system’s generalized coordinates, ܴ଴ is the relation matrix between 
displacement vector of moving platform and generalized coordinates of the system.  

3. The analysis method of nonlinear dynamics characteristic 

The elastic dynamic equation of 4-UPS-UPU high-speed spatial parallel mechanism is a 
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variable coefficient differential equation, the equation is commonly solved by time-discrete 
method. In other words, the motion time of mechanism (ܶ) is divided into a number of time units 
(Δݐ = ܶ/݊), and the elastic dynamic equation, which is regard as a second-order differential 
equation with constant coefficients, is solved in each time unit. Newmark method is an effective 
method for solving this type of variable coefficient differential equations. The basic idea of the 
Newmark method is described as follows. 

1) The method does not require any time to meet the motion equations, just require the time in 
discrete points to meet the motion equations.  

2) The relationship between displacement, velocity, acceleration and time are assumed in the 
scope of Δݐ. 

The phase diagram, which describes the relationship between the vibration displacement and 
vibration speeds, is one of the commonly used method to study the nonlinear characteristics of the 
nonlinear dynamic system. In this paper, the nonlinear characteristics analysis of the 4-UPS-UPU high-
speed parallel mechanism are achieved by combining the Newmark method with the phase diagram. 
That is applying Newmark method to solve nonlinear equations, getting vibration displacement and 
vibration velocity, and then applying phase diagram to analyze nonlinear characteristics. 

When knowing the solution of dynamic differential equation in t moment, the solutions of 
dynamic differential equation in ݐ + Δݐ moment obtained by Newmark method are written as: ݍሶ௧ା୼௧ = ሶ௧ݍ + ሾ(1 − ሷ௧ݍ(ଵߣ + ,ݐሷ௧ା୼௧ሿΔݍଵߣ ௧ା୼௧ݍ(18) = ௧ݍ + ݐሶ௧Δݍ + ൤൬12 − ଶ൰ߣ ሷ௧ݍ + ሷ௧ା୼௧൨ݍଶߣ Δݐଶ, (19)

where 0 ≤ ଵߣ ≤ 1, 0 ≤ ଶߣ ≤ 1 2⁄   .ଶ are parameters related to the accuracy and stabilityߣ ଵ andߣ ,
In ݐ + Δݐ  moment, the unknown quantity ݍ௧ା୼௧ ሶ௧ା୼௧ݍ ,  and ݍሷ௧ା୼௧  meet the system elastic 

dynamic equation, so we can get: ݍܯሷ௧ା୼௧ + ሶ௧ା୼௧ݍܥ + ௧ା୼௧ݍܭ = ܳ௧ା୼௧. (20)

The Eqs. (18), (19) and (20) are the basic equations of the Newmark method. The equations of ݍ௧ା୼௧, ݍሶ௧ା୼௧ and ݍሷ௧ା୼௧ can be derived by the Eqs. (18), (19) and (20). The elastic displacement 
vector ݍ௧ା୼௧  in ݐ + Δݐ  moment can be obtained by Eq. (20), and the ݍሶ௧ା୼௧ ሷ௧ା୼௧ݍ ,  in ݐ + Δݐ 
moment can be obtained by Eqs. (18) and (19), respectively. 

The main steps of nonlinear dynamics analysis are as follows: 
Step 1. Calculate the total system mass matrix ܯ, stiffness matrix ܭ and damping matrix ܥ. 
Step 2. Give the initial value of ݍ௧ୀ௧బ, ݍሶ௧ୀ௧బ, ݍሷ௧ୀ௧బ. 
Step 3. Select the time step Δݐ, parameters ߣଵ and ߣଶ, and calculate the constants of integration: 

ܽ଴ = ଶݐଶΔߣ1 ,   ܽଵ = ݐଶΔߣଵߣ , ܽଶ = ݐଶΔߣ1 , ܽଷ = ଶߣ12 − 1, ܽସ = ଶߣଵߣ − 1,ܽହ = Δݐ ൬ ଶߣଵ2ߣ − 1൰,   ܽ଺ = Δ1)ݐ − ,(ଵߣ ܽ଻ = .ݐଵΔߣ
Step 4. Form the effective stiffness matrix of system: ܭ∗ = ܭ + ܽ଴ܯ + ܽଵܥ. 
Step 5. Calculate the payload of ݐ + Δݐ time: ܳ௧ା୼௧∗ = ܳ௧ା୼௧ + ௧ݍ଴ܽ)ܯ + ܽଶݍሶ௧ + ܽଷݍሷ௧) + ௧ݍଵܽ)ܥ + ܽସݍሶ௧ + ܽହݍሷ௧).
Step 6. Calculate displacement of ݐ + Δݐ time: 
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௧ା୼௧ݍ∗ܭ = ܳ௧ା୼௧∗ . 
Step 7. Calculate acceleration and velocity of ݐ + Δݐ time: ݍሷ௧ା୼௧ = ܽ଴(ݍ௧ା୼௧ − (௧ݍ − ܽଶݍሶ௧ − ܽଷݍሷ௧, ሶ௧ା୼௧ݍ = ሶ௧ݍ + ܽ଺ݍሷ௧ + ܽ଻ݍሷ௧ା୼௧.
Step 8. Draw the curve of ݍ௧ା୼௧ ⁄ሶ௧ା୼௧ݍ  changes with time, get the phase diagram. 

4. Calculation and analysis of nonlinear characteristics for the parallel mechanism 

4.1. The parameters of 4-UPS-UPU spatial parallel mechanism 

In the 4-UPS-UPU spatial parallel mechanism, the distance between the first Hooke joint of 
the fixed platform and the center of the fixed platform is 780 mm, the other Hooke joints of the 
fixed platform distribute around the circle with a radius of 720 mm. The hinge points of moving 
platform distribute around the circle with a radius of 200 mm. The driving limbs are made of steel, 
mass density is 7.801×103 kg/m3, elastic modulus 1011×2.1 = ܧ Pa. 

Shear modulus ܩ = 8.0×1010 Pa, Poisson’s ratio is 0.29, the mass of moving platform is 
36.64 kg. The length of oscillating rod in driving limbs is 0.76 m, the length of expansion link in 
driving limbs is 0.88 m. The moment of inertia of the moving platform are ܫ௫௫ = 0.948 kg∙m2, ܫ௫௬ = 0.81×10-8 kg∙m2, ܫ௫௭ = 0.56×10-2 kg⋅m2, ܫ௬௬ = 0.66424 kg⋅m2, ܫ௬௭ = 1.166×10-7 kg⋅m2, ܫ௭௫ = 0.56×10-2 kg⋅m2, ܫ௭௬ =1.166×10-7 kg⋅m2 and ܫ௭௭ = 0.64 kg⋅m2, respectively.  

4.2. Numerical example 1 

The law of motion for 4-UPS-UPU spatial parallel mechanism is defined as (unit: s, m): 

۔ۖۖەۖۖ
ܺۓ = 1.20,ܻ = −0.15cos(2ݐ),ܼ = 0.15sin(2ݐ),ߙ = − 36ߨ + 72ߨ ߚ,ݐ = − 36ߨ + 72ߨ 0)  ,ݐ ≤ ݐ ≤ 1).

  (21)

According to the given motion Eq. (21) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the material of driving limbs are steel and aluminum, the phase diagrams are shown in Fig. 3. 
From Fig. 3, the motion in the ݔ-axis direction is irregular and bounded, so its movement is in the 
form of chaotic motion, the motion in the ݕ-axis direction is regular and cyclical, but it has 
diffusion in the local scope, so its movement is in the form of quasi-periodic motion, the motion 
in the ݖ-axis direction is also in the form of quasi-periodic motion. By and large, the trajectory of 
4-UPS-UPU high-speed spatial parallel mechanism, which is very complex and has a long-term 
unpredictability, is a typical chaotic motion. And as shown in Fig. 3, the different material of 
driving limbs have a certain effect on the phase diagram. 

According to the given motion Eq. (21) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the diameter of driving limbs are 10 mm and 40 mm, the phase diagrams are shown in Fig. 4. 
From Fig. 4, the diameter of driving limbs have a certain effect on the phase diagram. 

According to the given motion Eq. (21) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the mass of the moving platform are 36 kg and 105 kg, the phase diagram are shown in 
Fig. 5. From Fig. 5, the motion in the ݔ-axis direction is chaotic motion, the motion in the ݕ-axis 
and ݖ-axis direction are periodic motion. The motion of 4-UPS-UPU high-speed spatial parallel 
mechanism is chaotic motion, and the different mass of the moving platform have a very obvious 
effect on the phase diagram. 
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Fig. 3. The phase diagram comparison with different material of driving limbs 

 

 
Fig. 4. The phase diagram comparison with different diameter of driving limbs 
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Fig. 5. The phase diagram comparison with different mass of the moving platform 

4.3. Numerical example 2 

The law of motion for 4-UPS-UPU spatial parallel mechanism is defined as (unit: s, m): 

۔ۖەۖ
ܺۓ = 0.95 + ܻ,ݐ0.09 = −0.15cos(ݐߨ),ܼ = 0.15sin(ݐߨ),ߙ = ߚ,0 = 0,   (0 ≤ ݐ ≤ 1).     (22)

According to the given motion Eq. (21) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the material of driving limbs are steel and aluminum, the phase diagram are shown in Fig. 6. 
From Fig. 6, the motion in the ݔ-axis direction is irregular and bounded, so its movement is in the 
form of chaotic motion, the motion in the ݕ-axis direction has the excessive trend from periodic 
motion to chaotic motion, so its movement is in the form of quasi-periodic motion, when the 
material of driving limbs is steel, the motion in the ݖ-axis direction is regular, when the material 
of driving limbs is aluminum, the motion in the ݖ-axis direction is chaotic motion. And as shown 
in Fig. 6, the different material of driving limbs have an obvious influence on the phase diagram. 

According to the given motion Eq. (21) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the diameter of driving limbs are 10 mm and 40 mm, the phase diagrams are shown in Fig. 7. 
From Fig. 7, the different diameter of driving limbs have an obvious effect on the phase diagram. 

According to the given motion Eq. (22) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the mass of the moving platform are 36 kg and 105 kg, the phase diagram are shown in 
Fig. 8. From Fig. 8, the motion in the ݔ-axis direction is chaotic motion, the motion in the ݕ-axis 
direction is quasi-periodic motion, when the mass of the moving platform is 105 kg, the motion 
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in the ݖ-axis direction is regular, when the mass of the moving platform is 36 kg, the motion in 
the ݖ-axis direction is chaotic motion. 

 

 
Fig. 6. The phase diagram comparison with different material of driving limbs 

4.4. Numerical example 3 

The law of motion for 4-UPS-UPU spatial parallel mechanism is defined as (unit: s, m): 

۔ۖەۖ
ܺۓ = 1.25,ܻ = ܼ,ݐ0.16 = ߙ,ଶݐ0.16 = ߚ,0 = 0,   (0 ≤ ݐ ≤ 1).  (23)

According to the given motion Eq. (23) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the material of driving limbs are steel and aluminum, the phase diagrams are shown in Fig. 9. 
From Fig. 9, the motion in the ݔ-axis direction is irregular and bounded, so its movement is in the 
form of chaotic motion, the motion in the ݕ-axis direction is regular and cyclical, but it has 
diffusion in the local scope, so its movement is in the form of quasi-periodic motion, the motion 
in the ݖ-axis direction is also in the form of quasi-periodic motion. By and large, the trajectory of 
4-UPS-UPU high-speed spatial parallel mechanism, which is very complex and has a long-term 
unpredictability, is a typical chaotic motion. And as shown in Fig. 9, the different material of 
driving limbs have a certain effect on the phase diagram. 
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Fig. 7. The phase diagram comparison with different diameter of driving limbs 

 

 
Fig. 8. The phase diagram comparison with different mass of the moving platform 
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Fig. 9. The phase diagram comparison with different material of driving limbs 

 

 
Fig. 10. The phase diagram comparison with different diameter of driving limbs 
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Fig. 11. The phase diagram comparison with different mass of the moving platform 

According to the given motion Eq. (23) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the diameter of driving limbs are 10 mm and 40 mm, the phase diagrams are shown in 
Fig. 10. From Fig. 10, the diameter of driving limbs have a certain effect on the phase diagram. 

According to the given motion Eq. (23) of 4-UPS-UPU high-speed spatial parallel mechanism, 
when the mass of the moving platform are 36 kg and 105 kg, the phase diagram are shown in 
Fig. 11. From Fig. 11, the motion in the ݔ-axis direction is chaotic motion, the motion in the ݕ-axis 
and ݖ-axis direction are periodic motion. The motion of 4-UPS-UPU high-speed spatial parallel 
mechanism is chaotic motion, and the different mass of the moving platform have a very obvious 
effect on the phase diagram. 

By comparing the phase diagrams of the given motion Eqs. (1)-(3) of 4-UPS-UPU high-speed 
spatial parallel mechanism, the chaotic motion occurs in the movement, the parallel mechanism 
shows a typical nonlinear characteristics, and the different trajectory has an obvious effect on the 
phase diagram of parallel mechanism. 

5. Conclusions 

1) The nonlinear elastic dynamic equation of 4-UPS-UPU spatial parallel mechanism is 
established.  

2) The dynamic equation is solved by Newmark method, the nonlinear characteristics of the 
parallel mechanism is analyzed by phase diagram.  

3) 4-UPS-UPU high-speed parallel mechanism shows chaotic motion in the movement. The 
trajectory of the mechanism, the material of driving limb, the diameter of driving limb and the 
mass of the moving platform have a certain impact on the nonlinear characteristics of mechanism, 
respectively. 
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