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Abstract. In this paper, the pth moment Lyapunov exponent of a co-dimension two bifurcation
system that is parametrically excited by a real noise is investigated. By a linear stochastic
transformation, the eigenvalue problem of moment Lyapunov exponent is obtained. Then through
perturbation method, we deduce the joint probability density function of the phase processes and
its eigenvalue problem, which is solved by a Fourier cosine series expansion. Thus, an infinite
matrix yields and whose leading eigenvalue is the second order of the asymptotic expansion of
the moment Lyapunov exponent. Because of the complexity of elements in matrix A, the
eigenvalues of the low order sub-matrices of A are obtained by the truncation of n and the
convergence of the eigenvalue sequence is numerically illustrated. Finally, the effects of the
system and noise parameters on the moment Lyapunov exponent are discussed.

Keywords: moment stability, moment Lyapunov exponent, perturbation method, diffusion
process.

1. Introduction

The moment Lyapunov exponent that describes the pth moment stability of stochastic dynamic
system, is defined as:

1
Alp, xo) = lim —logE(llx(t, xo)II”], M

where x(t,x,) is a solution to a random dynamical system and E[-] denotes expected value. If
A(p, xy) < 0, by definition, E[[|x(t, x)||P] = 0 as t — oo, which represents that the pth moment
of the stochastic system is stable. The relation between moment stability and almost-sure stability
for an un-damped linear oscillator under real noise excitation was found firstly by Molcanov [1].
Later, the results were extended to an arbitrary d-dimensional system by Arnold in Ref. [2],
meanwhile, the rigorous definition of the moment Lyapunov exponent was firstly defined and the
following results were obtained. Under some conditions, the limit in Eq. (3) exists and is
independent of the initial value x,. So the moment Lyapunov exponent can be written as A(p),
which is a convex analytic function of p € R. In addition, the maximal Lyapunov exponent is a
derivative of moment Lyapunov exponent at p = 0, i.c.:

L _ @)

1
p = tlgglo?logIIX(t, xo)|I- Q)

p=0

Then, Aronld investigated the linear stochastic systems excited by the real noise and white
noise, and given a series of results of the moment Lyapunov exponent respectively in [3, 4]. Thus,
the stochastic problem of linear system was resolved completely.

However, it is extremely difficult to investigate the stochastic stability of a nonlinear
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dynamical system except for several very special cases, especially for moment stability. So far,
almost all the investigations on the moment Lyapunov exponents are confined to the approximate
analytical methods. For a two dimensional stochastic system, L. Arnold [5] firstly applied a
perturbation method to perform the asymptotic expansions of the pth moment Lyapunov
exponents on a small noise intensity and a small value of p. Using the same method,
Namachchivaya [6] obtained the small pth moment Lyapunov exponent for a system with two
coupled oscillators that is excited by a real noise. For a linear conservative system with a white
noise, Khasminskii and Moshchuk [7] proved that the finite pth moment Lyapunov exponent and
the stability index can respectively be expressed only as the asymptotic expansions of small noise
intensity. On the basis of the theorem given in [7], for the same system and random excitation as
[6], Namachchivaya and Roessel [8] obtained the asymptotic expansion of the finite pth moment
Lyapunov exponent. For the two dimensional system that was driven by the real noise and the
bounded noise excitations respectively, Xie [9-10] implemented the weak noise expansions of the
finite pth moment Lyapunov exponent, the maximal Lyapunov exponent and the stability index
through the same procedure. In recent years, this topic is still a hotspot for the researchers in the
field of random dynamical system. The stability properties of a Van der Pol-Duffing oscillator
with a real noise was investigated by Liu [11]. Due to the complexity of approximate analytical
methods, Higham [12] gave the numerical simulation of moment Lyapunov exponent in stochastic
differential equations. Then, the moment Lyapunov exponent and the stochastic stability of a
double-beam system under the compressive axial loading and moving narrow bands was studied
by Kozic [13]. Shenghong Li [14, 15] presented the result of the moment Lyapunov exponent for
a three dimensional stochastic system. For a binary airfoil system driven by non-Gaussian colored
noise, DL Hu [16] obtained its moment Lyapunov exponent.

In this paper, the pth moment Lyapunov exponent of a co-dimension two bifurcation system
that is parametrically excited by a real noise is investigated. For the same system, the maximal
Lyapunov exponent was investigated by Li [17, 18]. In Section 2, the studied dynamical system
is introduced and the eigenvalue problem of moment Lyapunov exponent is obtained. In Section 3,
through a perturbation method, the probability density functions of differential operator about £°,
! and e2are solved respectively. In Section 4, via an expansion of orthogonal Fourier series, the
eigenvalue problem of the differential operator leads to the eigenvalue problem for an infinite
matrix, whose leading eigenvalue is the moment Lyapunov exponent. The numerical results are
presented in Section 5 and a conclusion is given in Section 6.

2. Formulation

Consider a typical deterministic co-dimension two bifurcation system that is on a
three-dimension central manifold and possesses one zero-eigenvalue and a pair of pure imaginary
eigenvalues [19], i.e.:

7 =wr+arz+ (ard + azr?z) + 0(|r, z|%),
Z =z + (byr? + byz?) + (b3r?z + byz®) + 0(|r, 2|*), 3)
0 =w+0(rz?,

where y, and u, are unfolding parameters, a,, a,, as, by, b,, b3 and w is real constants. This
normalized form arises in the classic fluid dynamic stability study of coquette flow.

According to Oseledec multiplication ergodic theorem in the theory of random dynamical
system, both invariant manifold of the nonlinear system and the relevant invariant subspace of its
linearized system are tangent at the equilibrium point, thus the almost asymptotic stabilities for
the two systems at the equilibrium point are the same. Therefore, in order to study the stability for
a nonlinear stochastic system at the equilibrium point, it is sufficient we only investigate the
stochastic stability of its corresponding linearized system within the vicinity of the equilibrium
point by the results.
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Via the transformation of r = (x? + x%)/2, z = x5, © = arctan(x; /x,) in the vicinity of
equilibrium point x" = (x4, x5, x3) = (0,0, 0), the linearization of the original system Eq. (3),
which is subjected to a stochastic parametric perturbation, is the following as:

X =Aox—e2A;x + scos(f(t))Bx, @)
dé(t) = udt + o o dW (1),
where:
0 w O 6, 0 0 bi1 biz  byz
AO =|—w 0 0 ) A1 =10 51 0 ) B = b21 bZZ b23 .

The symbol ‘o’ indicates that the equations within Eq. (4) are Stratonovich stochastic
differential equations, u and o are real constants, W (t) is a unit Wiener process and the
bifurcation parameters (4, U, are rescaled such that y; = —&6;, U, = —&6,.

The following spherical polar transformation from (x4, x5, x3) to (p, 8, ¢):

X, = acosfsing, x, = acosfcos¢p, x; = asinf, p =lna, P =aP,

T T

$(O) = wt+9®), 6€|-2.2], doelo2n], %)
yields a set of equations of the arguments of p, 8, ¢ and the noise process &(t), i.e.:
dP = [ecos(§)pPp; + £%pPp,]dt,
d6 = [ecos(&)0; + €206,]dt, ©)
d¢ = [w + ecos(&)p,]dt,
dé = pdt + g o dW (t),
where:

1 . .
p1= E(f12 + f31)sin26 + f;,c0s%0 + f3,sin?0,
P, = —8,c0s?0 — §,sin?6,

1
0, = E(f32 — f11)sin26 + (f31C0529 - f12)51n29,

1
92 = 5(61 - 62)Sin29,
b, = ];21 + fz,tand,
fll = E (kl + kZCOSZ¢ + k3511’12¢),
f12 = b13sin¢ + b23COS¢),

1
fz]_ = E (k4 + k3COSZ¢ - kzsin2¢),
f2 = b13C95¢ — by3sing,
f31 = bzysing + bs,c08¢, f3; = bs,
ki = byy + by1, ks = byy — byy,
ks = by; + byy, k4 = biy — byy.

For the norm process P, a reversible linear stochastic transformation is introduced, i.e.:
T T

$=T(,¢,)P, P=T7"(6,9,%)S, —5S60<2, 0<¢<2m 0<{<2m, (7
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where the function T(6, ¢, &) is a scalar function of the phase processes (8, ¢, ). Thus the
equation for the new norm process S is obtained through lemma:

gs = p aT 1 ,0°T 6T+( T+98T+ T)
6{ 052 9 E\Pp1 139 ¢1a¢ cos($)

+ 2( T+96T)}dt+ or paw.
€7\ PP2 259 665

Since T (6, ¢, &) is bounded and non-singular, then both P and S have the same stability.
Therefore, T(0, ¢, &) is selected such that the drift term of Eq. (11) is independent of the phase
processes 8, ¢ and ¢, i.e.:

®)

ds = A(p)Sdt + aZ—?T—l(e, ¢, E)SdW. 9)

Comparing between Eq. (8) and Eq. (9) yields a fact that T(8, ¢, &) is presented by the
following equation:

oy 0T L 0T aT A
(») _M§+20 a—€2+w—¢+€<pp1 + 1%4‘(1’1%)(?05(5)

(10)
+e? (ppzT +6, 0_T>
a6

The above equation is written as:
where:

L:(p) = Lo(p) + €L, (p) + €*L,(p),

2 92 d
Lo(p) = #$+76_52+w%’

d d 12
Li(p) = <91£+¢1%+p,01> cos($), (12)

d
L,(p) =6, 30 + ppa.

And its corresponding adjoint operator is:

0, 0" 9
Koc T 2082 Yog
9 )
Ly =- 91%4‘ ¢1%+PP1 cos($), (13)

Ly=—

a
L; = _92% + pp>.

We can see that Eq. (11) defines an eigenvalue problem with the second-order differential
operator, in which, A(p) is the eigenvalue and T'(6, ¢, &) is the eigenfunction. Based on Eq. (11),
one can easily find that this eigenvalue is the pth moment Lyapunov exponent of system Eq. (4).

Consider the operator L, (p) and its adjoint operator L;(p), according to the facts shown by
Arnold [3,4], A(p) is an isolated simple eigenvalue of L.(p) with non-negative
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eigenfunction T(6,¢,&) and [|IT(0,¢,8)|| =1. For Li(p), T*(0,¢,&) is the unique
eigenfunction corresponding to A(p) with the property of (T (6, ¢, &), T*(0, ¢, &)) = 1, i.e.:

Le(p)T(6,,$) = A(P)T(6,,$),
L:(0)T*(6,¢,8) = A(p)T*(6,,%), (14)
(T(O,9,$).T°(6,4,$)=1, VpeR.

3. Asymptotic analysis

Because it is practically impossible that the expression of A(p)is solved by Egq. (14),
perturbation method is applied here. The following asymptotic expansions A(p) and T'(6, ¢, &)
are assumed in advance, i.e.:

A(P) = Ao(P) + €Ay (p) + €2, (p) + - + ™A (p) + -,

T(8,4,€) = To(6,$, &) + £T1 (8, . ) + £2T5 (6, , &) + -« + E"To (6, b, €) + -~ (15)

Substituting Eq. (15) into Eq. (14) and equating the terms of the equal powers of &, then the
following recursion equations are obtained:

% Lo()To(0,¢,8) = Ao()To(8, ¢, ),
31: LO(P)T1(9; ¢; 5) + L1 (P)To(e; ¢' 5) = Ao(P)T1(9' ¢, 5) + Al(p)TO (9' ¢; f)' (16)
82: LO(p)TZ (0' d)' E) + Ll (p)Tl (0' d)' E) + L2 (p)TO(e' d)' E) = AO (p)TZ (0' ¢)' E)

+A1(P)T1(0, 9, §) + A, (P)T, (0, ¢, ).

3.1. ° order perturbation

According to Eq. (16), the zero order perturbation equation is equavelant to:

Lo(@)To(8,$,8) = Ao(P)To(6, 6, 8), (17)
Le.:

T2 0 2oy W20 A )T, 18
7 082 +H6§+w6¢) 0T, (18)

In order to make the problem tractable, we assume 6, ¢ and & are mutually independent.
Applying the method of variable separation, i.e. Ty(8, ¢, &) = Fy(8)Py(¢p)Hy (), and dividing
both sides of Eq. (18) by ®(¢p)H, (&), we obtain:

() | B©) | eo@)
ZH@) TH@® T T 0@

(19)

Solving the equation for @, yields ®,(¢) = ke w?, where k and ¢ are constants. Since
@y () is a periodic function of ¢p, we obtain ¢ = 0. Hence ®y(¢) can be chosen as 1. On the
basis of the property of moment Lyapunov exponent, we know A(0) = 0, which is substituted into
Eq. (15), then leads to that Ay(0) = 0. Because the left side of Eq. (18) does not include p,
Ay(0) = 0yields Ag(p) = 0. Thus the equation for Hy(¢) becomes:

o Ho®)  Ho(®)
o’ —0. 20
2 @ T H® 20

We easily obtain:
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2
zma=guwm@§) @1

Since H(§) is bounded, C; = 0 is required. So H(§) is a constant, we choose H(§) = 1.
Thus, we obtain:

T0(6,6,6) = Fo(0), 6€[-7,3], ¢ elo,2nl ¢elo2n] (22)

It is the joint probability density function of the phase processes (8, ¢, £).
The corresponding adjoint differential equation of Eq. (17) is the following:

0 a? 92 0

,ua—gTo _76_52710 _(‘)%To =0. (23)
Also T5 (8, ¢, &) = F5(0)Gy(P)H; (), Eq. (23) becomes:

ot ©) _ H@) _ @) _ o

2HE Mo T Yee "

Solving the above equation, we obtain ®}(¢p) = c;e*/“. Where k and ¢, are constants.
Because @, (¢) is a periodic function of ¢, then x = 0, and ®;(¢) is selected:

1
¢6(¢) = %' ¢ € [0' 277:];

which represents the probability density function of a uniformly distributed random variable
¢ € [0, 2m].
Therefore, Eq. (24) is simplified as:

2H; ) H)
— — =0. 25
2H@©  PH© @)

The solution of Eq. (25) is Hy(§) = By + Biexp(2u/a?)
Since H*(§) is bounded, it is required that B; = 0. £(t) is the angle of triangular function, and
cosine is the periodic function with 27, so we can choose H*(§) = 1/2m, ¢ € [0, 2r]. Thus:

A

1
T5(6,6,8) = 3 F3(©), 0€[-5.5], ¢ elo2nl, ¢eo,2m) 26)

which is the joint probability density of the independent random variables (8, ¢, §).
3.2. ¢! order perturbation

From Eq. (16), the first order perturbation is the following:

Lo@)T1(6,9,8) + Li(0)To(6,9,§) = Ag()T1(6,$,8) + A1 (p)To(6, ¢, §). 27
Substituting Ay (p) = 0 and Ty (6, @, &) = Fy(6) into Eq. (27) results as follows:
Lo(@)T:(6,9,8) = A (p)To(6,¢,8) — Li(p)To(6, ¢, §). (28)

The solvability condition of Eq. (28) is:
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<A1 (p)TO (0' ¢)' E) - Ll (p)TO (0' ¢)' E)’ T;) =0, (29)

where T is shown in Eq. (26), (:,-) denotes the inner product that is defined as follows:

21 n/2
Suso=[ao [ a0 [ 75.0.6.05.0.6.00
/2
Solving Eq. (29) obtains that the first order term of the moment Lyapunov exponent, i.e.:
A1(p) = (L1 (P)T, (0, $, %), T5)- (30)
Again Ty (6, ¢, &) = Fy(0), so by calculating it is obtained that:
Li(p)T,(8, $,§) = cos(§)[61F(6) + pp1Fo(6)]. (€3]

And T3 (0, ¢, &) = F;(0)/4m?, Eq. (31) is rewritten as:

M (p) = 55 {€oS(E) [8,F3(6) + pps Fo(0)], i (8)). ()

Integrating Eq. (32) for & from 0 to 27, it is obtained that A; (p) = 0.
Hence, Eq. (27) reduces to:

LO (p)Tl (9, d)l E) = _Ll (p)TO (6! d)ﬂ f)r (33)
ie.

d o? 02 d ,
(Il% + PN + w_(/)) T,(0,¢,§) = —cos(§)[0,Fy(0) + pp1Fo(0)]. (34)

For the convenience to write, let F (8, ¢) = 6,F;(6) + pp,F,(6).
In order to solve the measure T; (0, ¢, §), we introduce an auxiliary time t’ in Eq. (34) and
make it become as:

d 0? d
(EHZ oAt ¢) 16,06, ") = cos(£(0))F (6, ). (35)

Applying the linear transformation t' = ¥ + s, ¢ = w( + 5), then Eq. (35) is:
i +U2 il tul T, (0 ) = cos(§(O))F (0, w¥ + 5)) (36)
as Zafz ‘uaf 1 llplfls _Cosg ,(A)lp S .
According to Duhamel’s principle [20], the solution for Eq. (36) is given by:
N
O = [ fO g s, 37
0

where f(0,,¢,s; ) is the solution of the following homogeneous equations:

d o? 092 d 9 ) =0
£+76—€2+M§ f( ,I/),f,S,T)— » S2>T, (38)

£(8,%,& ;1) = cos(§())F(6, 0@ +5)), s=r.

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2015, VOL. 17, ISSUE 8. ISSN 1392-8716 4595



1862. STOCHASTIC STABILITY AND MOMENT LYAPUNOV EXPONENT FOR CO-DIMENSION TWO BIFURCATION SYSTEM WITH A BOUNDED NOISE.
SHENGHONG L1, JIANCHENG WU

In order to solve Eq. (38), the following equations are considered:
042 i b s =0, s<t
9s ' 2z ogz " Hag) TS B =0 SS L
P(,s;z,t) = lingP(E, s;z,t) = 6(z —¢).
S—

(39)

Eq. (39) are the Kolmogorov’s backward equations for the transition probability function
P(¢,s; z,t), which is the probability density function of random variable z(t) conditioned on ¢(s),
t > s. The transition probability function with Eq. (4) is given:

oo vz [ u(t—s)]
P(,s;z,t) = ma exp{ 52 —5) } (40)
By Eq. (38) and Eq. (39), the solution for Eq. (38) is given by:
f6,9,&s1r)=F0,0@ + r))f OOE{cos[z(r)]}P(f, s;z,t)dz, (41)

where:

E{cos[z(r)]} = f+wcos[z(r)] P(¢,s;z,1)dz = cos[é — u(r — s)]exp {—%az(r - s)}. (42)

After substituting Eq. (41) and Eq. (42) into Eq. (37) and via some calculation, T; (0,9, ¢, s)
is solved:

1 N
T,(0,¥,&,s) = exp [—Eaz(t - s)] {cos(&) f F(6, o + r))cos[u(r — s)]dr
s 0 (43)
+sin(§) f F(Q, w@ + r)) sin[u(r — s)] dr}.

Meanwhile, the solution T; (6,1, §) in Eq. (34) is obtained by inserting ¢ = w () + s) into
Eq. (43) and calculating the limit s - —oo,

3.3. €2 order perturbation

According to Eq. (16), the second order perturbation is rewritten as:

d 0
LoT, = ATy — LTy — LTy = ATy — cos(§) <91 70 + ¢4 %1 + P,01> T, (44)
—0,F(0) — pp,Fo(0).

The solvability condition of Eq. (44) is:

1 2 g 2 bl 9
) \ d¢ f_%dg fo [AzTo — cos($) (91 20 + ¢, %1 + Ppl) T, (45)
—02F5(8) — pp2Fo(0)] - Fg (6)d§ = 0.

Via an integral for ¢ on [0, 2] and the massive calculations, Eq. (45) can be sorted into:
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/2
f (L) — M@)o (0)}F5 (8)d6 = 0,

—1/2
L) = 102(9) o O + @) 1+ [pa®) +5p%00)]
() = (20{1 03 — @,0,)sin?(20)
+ [E a, — ascos?(6) + %a3cos4(9)] o4[cos(26) — cos*(8)],
u@) = 6_14 [9aeu, — (Bas + 16a,)0; + 4(ay0, — (k¥ — ky)o3) + 3247 ]sin(26)
+$ [2af05 + 6(aso;, + aupy) — (aso; + a,05) + 4a,0,]sin(46)

1 1 1
+—(0{6/11 3aso,)sin(660) + — 178 a30,sin(86) + — a40'1tan(9)
ae) = 128 —a[2(ay0, + 5a50,) — 8(kf — 4b33)0;

—(11b2%, — 16b2; — 6b%, + 16b%;)0,]sin(26)

1
- [2(“%0_3 + b322a201) + 4‘(“4_ + as + b223)0_1 - azo—z]sin(4‘9)
+18 (2as + 2b2; + b3,)0,sin(66),
1
q() = [%#1 — (a4 + as)o]

+Z [a?05 — ay0, — 3agu, + (a3 + 4a, + 5as)a; — A™Jcos?(0)
1

1
+ g%~ (agpy + a?03 + (5as — 3a; — 2a,)0,)| cos*(6),

1 1
q) = _b32'303 + ) [2a703 — (a3 + ay + 2a5)0y]c 0s%(6)

+E [2a205 — a,0, + (4az + 4a, + 8ag)a;]cos*(8)a,

= kl 2b33,a’2 = k% + kz,
az = b3, + b3, @y = b3 + b33, as = bizbsy + byzbs,,
Qg = by3bz; — by3bsy, At = 61 £ 65,

3 o? N o? _ o? N o?
TGy 4w+ pn? ot +4(w—pu? Q2T iy 4Q2w + w)?  o*+4Qw — u)?
20?2 2(w + 1) 2(w — p)
03 = =

T ot 4p?’ o+ 4(w+w?  ot+4(w—wu?
Due to the arbitrariness of the function F; (8), the bracketed expression in Eq. (46) must vanish
identically, which yields the eigenvalue problem of the operator L(p), i.e.:

L(p)Fo(8) = A, (p)Fo(6), 6 €[~ 47)

22]

4. Solution of the eigenvalue problem

According to Namachchivaya [6, 8], for the eigenvalue problem defined in Eq. (47), at the
boundariesf = + /2, the eigenfunction F,(6) meets the zero Neumann boundary condition.
Then based on Wedig [21] and Bolotin [22], Fy(@) is thought as an orthogonal expansion of a
Fourier cosine series, i.e.:

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2015, VOL. 17, ISSUE 8. ISSN 1392-8716 4597



1862. STOCHASTIC STABILITY AND MOMENT LYAPUNOV EXPONENT FOR CO-DIMENSION TWO BIFURCATION SYSTEM WITH A BOUNDED NOISE.
SHENGHONG L1, JIANCHENG WU

[oe]

Fo(0) = Z Z, cos(2m0). (48)

m=0

By substituting Eq. (48) into Eq. (47), and multiplying both sides of the equation by cos(2n8),
then integrating for 6 on [—1/2,7/2], the following equations can be obtained:

[ee]

/2
Z AmZm = Ny (P)Zp, Apm = J- [L(p)cos(2mB)]cos(2nB)dl, n=0,1,2,... (49)
m=0 -n/2
Eq. (49) can be written as:
AZ = M\, (p)Z, (50)
Qoo Qo1 Qo2 zZ
A= %0 %1 Q2 v Z= 2 (51)

A0 QA21 Qpp - Z3

From Eq. (50), it can be seen that A, (p) is the leading eigenvalue of sub-matrices of the matrix
A, whose order is varied with n, then A,(p) is also an infinite sequence of the eigenvalues.
Therefore, solving A, (p) is converted into evaluating the eigenvalue problem of matrix A that is
defined by Eq. (50). Meanwhile, for Z in Eq. (50), to guarantee the existence of the non-trivial
solution, the determinant of the coefficients must vanishes. Moreover, the eigenvalue sequence
obtained by this method converges to the determined eigenvalue which is A,(p) as n = oo.
However, the amount of calculation increases drastically with the increase of n, so we obtain the
approximate eigenvalue by the truncation of n.

For example, forn = 0, A,(p) = aye- Asn = 1, the second order approximation of A, (p) is
the eigenvalue of the second order sub-matrix. Likewise, for n = 2, the third order approximation
of A,(p) is the eigenvalue of the third order sub-matrix. Until the curves of A,(p) are almost
coincident for different n, the curve can be as the approximation of A, (p). Due to the complexity
of expressions in the matrix A, here we only give the elements of the second order sub-matrix:

T
Ago = _{2‘75%03 —12[(ay + as)oy — agp1] — Sa, — 32A}p

4
+ﬁ{ <k12 +4b3; + _k1b33> o3 — 4[(az + ay) + 2as]o; — 361202}292.

Apgq1 = [(15“5 + 16“4 - a3)0_1 - 4“20—2 - 17“6#1 — 32A° ]p

128
+6_4 [2(k} — 4b33)03 — ay0,]p?,

A9 = 1 [(5“5 - 32“4)0-1 - 90{6/,41 - 4’“20‘2 + 4(k% - k1)0'3 - 32A_]

128{8(k1 4b§3)0—3 - 8a202 + 5(“4 + a5)01 — 17“6.“1 — 32A—}p (52)
+_ [Z(k% - 4b§3)0'3 - azaz]pz,
a1 = 256 —[(112a, — 20as + 3a3)o; + 12a4u, — 4(a? — ky) o3 + 4a,05]

256 —[2at0; — 11ay0, — 20(a, + as + 2b%,)0, + 28agu]p — 3247 }p

512 [14 (kl + 4b%; + = k1b33) 03 — 4(az + a, + 2as)o, — 7a,0,| p?.
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5. Numerical results

Because of very complex expressions of the elements in matrix A, It is almost impossible to
obtain the analytical solution of moment Lyapunov exponent through eigenvalue problem defined
in Eq. (50), especially, for high order matrix A. Therefore, we present the numerical solutions to
eigenvalue problems of the finite order sub-matrices, and obtain the approximate numerical results
of moment Lyapunov exponent by the relationship between moment Lyapunov exponent A, (p)
and A(p) in Eq. (15).

In Fig. 1 and Fig. 2, the curves of moment Lyapunov exponent A(p) for the different n in two
cases are given respectively. It can be seen that the deviation of the curves of approximate moment
Lyapunov exponent becomes less and less with the increase of n, which represents the order of
sub-matrix. In particular, in cases that as n = 3 and n = 4, the curves of A(p) are nearly overlap.
Thus, we conclude that the results are convergent with increase of n and it is sufficient for us to
calculate the four order approximate of A,(p). In addition, we obtain the moment Lyapunov
exponent of the system Eq.(4) using Monte Carlo simulation [23] in order to verify the
effectiveness of the results. As can be seen in Figs. 1-2, asymptotic analytical result of the moment
Lyapunonv exponent is nearly consistent with its numerical simulation.

0.10

0.05

+  Numerical simulation

i
+  Numerical smulaion \ 7
o

fy 4 082

-0.034

12 5 4 5§ - 3 3 B §
2 P
Fig. 1. Variation of moment Lyapunov exponent Fig. 2. Variation of moment Lyapunov exponent
with n and p for the case: k; =2, k, = k3 =0, with n and p for the case: ky =2,k, =0, k3 =3,
ky=2,b13 =by3 =1,b3; = b3y =-2, ky =1, b13 = by3 = b3y =1, b3 =0, b33 =1,
byz=l,u=c=w=1,6 =6,=-1 Uu=o=w=1,6=4,=1

0.08 T 0.06

0054

0.061
0.044

003+
004+

A 002+

0.024 001 4
o4

-0.01

-0.024 002

Fig. 3. Variation of moment Lyapunov exponent
with parameters p and u for the case: k; = 2,
ky, =0,k3 =3, ks =1, by3 = byz = b3q =1,

by, =0,b33 =l,0=w=1,8; =8, =1
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In addition, it can be shown from the expressions of the elements in matrix A that the moment
Lyapunov exponents are relevant to the parameters of the system and the noise excitation. Fig. 3
and Fig. 4 describe the effect of noise parameters on the moment Lyapunov exponent. One can
easily find that the apexes of the moment Lyapunov exponents move to the left and rise as both u
and o increase, which illustrates the stability of the system become poor with the increased y and
0. Moreover, by comparing two figures, we can see the effect of  is bigger than that of o. The
trend of the curves in Fig. 5 is similar to Fig. 3, but the varied range is less than the one in Fig. 3.
Fig.6 displays that the curves of moment Lyapunov exponent transform from the right side of
vertical axis to the left with the increase of §;, and the bigger J; is, the larger the influence on the
moment Lyapunov exponent. Finally, in view of Fig. 7, we see that the peak of the moment
Lyapunov exponents moves to the left and ascends rapidly with increase of §,, and the vary of the
curves is also alike to Fig. 3. Therefore, it can be seen from Fig. 3-7 that the parameter p, §; and
8, play the significant influence on the moment Lyapunov exponent.

005+ 0010+

0.044

0005

0.03 4

0024

-0.005 4

-0 : : : . : -0010 -

Fig. 5. Variation of moment Lyapunov exponent Fig. 6. Variation of moment Lyapunov exponent
with parameters p and w for the case: k; = 2, with parameters p and §; for the case: k; = 2,
ky =0,k =3k, =1,b13 = by3 =b31 =1, ky=0,k3 =3k, =1,bi13 = bys =b31 =1,

by, =0,bs;zs=lL,u=w=1,6=6=1 bz, =0,bs;z=l,u=0c=w=1,§,=1

0031 3

0024

0014

Fig. 7. Variation of moment Lyapunov exponent with parameters p and §, for the case: k; =2, k, =0,
ks =3,ky=1,b13=Dby3=b3; =1,b3, =0,b33=l,u=0c=w=1,6 =1

6. Conclusions

In this paper, the moment Lyapunov exponent of a co-dimension two bifurcation system, that
is on a three dimensional center manifold and is parametrically excited by a bounded noise, is
investigated. By a reversible linear transformation and perturbation method, a corresponding
eigenvalue problem and each order perturbation of the moment Lyapunov exponent are obtained.
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Zero, one and two order perturbation are solved through differential equation and stochastic
process theory, thus, the eigenvalue problem of probability density is yielded. Finally, the
eigenvalue problem is solved by Fourier cosine series expansion, and an infinite matrix yields and
whose leading eigenvalue is the second order perturbation of the moment Lyapunov exponent.
Furthermore, the convergence of procedure is numerically verified in two cases. Finally, the
effects of system parameters and noise parameters on the expression of the moment Lyapunov
exponent are discussed.
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