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Abstract. The nonlinear electromagnetic force can change the critical velocity of the projectile 
for a railgun. It corresponds to the resonance state in railgun. Here, the nonlinear 
electromechanical coupled dynamics equations for the railgun are proposed. Based on it, the 
equation of the nonlinear critical velocity of the projectile is given and the effects of the 
electromagnetic nonlinearity on the critical velocity of the projectile are investigated. Besides it, 
the effects of the fire velocity on the nonlinear critical velocity are studied as well. Results show 
that the critical velocity of the railgun system increases when the electromagnetic nonlinearity is 
considered, and the nonlinear critical velocity is influenced by the system parameters such as rail 
current, rail thickness, rail distance, etc. A FEM analysis package, ANSYS, is used to simulate 
dynamics performance of the railgun system and illustrate the analytical results about critical 
velocities of the railgun system. The results can be used to design dynamics performance of the 
railgun system. 
Keywords: railgun, nonlinearity, critical velocity, electromechanical coupled. 

1. Introduction 

The railgun was proposed about one hundred years ago. It is an attractive electromagnetic gun 
due to its apparent simple design and the muzzle velocities up to 2.5 km/s for masses of several 
hundred grams have been demonstrated experimentally [1-3].  

In the railgun, the vibration of the rail under the transient magnetic load may cause 
disturbances of the projectile trajectory. Therefore, the dynamic performance of the rail is of great 
importance for the railgun system. The first dynamic model of the electromagnetic railgun is 
one-dimensional beam model on an elastic foundation [4]. Then, the mechanical response of the 
railgun to the moving magnetic load was studied [5, 6]. For improving calculating accuracy, the 
axis-symmetric shell and two-dimensional solid models were used to study the resonance at 
critical velocities of the projectile [7]. The transient elastic waves in the railgun and their influence 
on armature contact pressure were analyzed [8, 9]. A 2D finite element model resting upon 
discrete elastic supports was used to analyze the transient performance of the railgun for a set of 
constant loading velocities [10]. The forced responses of the rail to constant velocity load and the 
acceleration load were studied [11]. A double layer elastic foundation beam model was proposed 
to investigate the dynamic responses of the rails to the moving magnetic load [12]. Besides it, the 
vibration experiment of the railgun with discrete supports was performed [13]. For the railgun, the 
linear electromechanical coupled effects were considered [14]. In operation, the rail current is 
quite large. It causes strong electromagnetic nonlinearity in the railgun system. So, the 
electromechanical coupled nonlinear free vibration of the railgun system was studied [15]. 
However, the nonlinear electromagnetic force can change the critical velocity of the projectile 
which corresponds to the resonance state in railgun. The effects of the electromagnetic 
nonlinearity on the critical velocity of the projectile have not been investigated yet. 

In this paper, the nonlinear electromechanical coupled dynamics equations for the railgun are 
proposed. Based on it, the equation of the nonlinear critical velocity of the projectile is given and 
the effects of the electromagnetic nonlinearity on the critical velocity of the projectile are 
investigated. Besides it, the effects of the projectile exit velocity on the nonlinear critical velocity 
are studied as well. Results show that the critical velocity of the railgun system increases when 
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the electromagnetic nonlinearity is considered, and the nonlinear critical velocity is influenced by 
the system parameters such as rail current, rail thickness, rail distance, exit velocity of the last 
projectile, etc. The results can be used to design dynamics performance of the railgun system. 

2. The average static displacement of the rail under electromagnetic force 

The railgun includes two parallel copper rails across which an armature makes electrical 
contact (see Fig. 1). The rails are copper strips ℎ×  and length . The distance between the two 
rails is . A large current  pass through the rails and the armature (projectile), and the projectile 
current interacts with the strong magnetic fields generated by the rails. It produces a strong force 
to accelerate the armature together with the projectile along the rails. Meanwhile, a mutually 
repulsive force occurs between the two rails.  

 
Fig. 1. Schematic of railgun 

The magnetic force per unit length on the rail is: = ,   (0 < < ),= 0,         ( < < ). (1)

The coefficient  can be calculated as: 

= 4 ℎ ( − )[( − ) + ( − ) ]       ∙ ( − ) + ( − ) + − −( − ) + ( − ) + ( − ) , (2)

where  is the permeability,  is the current intensity in the rail,  is the thickness of the rail, ℎ is 
the width of the rail,  is the distance between the two rails, ( ′, ′) is one point on the left rail, ( , ) is one point on the right rail,  is the running position of the armature. 

Using the regressive interpolation, the nonlinear electromagnetic force can be given as below: 

= ( + 0.013), (3)

where: 

= 1.21 × 10 (0.012ℎ − 0.001ℎ − 4.3 × 10 ℎ + 6.81 × 10 )+ 0.026 .
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The magnetic force can be expressed in Fourier series form and substituted into the force 
balance equation of the rail, yields: ∂∂ + = + 2 sin cos , (4)

where  is the modulus of elasticity of the rail material,  is the sectional modular of the rail,  
is the stiffness of the elastic foundation,  is the position coordinate in the direction of the rail 
length,  is the length of the rail. 

From Eq. (4), the static displacement  of the rail can be obtained and the average 
displacement of the rail can be calculated as: 

= 1 = + 2+ sin . (5)

3. Electromechanical coupled nonlinear dynamics equations of the rail 

The dynamic equation of the rail can be given as: ∂ Δ∂ + ∂ Δ∂ + Δ = Δ , (0 < < ), (6a)∂ Δ∂ + ∂ Δ∂ + Δ = 0, ( < < ), (6b)

where Δ  is the dynamic displacement of the rail,  is the mass coefficient per unit length of the 
rail, Δ  is the dynamic electromagnetic force on the rail,  is the time. 

The dynamic electromagnetic force is: Δ ( ) = Δ ,   (0 < < ),Δ ( ) = 0,       ( < < ), (7)

where: 

Δ = Δ + 12! Δ + ⋯ + 1! Δ .
Substituting Eq. (7) into (6), and letting the nonlinear parameter = ⁄ , yields: ∂ Δ∂ + ∂ Δ∂ + Δ      = − 2( + 2 + 0.013) Δ + 4( + 2 + 0.013) Δ + ⋯,     (0 < < ),∂ Δ∂ + ∂ Δ∂ + Δ = 0,    ( < < ).

 (8)

Let Δ = ( ) ( ), substituting it into Eq. (8), yields: ( )( ) − ( ) − ( ) = − ( )( ) + ( )( ) , (0 < < ), (9)
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where: 

= + 2( + 2 + 0.013) , = 4( + 2 + 0.013) ,= − 4( + 2 + 0.013) , = 1 ( ) . 
Let Eq. (9) equal constant − , thus: ( ) + ( ) − ( ) − ( ) = 0, (10)( )( ) − ( ) = 0, (11)

where = ( − ) . 
From Eq. (11), it is known: ( ) = + + cos + sin , (12)

where = √ . 
From Eq. (12), and the boundary conditions and the continuity conditions of the rail, the 

natural frequencies and the mode functions of the rail can be obtained. 

4. Forced response of the rail to running electromagnetic force 

As the electromagnetic force runs along the rail with a constant velocity , it can be  
expressed as: ( , ) = [1 − ( − )] = , ( ≤ ),0, ( ≥ ). (13)

Substituting Eq. (12) and (13) into Eq. (6), the generalized force can be given: 

( ) = 1 ( ) + ( )      = ( + 2 + 0.013) [ − + sin − cos −        + + ],   ( = 1, 2, … , ). (14)

The generalized coordinate is: 

( ) = ( + 2 + 0.013) [ − + sin      − cos − + + ]sin ( − )        = ( + 2 + 0.013) ( + − ) 1 − cos        + − cos − sin+ + − cos + sin+        + sin − sin− + cos − cos− .
(15)

From Eq. (15), the resonance condition can be obtained: 
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( ) − = 0. (16)

5. Nonlinear critical velocities  

Let: ( , ) = + + + ⋯, (17)

and: =  (1 + + +⋅⋅⋅), (18)

where   is the nonlinear vibration frequency of the rail considering electromechanical coupled 
effects. 

Letting = , and Eq. (10) can be changed into following form: ( ) + ( ) − ( ) − ( ) = 0. (19)

Substituting Eqs. (17) and (18) into (19), and then let sum of the coefficients with the same 
order power equal zero, following equations can be given: + = 0, (20a)+ = + − , (20b)+ = 2 + 3 − − . (20c)

Here, initial conditions are: (0) = ,   (0) = 0,(0) = 0,   (0) = 0,(0) = 0,   (0) = 0.
Then, solution of zero order equation under above initial conditions is: = cos . (21)

Substituting Eq. (21) into (20b), yields: 

+ = 2 cos2 + 2 + 4 cos3 + 3 4 + cos . (22)

In order to remove secular item, let = − 3 4⁄ , then: 

= 32 − 3 cos − 6 cos2 − 32 cos3 + 2 . (23)

Substituting Eqs. (21) and (23) into (20c), yields: 
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+ = − 3128 cos5 − 5 32 cos4      + − 6 + 316 − 4 cos3 + − 3 + cos2  
      − 3 + 2132 + 56 + 3128 − 2 + cos . (24)

In order to remove secular item, let: 

= 2 − 56 − 3128 ,
then the equation of the magnitude-frequency relationship is: 

= 1 − 3 4 + 2 − 56 − 3128 . (25)

Combining Eq. (25) with Eq. (16), the critical velocity of the rail running can be obtained: 

= 1 − 3 4 + 2 − 56 − 3128 . (26)

Assuming that the second projectile is fired when the first projectile leaves just now from the 
exit, the equivalent initial displacement  can be obtained as below. 

When the projectile runs to the exit, the real displacements of the rail are given from Eqs. (12) 
and (15): 

, = ∞ ⋅ ( ) = 2 − 1− cos  

      + 1− − 1 cos + 1 sin . (27)

From Eq. (27), the equivalent initial displacement  for the second projectile to fire can be 
given: 

= , ( )  

     = 2 1− + 1− − 1 cos + 1 . (28)

Eq. (28) gives relationship between the the equivalent initial displacement  for the second 
projectile to fire and the exit velocity  for the first projectile. For mode one, Eq. (28) is changed 
into following form: 
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= 2 1− + 1− − 1 cos + 1 . (29)

Using Eq. (29), the relationship between the the equivalent initial displacement  for the 
second projectile to fire and the exit velocity  for the first projectile is obtained (see Fig. 2). It 
shows that the equivalent initial displacement  decreases with increasing the exit velocity  
for the first projectile. When the exit velocity  is smaller than 2000 km/s, the equivalent initial 
displacement  decreases rapidly with the exit velocity .  

 
Fig. 2.  as function of  

6. Results and discussions  

Using above equations, the critical velocity of the railgun system and their changes along with 
the system parameters are investigated (see Fig. 3). It shows: 

1) When the current in the rail grows, the critical velocity of the railgun system grows because 
of the effects of the electromagnetic force. When the current  grows from 0 to 120 KA, the critical 
velocity increases from 2271 m/s to 2524 m/s.  

As the electromagnetic nonlinearity is considered, the critical velocity of the railgun system is 
increased further. Increasing the current in the rail, the difference between the linear critical 
velocities and the nonlinear critical velocities becomes large.  

When the current  grows from 0 to 20 KA, the difference between the linear critical velocities 
and the nonlinear critical velocities increases significantly. When the current  grows from 20 to 
50 KA, the difference increases slightly. When the current  is above 50 KA, the difference 
increases significantly with the current  again. At = 120 KA, the difference between the critical 
velocities and the nonlinear critical velocities gets to 14.57 %. Therefore, the electromagnetic 
nonlinearity of the railgun system should be considered when the rail current is relatively large.  

2) When the armature runs along the rails (  grows), the critical velocity of the railgun system 
increases. Considering the nonlinearity of the railgun system, the critical velocity of the railgun 
system is almost identical with the linear critical velocity when the armature position is from 0 to 
2 m. After 2 m, the nonlinear critical velocity is larger than the linear one, and the difference 
between the nonlinear and linear critical velocities increases significantly with increasing the 
position . It shows that the railgun system is a critical velocity changing system caused by the 
electromagnetic force and the force moving on the rail. For the armature position larger than 2 m, 
the nonlinearity of the railgun system should be considered. 

3) When the distance  between the two rails increases, the linear critical velocity of the 
railgun system does not change. As the nonlinearity of the railgun system is considered, the critical 
velocity of the railgun system increases significantly. When the distance  between the two rails 
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is small, the difference between the linear and nonlinear critical velocities is large. At = 17 mm, 
the difference between the linear and nonlinear critical velocities gets to 12.5 %. As the distance 

 between the two rails increases, the difference between the linear and nonlinear critical 
velocities decreases significantly. The results show that the nonlinearity of the railgun system 
should be considered for a smaller distance between the two rails. 

4) When the rail thickness  increases, the critical velocity of the railgun system decreases 
significantly. As the nonlinearity of the railgun system is considered, the critical velocity of the 
railgun system increases. When the rail thickness  is small, the difference between the linear and 
nonlinear critical velocities is large. When the rail thickness  is 0.005 m, the difference between 
the critical velocities gets to 12.4 %. As the thickness  increases, the difference between the 
linear and nonlinear critical velocities decreases significantly. At = 0.012 m, the difference 
deduces to zero. It shows that the nonlinearity of the railgun system should be considered for a 
smaller rail thickness . 

5) When the rail width ℎ increases, the linear critical velocity of the railgun system decreases. 
As the nonlinearity of the railgun system is considered, the critical velocity of the railgun system 
increases. When the rail width ℎ increases, the difference between the linear and nonlinear critical 
velocities decreases significantly. For the width of ℎ =  0.015 m, the difference between the 
critical velocities gets to 20.8 %. For the width of ℎ = 0.025 m, the difference between the critical 
velocities deduces to zero. So, the effects of the nonlinearity of the railgun system on the critical 
velocity should be considered for a small rail width ℎ. 

6) When the stiffness  of the elastic foundation increases, the linear critical velocity of the 
railgun system increases gradually. As the nonlinearity of the railgun system is considered, the 
critical velocity of the railgun system becomes large. As the stiffness  increases, the difference 
between the linear and nonlinear critical velocities decreases gradually. It shows that the 
nonlinearity of the railgun system should be considered for a smaller stiffness  of the elastic 
foundation. 

 
a) Critical velocities as function of  

 
b) Velocity difference as function of  

 
c) Critical velocities as function of 

 
d) Velocity difference as function of  
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e) Critical velocities as function of 

 
f) Velocity difference as function of  

 
g) Critical velocities as function of  

 
h) Velocity difference as function of  

 
i) Critical velocities as function of ℎ  

j) Velocity difference as function of ℎ 

 
k) Critical velocities as function of 

 
l) Velocity difference as function of  

Fig. 3. Nonlinear critical velocities of the railgun system and their changes 

Using Eqs. (26) and (28), the relationship between the nonlinear critical velocity of the 



1815. ELECTROMECHANICAL COUPLED NONLINEARITY AND CRITICAL VELOCITY FOR ELECTROMAGNETIC RAILGUN.  
LIZHONG XU, LINGCHAO PENG 

4020 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2015, VOLUME 17, ISSUE 7. ISSN 1392-8716  

projectile and the exit velocity of the last projectile is analyzed (see Fig. 4). These figures show: 
1) The nonlinear critical velocity decreases gradually with the exit velocity  of the last 

projectile. It shows that the exit velocity  of the last projectile has significant effects on the 
critical velocity of the next projectile. The effects are related to some system parameters.  

2) For a larger current in the rail, the critical velocities of the rail decreases more significantly 
with the exit velocity  of the last projectile. When the rail current is small, the critical velocities 
of the rail are not nearly influenced by the exit velocity  of the last projectile. It is because the 
electromagnetic nonlinearity is relatively small when the rail current is small. 

3) When the clearance  between two rails is small, the critical velocities of the rail are not 
nearly influenced by the exit velocity  of the last projectile. As the clearance  between two 
rails increases, the critical velocities of the rail decreases significantly with the exit velocity  of 
the last projectile. It is also because the electromagnetic nonlinearity is relatively small when the 
rail clearance  is large. 

 
a) Several  

 
b) Several  

 
c) Several  

 
d) Several  

Fig. 4. Relationship between  and   

4) As the rail thickness  decreases, the critical velocities of the rail decrease more 
significantly with the exit velocity  of the last projectile. It shows that the effects of the 
electromagnetic nonlinearity are more obvious for a small rail thickness .  When the 
electromagnetic nonlinearity is considered, the difference between the critical velocities for the 
different rail thickness  is smaller than that when the electromagnetic nonlinearity is not 
considered. It shows that the effects of the rail thickness  on the critical velocities of the rail 
become small when the electromagnetic nonlinearity is considered. 

5) As the stiffness  of the elastic foundation decreases, the critical velocities of the rail 
decrease more significantly with the exit velocity  of the last projectile. It shows that the effects 
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of the electromagnetic nonlinearity are more obvious for a small stiffness . When the 
electromagnetic nonlinearity is considered, the difference between the critical velocities for the 
different stiffness  is larger than that when the electromagnetic nonlinearity is not considered. It 
shows that the effects of the stiffness  on the critical velocities of the rail become large when the 
electromagnetic nonlinearity is considered. 

In order to illustrate our analytical results, a FEM analysis package, ANSYS, is used to 
simulate dynamics performance of the railgun system. The FEM model and the mesh-dividing 
pattern of the railgun system are shown in Fig. 5. The element number of the FEM is 909, and the 
node number is 5338. The boundary conditions for dynamic simulation of the railgun system are: 
one end of the rail is fixed, and another end is free, and the rail is supported on the elastic base 
with the stiffness coefficient = 5×108 N/m2. 

Using the FEM model, the forced responses of the rail to the running electromagnetic load are 
simulated. The comparison between the calculative results and the simulated ones are done. The 
used parameters in simulation are taken to be the same as ones used in analytical calculations 
above-mentioned. 

 
a) FEM model 

 
b) Mesh dividing pattern 

Fig. 5. FEM model of the railgun system 

 
a) Critical velocities as function of  

 
b) Critical velocities as function of ℎ 

Fig. 6. Comparison between the calculative results and the simulated ones 

Fig. 6(a) shows the comparison between the calculative critical velocities and the simulated 
ones for the different rail thickness. Fig. 6(b) shows the comparison between the calculative 
critical velocities and the simulated ones for the different rail width. Fig. 7(a) gives the dynamic 
displacements of the rail as a function of the load running velocity for the railgun system with rail 
thickness of 5 mm. Fig. 7(b) gives the dynamic displacements of the rail as a function of the load 
running velocity for the railgun system with rail width of 18 mm. Fig. 8(a) gives the dynamic 
displacement responses of the rail to a given load running velocity at some time for the railgun 



1815. ELECTROMECHANICAL COUPLED NONLINEARITY AND CRITICAL VELOCITY FOR ELECTROMAGNETIC RAILGUN.  
LIZHONG XU, LINGCHAO PENG 

4022 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2015, VOLUME 17, ISSUE 7. ISSN 1392-8716  

system with rail thickness of 5 mm. Fig. 8(b) gives the dynamic displacement responses of the rail 
to a given load running velocity at some time for the railgun system with rail width of 18 mm.  

Figs. 6, 7 and 8 show: 
The vibration magnitude of the rail after the armature is much larger than that in front of 

armature. As the armature runs, the large magnitude vibration range of the rail increases gradually, 
and the vibration magnitude of the rail increases gradually as well. When the load running velocity 
gets to the some velocity of the railgun system, the vibration magnitude of the rail gets to the 
maximum. 

 
a) = 5 mm 

 
b) ℎ = 18 mm 

Fig. 7. Dynamic displacements of the rail as a function of the load running velocity 

 
a) = 5 mm 

 
b) ℎ = 18 mm 

Fig. 8. Dynamic displacement responses at some time for a given load running velocity 

For the thickness  of 5 mm, when the load running velocity gets to 4000 m/s, the dynamic 
displacements of the rail begin to increase obviously, and gets to the maximum at the load running 
velocity of 4140 m/s, and then decrease obviously with increasing the load running velocity. So, 
the critical velocity of the railgun system is 4140 m/s for the railgun system with the thickness  
of 5 mm.  

As the rail thickness  increases, the critical velocities of the railgun system decrease 
significantly. When the thickness  is equal to 11 mm, the critical velocity of the railgun system 
reduces to 2840 m/s. 

For the width  of 18 mm, when the load running velocity gets to 2700 m/s, the dynamic 
displacements of the rail begin to increase obviously, and gets to the maximum at the load running 
velocity of 3000 m/s, and then decrease obviously with increasing the load running velocity. So, 
the critical velocity of the railgun system is 3000 m/s for the railgun system with the width  of 
18mm. It should be noted that the sensitivity of the dynamic displacements of the rail on the rail 
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width is smaller than that on the rail thickness. As the rail width  increases, the critical velocities 
of the railgun system decrease significantly as well. When the width  is equal to 24 mm, the 
critical velocity of the railgun system reduces to 2360 m/s. 

From Figs. 6, 7 and 8, it is known that the FEM simulated critical velocities of the railgun 
system is near to ones calculated by the nonlinear analytical equations. Here, the FEM simulated 
critical velocities are in good agreement with ones calculated by the nonlinear analytical equations, 
and the maximum error between them is 3.2 %. The results illustrate the analytical results about 
critical velocities of the railgun system in this paper. 

It should be noted that the errors between the FEM simulated critical velocities and the 
analytical calculated ones increase with decreasing the rail thickness or the rail width. It is because 
only the first order nonlinear term is considered in our analytical Eq. (8). As the rail thickness or 
the rail width decrease, the nonlinearity of the railgun system increases, so the errors between the 
FEM simulated critical velocities and the analytical calculated ones increase.  

For the thickness  of 5 mm, the maximum error between the FEM simulated critical velocities 
and the ones calculated by the nonlinear analytical equations is 3.2 % as above stated. For the 
thickness  of 11 mm, the error between them is 1.3 %. When the rail width ℎ increases from 
16 mm to 24 mm, the error between them decreases from 2.3 % to 0.5 %. Therefore, for the 
stronger nonlinear dynamics problem with smaller rail thickness and smaller rail width, in order 
to reduce the analytical calculated errors, more order nonlinear terms can be considered for a 
stronger nonlinear dynamics problem. 

7. Conclusions 

In this paper, the nonlinear electromechanical coupled dynamics equations for the railgun are 
proposed. Based on it, the equation of the nonlinear critical velocity of the projectile is given and 
the effects of the electromagnetic nonlinearity on the critical velocity of the projectile are 
investigated. The effects of the projectile exit velocity on the nonlinear critical velocity are studied. 
Results show:  

1) The critical velocity of the railgun system increases when the electromagnetic nonlinearity 
is considered. 

2) The nonlinear critical velocity is influenced by the system parameters such as rail current, 
rail thickness, rail distance, etc. Increasing the rail current, the difference between the linear and 
nonlinear critical velocities becomes large.  

3) The railgun system is a critical velocity changing system. For large armature position, the 
nonlinearity of the railgun system should be considered. 

4) As the distance between the two rails or the rail thickness increases, the difference between 
the linear and nonlinear critical velocities decreases significantly. It shows that the nonlinearity of 
the railgun system should be considered for a smaller distance between the two rails and a smaller 
rail thickness. 

5) The nonlinear critical velocity decreases gradually with the exit velocity  of the last 
projectile. It shows that the exit velocity  of the last projectile has significant effects on the 
critical velocity of the next projectile.  
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