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Abstract. The explicit solutions for the natural frequencies and mode shapes of the orthotropic 
rectangular plate with four clamped edges are presented by the double finite cosine integral 
transform method. In the analysis procedure, the classical orthotropic rectangular thin plate is 
considered. Because only are the basic dynamic elasticity equations of the orthotropic thin plate 
adopted, it is not need prior to select the deformation function arbitrarily. Therefore, the solution 
developed by this paper is reasonable and theoretical. Finally, an illustrative example is given and 
the results are compared with those reported earlier. This method is found to be easier and 
effective. The results show reasonable agreement with other available results, but with a simpler 
and practical approach. 
Keywords: rectangular orthotropic plate, four clamped edges, natural frequencies and mode 
shapes, finite integral transform. 

1. Introduction 

The use of orthotropic plates is common in all the fields of structural engineering: civil, 
mechanical and aerospace. The wide use of such structures requires investigating the dynamic 
behavior of orthotropic plates in order to develop accurate and reliable design. From an 
engineering point of view, a complete solution to the problem of evaluating the modes and the 
dynamic response of an orthotropic plate can be given by the Finite Element Method when the 
material properties and the boundary conditions are known. However, in the preliminary design 
stage, when the dimensions and the properties of the materials must be selected, as well as in 
applying quality controls to the accuracy of the design by means of finite element calculations, it 
is very useful to have an analytical method to compute all the modal frequencies of orthotropic 
rectangular plates. The related publications can be counted in thousands [1]. In addition, a 
literature survey reveals that most previous investigations have mostly dealt with a scheme or 
technique that is only suitable for a particular type of boundary conditions. Due to the 
mathematical complexity of the situation, it is well known that the analytical solutions are 
generally available only for plates that are simply supported along at least one pair of opposite 
edges. Leissa gave a survey of research on rectangular plate problems up to 1970 [2-3]. The a 
further overview up to the beginning of this century is presented in Refs [4-5]. One of the most 
commonly used methods in free vibration analysis of plates is the Rayleigh-Ritz energy technique, 
where appropriate functions associated with various boundary conditions are chosen to describe 
the lateral deflection of the deformed plates. The chosen functions almost always do not satisfy 
the governing differential equation. Gorman used the superposition technique to solve 
approximately free vibration problems of plates for various geometries and boundary conditions 
[6, 7]. A set of static beam functions was used to determine the natural frequencies of elastically 
restrained plates [8, 9]. S. Hurlebaus et al. [10] have extended the Fourier series solution to other, 
more complicated, boundary conditions than the simply supported. The other numerical 
approaches, such as finite element method [13] and boundary element method [14] were usually 
adopted by many researchers to analyze the plate on elastic foundation. 

Integral transform is one of the best approaches to obtain the explicit solutions of some partial 
differential equations used in elasticity [11]. This method has been often utilized to analyze some 
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structural engineering problems [12]. Unfortunately, based on the author’s knowledge there are 
no reports about using finite integral transform to analyze the rectangular orthotropic plate with 
four clamped edges. In the paper the double finite cosine integral transform method is adopted to 
acquire the theoretical solutions of eigenfrequncies and vibration modes for the rectangular 
orthotropic thin plate with four clamped edges. In the analysis procedure, it is only to use the basic 
dynamic elasticity equations of the thin orthotropic and it is not need prior to select the 
deformation function arbitrarily. Therefore, the solution developed by present paper is reasonable 
and theoretical. In order to proof the correction of formulations, the numerical results are also 
presented to comparing with that of the other references. 

2. Vibration of orthotropic thin plate and integral transform 

According to the theory the classical orthotropic thin plate, the governing equation of motion 
for an unloaded plate is: 

௫ܦ ߲ସݔ߲ݓସ + ௫௬ܦ ߲ସݔ߲ݓଶ߲ݕଶ + ௬ܦ ߲ସݕ߲ݓସ + ℎߩ ߲ଶݐ߲ݓଶ = 0, (1)

where ܦ௫ = ௫ℎଷܧ 12൫1 − ௬൯ൗݒ௫ݒ , ௬ܦ  = ௬ℎଷ/12(1ܧ − (௬ݒ௫ݒ  and ܦ௬௫ = ௫௬ℎଷ/12ܩ  are the 
flexural rigidity of plate. In which ܧ௫  and ܧ௬  are Young’s moduli in the ݔ  and ݕ  directions 
respectively. ܩ௫௬  is the shear modulus. Also ߥ௫  and ߥ௬  are Poisson’s ratios in the ݔ  and ݕ 
directions respectively. ℎ  and ߩ  are the thickness and the density of plate. ݔ)ݓ, ,ݕ (ݐ  is the  
out-of-plane displacement. Assuming a harmonic vibration, one way write: ݔ)ݓ, ,ݕ (ݐ = ,ݔ)ܹ ,ݐsin߱(ݕ (2)

where ܹ(ݔ,  is the shape function describing the modes of the vibration and ߱ is the natural (ݕ
circular frequency of the plate. Substitution of Eq. (2) into Eq. (1) gives: 

௫ܦ ߲ସܹ߲ݔସ + ௫௬ܦ ߲ସܹ߲ݔଶ߲ݕଶ + ௬ܦ ߲ସܹ߲ݕସ + ܹߣ = 0, (3)

where ߣ =  .ℎ߱ଶߩ
In order to solve the partial differential Eq. (3), the double finite cosine integral transform 

approach [11] is exploited.  
If ݂(ݔ, (ݕ  is a function of the two independent variables ݔ  and ݕ , defined on the square  

0 < ݔ < ܽ, 0 < ݕ < ܾ, the definition of double finite cosine integral transform is presented by the 
equation: 

݂̅(݉, ݊) = න න ,ݔ)݂ cos௕(ݕ
଴

௔
଴ .ݕ݀ݔ݀ݕ௡ߚcosݔ௠ߙ (4)

The inversion formula can be derived as ܮ: 

,ݔ)݂ (ݕ = 1ܾܽ ݂̅(0,0) + 2ܾܽ ෍ ݂̅(݉, 0)cosα௠ݔ + 2ܾܽ ෍ ݂̅(0, ݊)cosߚ௡ݕஶ
௡ୀଵ

ஶ
௠ୀଵ      + 4ܾܽ ෍ ෍ ݂̅(݉, ݊)cosߙ௠ݔcosߚ௡ݕஶ

௡ୀଵ
ஶ

௠ୀଵ , (5)
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where ߙ௠ = ܽ/ߨ݉  and ߚ௡ = ߨ݊ ܾ⁄ .  ܽ  and ܾ  are the length and the width of the plate  
respectively.  

The double integral transform of the first partial derivative term appeared in Eq. (3) may 
readily be written as: 

න න ߲ସܹ߲ݔସ cos௕
଴

௔
଴ ݕ݀ݔ݀ݕ௡ߚcosݔ௠ߙ = ௠ସߙ ഥܹ (݉, ݊)
      + න ቊ(−1)௠ ߲ଷܹ߲ݔଷ ቤ௫ୀ௔ − ߲ଷܹ߲ݔଷ ቤ௫ୀ଴ − ௠ଶߙ ൤(−1)௠ ݔ߲ܹ߲ ฬ௫ୀ௔ − ݔ߲ܹ߲ ฬ௫ୀ଴൨ቋ cosߚ௡ݕ݀ݕ௕

଴ , (6)

and the third tern can be written as: 

න න ߲ସܹ߲ݕସ cos௕
଴

௔
଴ ݕ݀ݔ݀ݕ௡ߚcosݔ௠ߙ = ௡ସߚ ഥܹ (݉, ݊)
      + න ൝(−1)௡ ߲ଷܹ߲ݕଷ ቤ௬ୀ௕ − ߲ଷܹ߲ݕଷ ቤ௬ୀ଴ − ௡ଶߚ ቈ(−1)௡ ݕ߲ܹ߲ ฬ௬ୀ௕ − ݕ߲ܹ߲ ฬ௬ୀ଴቉ൡ cosߙ௠ݔ݀ݔ௔

଴ . (7)

The second term is split into two parts. The first part considers the partial derivative with 
respect to ݕ first: 

න න ߲ସܹ߲ݔଶ߲ݕଶ cos௕
଴

௔
଴ ݕ݀ݔ݀ݕ௡ߚcosݔ௠ߙ = න ቈ(−1)௡ ݕ߲ܹ߲ ฬ௬ୀ௕ − ݕ߲ܹ߲ ฬ௬ୀ଴቉ cosߙ௠௔

଴ ݔ݀ݔ
      + න ቈ(−1)௠ ߲ଷܹ߲ݕ߲ݔଶቤ௫ୀ௔ − ߲ଷܹ߲ݕ߲ݔଶቤ௫ୀ଴቉ cosߚ௡ݕ݀ݕ + ௠ଶߙ ௡ଶߚ ഥܹ (݉, ݊),௕

଴
(8)

while the second part considers the partial derivative with respect to ݔ first: 

න න ∂ସܹ∂ݔଶ ଶݕ∂ cos௕
଴

௔
଴ α௠ݔcosߚ௡ݕ݀ݔ݀ݕ = න ቈ(−1)௠ ݔܹ∂∂ ฬ௫ୀ௔ − ݕܹ∂∂ ฬ௫ୀ଴቉ cosߚ௡௕

଴ ݕ݀ݕ
      + න ൥(−1)௡ ߲ଷܹ߲ݔଶ߲ݕቤ௬ୀ௕ − ߲ଷܹ߲ݔଶ߲ݕቤ௬ୀ଴൩ cosߙ௠ݔ݀ݔ௔

଴ + ௠ଶߙ ௡ଶߚ ഥܹ (݉, ݊). (9)

Substitution of Eqs. (6)-(9) into Eq. (3) leads to: 
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௠ସߙ௫ܦ)] + ௠ଶߙܪ2 ௡ଶߚ + (௡ସߚ௬ܦ + [ߣ ഥܹ (݉, ݊)       = −൫ܦ௫ߙ௠ଶ + ௡ଶ൯ߚ௬ܦ௫ߥ න ൝(−1)௡ ݕ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௬ୀ௕
௔

଴  
       − ݕ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௬ୀ଴ൡ cosߙ௠ݔ݀ݔ 
       −൫ܦ௬ߚ௡ଶ + ௠ଶߙ௫ܦ௬ߥ ൯ න ቊ(−1)௠ ݔ߲߲ ቆ߲ଶܹ߲ݔଶ + ߲ଶܹ߲ݕଶ ቇቤ௫ୀ௔

௕
଴  

       − ݔ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௫ୀ଴ቋ cosߚ௡ݕ݀ݕ 
       +൫ܦ௫ߙ௠ଶ + ௡ଶ൯ߚ௬ܦ௫ߥ න ቈ(−1)௡ ݕ߲ܹ߲ ฬ௬ୀ௕ − ݕ߲ܹ߲ ฬ௬ୀ଴቉ cosߙ௠௔

଴  ݔ݀ݔ
       +൫ܦ௬ߚ௡ଶ + ௠ଶߙ௫ܦ௬ߥ ൯ න ൤(−1)௠ ݔ߲ܹ߲ ฬ௫ୀ௔ − ݔ߲ܹ߲ ฬ௫ୀ଴൨ cosߚ௡௕

଴ .ݕ݀ݕ

(10)

The boundary conditions of a free plate are [15]: ܹ = 0  at  ݔ = ݔ   ,0 = ±ܽ, ݔܹ∂∂(11) = 0  at  ݔ = ݔ  ,0 = ±ܽ, (12)ܹ = 0  at  ݕ = ݕ   ,0 = ±ܾ, ݕܹ∂∂(13) = 0  at  ݕ = ݕ  ,0 = ±ܾ. (14)

Substituting the boundary conditions that described by Eq. (11) and Eq. (14) into Eq. (10), one 
can obtain: [(ܦ௫ߙ௠ସ + ௠ଶߙܪ2 ௡ଶߚ + (௡ସߚ௬ܦ + [ߣ ഥܹ (݉, ݊)       = −൫ܦ௫ߙ௠ଶ + ௡ଶ൯ߚ௬ܦ௫ߥ න ൝(−1)௡ ݕ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௬ୀ௕

௔
଴   

       − ݕ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௬ୀ଴ൡ cosߙ௠ݔ݀ݔ 
       −൫ܦ௬ߚ௡ଶ + ௠ଶߙ௫ܦ௬ߥ ൯ න ቊ(−1)௠ ݔ߲߲ ቆ߲ଶܹ߲ݔଶ + ߲ଶܹ߲ݕଶ ቇቤ௫ୀ௔

௕
଴  

       − ݔ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௫ୀ଴ቋ cosߚ௡ݕ݀ݕ.
(15)

Because the right of the Eq. (15) is definite integral, it is the constant. Let: 

௠ܫ = න ൝(−1)௡ ݕ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௬ୀ௕ − ݕ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௬ୀ଴ൡ cosߙ௠ݔ݀ݔ௔
଴ ,

௡ܬ = න ቊ(−1)௠ ݔ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௫ୀ௔ − ݔ∂∂ ቆ∂ଶܹ∂ݔଶ + ∂ଶܹ∂ݕଶ ቇቤ௫ୀ଴ቋ cosߚ௡௕
଴ .ݕ݀ݕ
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Therefore, Eq. (15) can be written as: 

ഥܹ (݉, ݊) = ௠ଶߙ௫ܦ௠൫ܫ + ௡ଶ൯ߚ௬ܦ௫ߥ + ௡ଶߚ௬ܦ௡൫ܬ + ௠ଶߙ௫ܦ௬ߥ ൯൫ܦ௫ߙ௠ସ + ௠ଶߙܪ2 ௡ଶߚ + ௡ସ൯ߚ௬ܦ + ߣ . (16)

Substitution of Eq. (16) into Eq. (5) gives: 

,ݔ)ܹ (ݕ = ෍ ௠଴ஶܥ)
௠ୀଵ ௠ܫ + ݔ௠ߙ଴)cosܬ௠଴ܦ + ෍(ܥ଴௡ஶ

௡ୀଵ ଴ܫ + ,ݕ௡ߚ௡)cosܬ଴௡ܦ
      +2 ෍ ෍ ௠ܫ௠௡ܥ + ௡)ஶܬ௠௡ܦ

௡ୀଵ
ஶ

௠ୀଵ cosߙ௠ݔcosߚ௡ݕ, (17)

where: 

௠௡ܥ = ௠ଶߙ௫ܦ)௠ܫ + ௠ସߙ௫ܦ)(௡ଶߚ௬ܦ௫ߥ + ௠ଶߙܪ2 ௡ଶߚ + (௡ସߚ௬ܦ + ,ߣ ௠௡ܦ = ௡ଶߚ௬ܦ)௡ܬ + ௠ଶߙ௫ܦ௬ߥ ௠ସߙ௫ܦ)( + ௠ଶߙܪ2 ௡ଶߚ + (௡ସߚ௬ܦ + .ߣ
It is clear that the Eq. (17) can meet the boundary conditions described by Eqs. (12) and  

(14). From the remaining boundary conditions presented by Eqs. (11) and (13), one can obtain: 

෍ ௠ଶߙ ௠ܫ௠଴ܥ) + ଴)ஶܬ௠଴ܦ
௠ୀଵ + ݒ ෍(ߚ௡ଶܥ଴௡ܫ଴ + ஶݕ௡ߚ௡)cosܬ௢௡ܦ

௡ୀଵ  

      +2 ෍ ෍(ߙ௠ଶ + ௡ଶ)(ஶߚݒ
௡ୀଵ

ஶ
௠ୀଵ ௠ܫ௠௡ܥ + ݕ௡ߚ௡)cosܬ௠௡ܦ = 0, (18)

෍ (−1)௠ߙ௠ଶ ௠ܫ௠଴ܥ) + ଴)ஶܬ௠଴ܦ
௠ୀଵ + ݒ ෍ ଴ܫ଴௡ܥ)௡ଶߚ + ஶݕ௡ߚ௡)cosܬ଴௡ܦ

௡ୀଵ  

      +2 ෍ ෍(−1)௠(ߙ௠ଶ + ௡ଶ)(ஶߚݒ
௡ୀଵ

ஶ
௠ୀଵ ௠ܫ௠௡ܥ + ݕ௡ߚ௡)cosܬ௠௡ܦ = 0, (19)

෍ ௠ଶߚ ଴ܫ଴௡ܥ) + ௡)ஶܬ଴௡ܦ
௡ୀଵ + ݒ ෍ ௠ܫ௠଴ܥ)௡ଶߙ + ஶݔ௠ߙݏ݋ܥ(଴ܬ௠଴ܦ

௠ୀଵ  

      +2 ෍ ෍(ߚ௠ଶ + ௡ଶ)(ஶߙݒ
௡ୀଵ

ஶ
௠ୀଵ ௠ܫ௠௡ܥ + ݔ௠ߙ௡)cosܬ௠௡ܦ = 0, (20)

෍(−1)௡ߚ௠ଶ ଴ܫ଴௡ܥ) + ௡)ஶܬ଴௡ܦ
௡ୀଵ + ݒ ෍ ௠ܫ௠଴ܥ)௡ଶߙ + ஶݔ௠ߙ଴)cosܬ௠଴ܦ

௠ୀଵ  

      +2 ෍ ෍(−1)(ߚ௠ଶ + ௡ଶ)(ஶߙݒ
௡ୀଵ

ஶ
௠ୀଵ ௠ܫ௠௡ܥ + ݔ௠ߙ௡)cosܬ௠௡ܦ = 0. (21)

Eq. (18) adding to Eq. (19) makes: 12 ෍ ௠ஶܫ௠଴ܣ
௠ୀ଴ + ෍ ෍(ܣ௠௡ஶ

௡ୀଵ
ஶ

௠ୀ଴ ௠ܫ + ݕ௡ߚ௡)cosܬ௠௡ܤ + ෍ ൥12 ଴௡ܣ + ෍ ௠௡ஶܣ
௠ୀଵ ൩ஶ

௡ୀ଴ ݕ௡ߚ௡cosܬ = 0. (22)

Similar, Eq. (23) adding to Eq. (21) makes: 
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12 ෍ ௡ஶܬ଴௡ܤ
௡ୀ଴ + ෍ ෍ ௠ܫ௠௡ܣ) + ௠௡ஶܤ

௠ୀଵ
ஶ

௡ୀ଴  ݔ௠ߙ௡)cosܬ

      + ෍ ൥12 ௠଴ܤ + ෍ ௠௡ஶܤ
௠ୀଵ ൩ஶ

௠ୀ଴ ݔ௠ߙ௠cosܫ = 0, (23)

where ܣ௠௡ = 2[1 + (−1)௠](ߙ௠ଶ + ௠௡ܤ ,௠௡ܥ(௡ଶߚݒ = 2[1 + (−1)௡](ߙݒ௠ଶ +  .௠௡ܦ(௡ଶߚ
Each coefficient of the cosߙ௠ݔ and cosߚ௡ݕ has to be vanish. What follows is a system of 

homogeneous algebraic equations: 

ێێۏ
ێێێ
ێێێ
ێێێ
12ۍێێ ଴଴ܣ + ෍ ௠଴ஶܣ

௠ୀଵ 0 ⋅⋅⋅ 12 ଴଴ܣ 12 ଵ଴ܣ ⋅⋅
0 12 ଴ଵܣ + ෍ ௠ଵஶܣ

௠ୀଵ ⋅⋅⋅ ଴ଵܣ ⋅⋅
⋅⋅12 ଴଴ܤ 12 ଴ଵܤ ⋅⋅⋅12 ଴଴ܤ + ෍ ଴௡ஶܤ

௡ୀଵ 0 ⋅⋅
ଵ଴ܤ ⋅⋅⋅ 0 12 ଴଴ܤ + ෍ ଴௡ஶܤ

௡ୀଵ ⋅⋅⋅⋅ ⋅ ⋅ ۑۑے⋅⋅
ۑۑۑ
ۑۑۑ
ۑۑۑ
ېۑۑ

ەۖۖ
ۖۖۖ
۔ۖۖ
ۖۖۖ
ۓۖۖ

⋅⋅ଵܬ⋅଴ܬ
⋅ଵܫ⋅଴ܫ ۙۖۖ

ۖۖۖ
ۖۘ
ۖۖۖ
ۖۖۖ
ۗ

=

ەۖۖ
ۖۖۖۖ
۔ۖ
ۖۖۖۖ
ۓۖ 00⋅

⋅⋅
0
0⋅ ۙۖۖ

ۖۖۖۖ
ۘۖ
ۖۖۖۖ
ۖۗ

. (24)

Non-trivial solution of Eq. (24) requires the coefficient matrix to vanish. From this determinant 
the eigenfrequencies of the plate are calculated. The associated vibration modes are given by 
Eq. (17) after inserting the eigenfrequencies.  

3. Numerical results  

The previously derived expressions are applied to a rectangular thin plate on the foundation 
with four clamped edges. The geometrical and material properties are given as ܽ = ܾ = 4.0 m, ߥ௫ ௬ߥ ,0.15 = ௫ܧ ,0.12 = = 3.0×104 MPa, ܧ௬ = 2.0×104 MPa, ܩ௫௬ =1.5×104 MPa, ℎ = 0.2 m, ߩ = 1750 kg/m3. 

Table 1. The nature frequencies of a plate 

Frequencies Order ݉ 
1 2 3 4 5 

Superposition [7] 5.855 6.345 6.548 6.598 6.614 
Present paper 5.855 6.344 6.549 6.599 6.615 

In order to make the comparison with other method, the eigenfrequencies and the vibration 
modes are computed by the superposition method [7] and by the present approach. The calculation 
results are shown in Table 1. It is obvious that the results by two difference methods are excellent 
agreements. That also explains the present approach is correct. Fig. 1 to Fig. 4 illuminate the 
corresponding vibration modes respectively. 
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Fig. 1. The 11 order vibration mode 

 
Fig. 2. The 12 order vibration mode 

 
Fig. 3. The 22 order vibration mode  
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Fig. 4. The 44 order vibration mode  

4. Conclusions 

The present paper shows that the eigenfrequencies and the vibration modes of a classical 
orthotropic rectangular thin plate with four clamped edges can be calculated by integral transform 
method. The approach is based on the double finite cosine integral transform for the classical thin 
plate equation. One of the advantages of the method is that the results converge quickly and can 
be calculated with desired accuracy. The other is that after finishing the analytical derivation for 
the frequency determinant the calculation of eigenfrequencies and the vibration modes for given 
material data and geometry becomes straightforward. The present approach of analysis provides 
an efficient procedure for accurate results which should be of academic and practical importance. 
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