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Abstract. Piecewise non-smooth model of three-degree-of-freedom rolling bearing system with 
fault in outer Ring is established by the method of the nonlinear theory. The bifurcations and chaos 
of bearing system is first studied in this paper. The switching matrixes of system are obtained at 
the switching boundaries, and the period-doubling bifurcation and Neimark-Sacker bifurcation of 
non-smooth bearing system is analyzed by combining the switching matrixes with the Floquet 
theory for smooth systems. The numerical method is used to further reveal the bifurcations and 
chaos of bearing system through establishing the Poincaré mapping on the collision plane. When 
the rotating frequency is increased to reach the critical bifurcation point, a pair of complex 
conjugate Floquet multipliers is on the unit circle and others into a unit circle, and the 
Neimark-Sacker bifurcation appears. When the rotating frequency is decreased to another critical 
bifurcation point, one of Floquet multipliers of the system equals to -1 and others into a unit circle, 
and the period-doubling bifurcation appears. With the variation of rotating frequency, the system 
also experiences the complex dynamical behaviors of Nermark-Sacker bifurcation of period 3 
solution and chaos. The study of bifurcation and chaos of the fault bearing system provides reliable 
basis for the design and fault diagnosis and provides theoretical guidance and technical support 
for the actual design in the safe and stable operation of large high-speed rotating machinery. 
Keywords: bearing, Floquet theory, bifurcation, chaos. 

1. Introduction 

Bearing is one of the most important part of the rotating machinery and plays a key role for 
the safe running of equipment. The dynamic characteristics of high-speed rotor system supported 
by bearings depend largely on bearing properties. Once bearing is broken, it will cause more 
serious consequences [1-4]. The nonlinear vibration behaviors caused by fault are very  
complicated, which has significant effect on the design and fault diagnosis of bearing. In order to 
ensure stable and safe running of rotor system and decrease economic losses and casualties caused 
by sudden fault in bearings, the nonlinear vibration mechanism and characteristic of bearings with 
fault need in-depth study. 

The present study of dynamical behavior for bearing is mainly concentrated on normal bearing 
systems. He et al. [5] studied the dynamics of rolling bearing system with gaps under variable 
load. Zhang et al. [6] investigated the nonlinear dynamic characteristics and stability of rolling 
bearing system under the influence of non-equilibrium force. Tang et al. [7] obtained the nonlinear 
bearing force in work situation based on Hertz elastic contact theory and the kinesiology of rolling 
bearing, and analyzed vibration features of rolling bearing system. Gao et al. [8] established the 
dynamical equations of the spindle system based on Hertz contact force model and studied 
mechanism and pathway of the instability. Though these researches acquire some achievements, 
the appearance of fault is not considered in bearing systems. When a fault occurs in the actual 
bearing, the interaction between rolling body and inner or outer ring is similar to elastic collision 
with gaps. Thus the system becomes a non-smooth piecewise linear system. Because the gaps 
between rolling body and inner or outer ring is very small and this easily results in the instable 
phenomena of the system, the nonlinear dynamical behavior at the switching plane in bearing 
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systems must be considered to study the mechanism of vibration. 
In this paper, the bifurcations and chaos of rolling bearing system with fault in outer ring is 

studied. The paper is organized as follows. In Section 2, piecewise non-smooth model of rolling 
bearing system with fault is established by the method of the nonlinear theory. In Section 3.1, the 
switching matrixes of system are obtained at the switching boundaries to analyze the bifurcation 
conditions of systems. In Section 3.2 and 3.3, the period-doubling bifurcation and the 
Neimark-Sacker bifurcation of systems are investigated through the numerical simulations based 
on theoretical analysis in the Section 3.1. The paper is completed by the conclusions in Section 4. 

2. The model of rolling bearing with fault and its motion equation 

According to the rolling bearing model with fault in Fig. 1(a), a simplified model of bearing 
with the fault in outer ring under the condition of single roller is established (see Fig. 1(b)). In the 
Fig. 1(b), masses ܯଵ ଶܯ ,  and ܯଷ  respectively stand for the equivalent mass of inner ring and  
shaft, the mass of rolling body and the mass of outer ring. Masses ܯଵ, ܯଶ and ܯଷ are connected 
by linear springs with stiffness ܭଵ ଶܭ ,  and ܭଷ , and linear viscous dampers ܥଵ ଶܥ ,  and ܥଷ , 
respectively. When fault occurs in outer ring, the spring with stiffness ܭସ stands for contact state. ܨଵsin(Ωଵܶ) and ܨଶsin(Ωଶܶ) are the equivalent force. Ωଵ  and Ωଶ  are the frequency of rotating 
shaft and cage respectively. ܦ is the fault depth. 

 
a) Bearing model with fault 

 
b) The piecewise linear model of bearing  

with single rolling element 
Fig. 1. The simplified rolling bearing model 

 
Fig. 2. The subspaces of the bearing system 

In order to describe the motion process of the bearing system, a switching boundary need be 
introduced. The boundary function is defined ܧ = ܺଶ − ܺଷ −  and then the switching boundary ,ܦ
can be expressed as follows: 
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Σ = ሼ(ܺଶ, ܺଷ) ∈ ܴଶ|ܧ = 0ሽ.
Thus the state space is divided into two subspaces by the switching boundary Σ, just as shown 

in Fig. 2. 
In Fig. 2, ାܸ = ሼܺ ∈ ܴଶ|ܧ(ܺଶ, ܺଷ) > 0ሽ stands for contact state of mass ܯଶ and broken spring ܭସ, ܸି = ሼܺ ∈ ܴଶ|ܧ(ܺଶ, ܺଷ) < 0ሽ stands for separation state. 
According to the above analysis, the dynamical equation is established as follows: 

቎ܯଵ ଶܯ ଷ቏ܯ ቎ ሷܺଵܺሷଶሷܺଷ቏ + ൥ ଵܥ ଵܥ− ଵܥ−0 ଵܥ + ଶܥ ଶ0ܥ− ଶܥ− ଶܥ + ଷ൩ܥ ቎ ሶܺଵܺሶଶሶܺଷ቏
      + ൥ ଵܭ ଵܭ− ଵܭ−0 ଵܭ + ଶܭ ଶ0ܭ− ଶܭ− ଶܭ + ଷ൩ܭ ൥ ଵܺܺଶܺଷ൩ + (ܺ)ܪ ൥ 01−1൩ = ൥ܨଵsin(Ωଵܶ)ܨଶsin(Ωଶܶ)0 ൩, (1)

in which, 

(ܺ)ܪ = ൜0,                ሾܺଶ, ܺଷሿ் ∈ ܸି ସ(ܺଶܭ, − ܺଷ − ,(ܦ ሾܺଶ, ܺଷሿ் ∈ ାܸ, (2)

where the dots “∙” and “∙∙” in the Eqs. (1) and (2) denote the first and second order differentiations 
with respect to the time ܶ, respectively.  

Introduce the following non-dimensional quantities: 

݉௜ = ଵܯ௜ܯ ,    (݅ = 2, 3), ௜ߞ = ,ଵ൯ܯଵܭ௜൫2ඥܥ (݅ = 1, 2, 3), ݇௜ = ଵܭ௜ܭ , (݅ = 2, 3, 4),   
ଵ݂ = ଵܨ)ଵܨ + ଶ),   ଶ݂ܨ = ଵܨ)ଶܨ + ଶ),   ߱ଵܨ = Ωଵඨܯଵܭଵ ,   ߱ଶ = Ωଶඨܯଵܭଵ ݐ   , = ܶඨܭଵܯଵ,    

௜ݔ = ௜ܺܭଵ(ܨଵ + ݅)   ,(ଶܨ = 1, 2, 3), ݀ = ଵܨ)ଵܭܦ + ,(ଶܨ (݅ = 1, 2, 3).
(3)

With the non-dimensional Eq. (3), the original Eq. (1) and (2) can be transformed into the 
following non-dimensional forms: 

቎1 ݉ଶ ݉ଷ቏ ൥ݔሷଵݔሷଶݔሷଷ൩ + ൥ ଵߞ2 ଵߞ2− ଵߞ0−2 ଵߞ2 + ଶߞ2 ଶ0ߞ2− ଶߞ2− ଶߞ2 + ଷ൩ߞ2 ൥ݔሶଵݔሶଶݔሶଷ൩
      + ൥ 1 −1 0−1 1 + ݇ଶ −݇ଶ0 −݇ଶ ݇ଶ + ݇ଷ൩ ൥ݔଵݔଶݔଷ൩ + ℎ(ݔ) ൥ 01−1൩ = ൥ ଵ݂sin(߱ଵݐ)ଶ݂sin(߱ଶݐ)0 ൩, (4)

in which: 

ℎ(ݔ) = ൜0,      ሾݔଶ, ଷሿ்ݔ ∈ ଶݔ)ସ݇,ିݒ − ଷݔ − ݀), ሾݔଶ, ଷሿ்ݔ ∈ .ାݒ (5)

In Eq. (5): ݒା = ሼሾݔଶ, ଷሿ்ݔ ∈ ܴଶ|݁(ݔଶ − (ଷݔ > 0ሽ, ିݒ = ሼሾݔଶ, ଷሿ்ݔ ∈ ܴଶ|݁(ݔଶ − (ଷݔ < 0ሽ,݁ = ଶݔ − ଷݔ − ݀. 
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3. Bifurcations of periodic motion in rolling bearing system with fault  

3.1. Floquet multipliers analysis of the periodic motion 

The system Eqs. (4) and (5) are written as following normal forms: 

(ݐ)ሶݔ = ݂൫ݐ, ൯(ݐ)ݔ = ቊ݂ି ൫ݐ, ,൯(ݐ)ݔ ݔ ∈ ,ݐା݂൫,ିݒ ,൯(ݐ)ݔ ݔ ∈ ,ାݒ (6)

where ݔ = ,ଵݔ) ,ሶଵݔ ,ଶݔ ,ሶଶݔ ,ଷݔ  :ሶଷ)், andݔ

݂ି ൫ݐ, ൯(ݐ)ݔ =
ێێۏ
ێێێ
ۍێێ

(ݐଵ߱)ሶଵଵ݂sinݔ − ሶଵݔ)ଵߞ2 − (ሶଶݔ − ଵݔ) − )ሶଶݔ(ଶݔ ଶ݂sin(߱ଶݐ) + ሶଵݔଵߞ2 − ଵߞ2) + ሶଶݔ(ଶߞ2 + ሶଷݔଶߞ2 + ଵݔ − (1 + ݇ଶ)ݔଶ + ݇ଶݔଷ)݉ଶݔሶଷ(2ߞଶݔሶଶ − ଶߞ2) + ሶଷݔ(ଷߞ2 + ݇ଶݔଶ − (݇ଶ + ݇ଷ)ݔଷ)݉ଷ ۑۑے
ۑۑۑ
(7) ,ېۑۑ

ା݂൫ݐ, ൯(ݐ)ݔ =
ێێۏ
ێێێ
ۍێێ

(ݐଵ߱)ሶଵଵ݂cosݔ − ሶଵݔ)ଵߞ2 − (ሶଶݔ − ଵݔ) − ሶଶ൬ሾݔ(ଶݔ ଶ݂cos(߱ଶݐ) + ሶଵݔଵߞ2 − ଵߞ2) + ሶଶݔ(ଶߞ2 + ሶଷݔଶߞ2 − ݇ସ(ݔଶ − ଷݔ − ଵݔ+(݀ − (1 + ݇ଶ)ݔଶ + ݇ଶݔଷሿ/݉ଷ ൰ݔሶଷ൫2ߞଶݔሶଶ − ଶߞ2) + ሶଷݔ(ଷߞ2 + ݇ଶݔଶ − (݇ଶ + ݇ଷ)ݔଷ + ݇ସ(ݔଶ − ଷݔ − ݀)൯݉ଷ ۑۑے
ۑۑۑ
(8) .ېۑۑ

Let the solution start in the subspace ିݒ, that is ݔ(ݐ଴) ∈  Suppose the solution curve crosses .ିݒ
the switching boundary Σ  at ݐ = .௣ݐ  The system is continuous on the interval  ܤ = ൛ݐ ∈ ܴหݐ଴ ≤ ݐ ≤  ௣ൟ and the corresponding fundamental solution matrix is also continuousݐ
on the interior of ܤ. However, the Jacobian ∂݂ ⁄ݔ∂  is not uniquely defined on the border of ܤ at ݐ = ௣ݐ , where ݔ(ݐ௣)  is located on the switching boundary Σ . This will cause a jump in the 
foundation solution matrix [9]. So a saltation matrix need be gained at the switching boundary Σ. 

Below is the construction of the saltation matrix for the system Eq. (6).  
(1) From the area ିݒ  to the area ݒା , for the hyper plane Σ: ݁ = ଶݔ − ଷݔ − ݀ = 0 and the 

normal of plane ݊ = ሾ0, 0, 1, 0, −1, 0ሿ், that trajectory (ݐ)ݔ crosses Σ, leaving ିݒ and entering ݒା at ݐ =  :ଵ is as followsݐ ଵ. The calculation of saltation matrix at the momentݐ

ଵܵ = ܫ + ቀ ା݂൫ݐଵ, ௧భ൯ݔ − ݂ି ൫ݐଵ, ௧భ൯ቁݔ ்݊݊ ் ݂ି = .ܫ (9)

(2) From the area ݒା  to the area ିݒ , for the hyper plane Σ: ݁ = ଶݔ − ଷݔ − ݀ = 0 and the 
normal of plane ݊ = ሾ0,0,1,0, −1,0ሿ், that trajectory (ݐ)ݔ crosses Σ, leaving ݒା and entering ିݒ at ݐ =  :ଶ is as followsݐ ଶ. The calculation of saltation matrix at the momentݐ

ܵଶ = ܫ + ቀ݂ି ൫ݐଶ, ௧మ൯ݔ − ା݂൫ݐଶ, ௧మ൯ቁݔ ்݊݊ ் ା݂ = .ܫ (10)
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For the equation of system in ݔ :ିݒሶ = ݂ି ,ݐ) (ݔ = ݔିܣ + ܲ, (11)

where: 

ିܣ =
ێێۏ
ێێێ
ۍێ 0 1 0 0 0 0−1 ଵߞ2− 1 ଵߞ2 0 00 0 0 1 0 01݉ଶ ଵ݉ଶߞ2 − 1 + ݇ଶ݉ଶ ଵߞ2)− + ଶ)݉ଶߞ2 ݇ଶ݉ଶ ଶ݉ଶ0ߞ2 0 0 0 0 10 0 ݇ଶ݉ଷ ଶ݉ଷߞ2 − ݇ଶ + ݇ଷ݉ଷ − ଶߞ2) + ଷ)݉ଷߞ2 ۑۑے

ۑۑۑ
(12) ,ېۑ

ܲ =
ێێۏ
ێێێ
ۍ 0ଵ݂cos(߱ଵݐ)0ଶ݂cos(߱ଶݐ)݉ଶ00 ۑۑے

ۑۑۑ
ې
. (13)

The corresponding foundation solution matrix in ିݒ is as follows: Φି(ݐ, ,଴ݐ (଴ݔ = ݁஺ష(௧ି௧బ). (14)

Similarly, the corresponding foundation solution matrix in ݒା can be obtained: Φା(ݐ, ,଴ݐ (଴ݔ = ݁஺శ(௧ି௧బ), (15)

in which: 

ାܣ =
ێێۏ
ێێێ
ۍێ 0 1 0 0 0 0−1 ଵߞ2− 1 ଵߞ2 0 00 0 0 1 0 01݉ଶ ଵ݉ଶߞ2 − (1 + ݇ଶ + ݇ସ)݉ଶ ଵߞ2)− + ଶ)݉ଶߞ2 ݇ଶ + ݇ସ݉ଶ ଶ݉ଶ0ߞ2 0 0 0 0 10 0 ݇ଶ + ݇ସ݉ଷ ଶ݉ଷߞ2 −(݇ଶ + ݇ଷ + ݇ସ)݉ଷ ଶߞ2)− + ଷ)݉ଷߞ2 ۑۑے

ۑۑۑ
(16) .ېۑ

If the whole periodic solution of the system is in the ିݒ, the stability of the periodic solution 
is determined by its Floquet multipliers which are the eigenvalues of the foundation solution 
matrix Φି(ܶ + ,଴ݐ ,଴ݐ  .(଴ݔ

If the periodic solution of the system passed the switching border Σ, through combining the 
saltation matrixes Eqs. (9) and (10) and the corresponding foundation solution matrixes Eqs. (14) 
and (15) in the subspaces, we can construct the whole foundation solution matrix as follows: Φ(ܶ + ,଴ݐ ,଴ݐ (଴ݔ = Φି(ܶ + ,଴ݐ ,ଶݐ)ଶ)ܵଶΦାݐ (ଵݐ ଵܵΦି(ݐଵ, .(଴ݐ (17)

For the non-smooth system Eq. (6), the Floquet multipliers continuously cross the unit circle 
as all saltation matrixes are the unit matrix and the switching boundary are smooth. When a pair 
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of complex conjugated Floquet multipliers crosses the unit circle and other Floquet multipliers are 
still in the unit circle, Neimark-Sacker bifurcation will take place in the system. When a Floquet 
multiplier passes the value –1 and other Floquet multipliers are still in the unit circle, 
period-doubling bifurcation will occur in the system. 

3.2. Neimark-Sacker bifurcation 

In order to further reveal the bifurcation phenomena of rolling bearing system Eqs. (4) and (5) 
through numerical simulation, a Poincaré section is chosen as follows: ߪ = ሼ(ݔଵ, ,ሶଵݔ ,ଶݔ ,ሶଶݔ ,ଷݔ ,ሶଷݔ (ߠ ∈ ܴ଺ × ܵ, ଶݔ − ଷݔ = ݀, ሶଶݔ − ሶଷݔ > 0ሽ,
where ߠ = ߱ଵݐ. 

A set of non-dimensional parameters of the system are chosen as: ݀ = 0.0001, ଵ݂ = 15, ଶ݂ =0, ݉ଶ = 1, ݉ଷ = ଵߞ ,2  ଶߞ ,0.1 = ଷߞ ,0.2 = = 0.02, ݇ଶ = 2, ݇ଷ = 2, ݇ସ = 5.5 and the rotation 
frequency ߱ଵ is taken as the bifurcation parameter. According to the theoretical analysis in the 
Section 3.1, we find the bifurcation point ߱ଵ = ߱௦ = 2.7724 and compute the corresponding 
Floquet multipliers as follows: ߣଵ,ଶ(߱௦) = −0.6967574 ± 0.3383669൫หߣଵ,ଶ(߱௦)ห = 0.7745729 < 1൯,ߣଷ,ସ(߱ୱ) = 0.4164156 ± 0.9091701݅൫หߣଷ,ସ(߱ୱ)ห = 0.999996 ≈ 1൯,ߣହ,଺(߱ୱ) = 0.3411906 ± 0.2208194݅൫หߣହ,଺(߱ୱ)ห = 0.4064138 < 1൯. (18)

From the characteristic multipliers of Eq. (18), there is a pair of complex conjugated Floquet 
multiplier is close to the unit circle, i.e.

 
หߣଷ,ସ(߱ୱ)ห = 0.999996 ≈ 1, and the rest of the multipliers 

are in the unit circle. This shows that Neimark-Sacker bifurcation occurs in the system. The 
bifurcation diagram with varies of ߱ଵ is shown in Fig. 3.  

From the Fig. 3, it can be seen that the stable period-1 motion of system exists in the initial 
interval of ߱ଵ (see Fig. 4). As the parameter ߱ଵ passes through the bifurcation point ߱௦ = 2.7724, 
Neimark-Sacker bifurcation takes place. With the further increase of ߱ଵ, the period-1 motion loses 
its stability and bifurcates to a quasi-periodic motion (see Fig. 5). 

 
Fig. 3. Neimark-Sacker bifurcation diagram of the system 

3.3. Period-doubling bifurcation 

In this section, another set of parameters are taken as: ݀ = 0.0001, ଵ݂ = 20, ଶ݂ = 0, ݉ଶ = 1, ݉ଷ = ଵߞ ,2 = ଶߞ ,0.1 = ଷߞ ,0.2 = 0.05, ݇ଶ = 1, ݇ଷ = 20, ݇ସ = 16, the parameter ߱ଵ is still taken 
as the bifurcation parameter. The critical bifurcation point ߱ଵ = ߱௦ = 8.499 can be found on the 
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basis of analysis of Section 3.1 and the corresponding Floquet multipliers of the system at  ߱௦ = 8.499 are computed as follows: ߣଵ(߱௦) = −0.999959 ≈ ଶ(߱௦)ߣ,1− = |ଶ(߱௦)ߣ|)0.6571747− = 0.6571747 < ଷ,ସ(߱ୱ)ߣ,(1 = 0.7592744 ± 0.5789091݅൫หߣଷ,ସ(߱ୱ)ห = 0.9547949 < 1൯,ߣହ,଺(߱ୱ) = 0.0560869 ± 0.8746048݅൫หߣହ,଺(߱ୱ)ห = 0.8764014 < 1൯. (19)

 

 
a) The phase diagram 

 
b) The stable focus on Poincaré section 

Fig. 4. The stable period-1 motion at ߱ଵ = 2.75 

 
a) The phase diagram 

 
b) The attracting invariant circle on Poincaré section 

Fig. 5. The quasi-periodic motion at ߱ଵ = 2.9 

In Eq. (19), ߣଵ(߱௦) = –0.999959 is close to –1, the other Floquet multipliers are still in the 
unit circle. Thus the period doubling bifurcation occurs in the bearing fault system. Fig. 6 shows 
a bifurcation diagram for the system.  

 
Fig. 6. Period doubling bifurcation diagram of the system 
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From Fig. 6, the system is in the stable period-1 motion initially. Fig. 7 shows the stable 
period-1 motion of the system at ߱ଵ = 8.55. Period doubling bifurcation occurs when ߱  is 
decreased gradually and passes through the bifurcation point ߱ଵ = 8.499, and then the period-2 
motion appears, as shown in Fig. 8.  

 
Fig. 7. The phase diagram and Poincaré section diagram of period-1 motion at ߱ଵ = 8.55 

 
Fig. 8. The phase diagram and Poincaré section diagram of period-2 motion at ߱ଵ = 8.46 

 
Fig. 9. The phase diagram and Poincaré section diagram of period-3 motion at ߱ଵ = 8.1 

 
Fig. 10. The phase diagram and Poincaré section diagram of quasi-periodic motion at ߱ଵ = 7.95 
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With the decreasing of ߱ଵ, the period-3 motion of the system appears, as shown in Fig. 9. 
When the parameter ߱ଵ is further decreased, the system undergoes Neimark-Sacker bifurcation 
of period-3 motion and the quasi-periodic motion after bifurcation is shown in Fig. 10. With 
successive increasing values of the parameter ߱ଵ, the system ends up in a chaotic state, as shown 
in Fig. 11. 

 
Fig. 11. The chaotic motion on Poincaré section at ߱ଵ = 7.3 

4. Conclusions 

In this paper we have investigated the bifurcation and chaos of periodic motions of rolling 
bearing system with outer ring fault. The saltation matrixes at the switching boundaries and the 
foundation solution matrix in the smooth subspaces are given. Through combining saltation 
matrixes and foundation solution matrixes, the Neimark-Sacker bifurcation and period-doubling 
bifurcation of periodic motions of the system are investigated by using Floquet theory. In addition, 
the phenomenon of Neimark-Sacker bifurcation of periodic three motion and chaotic motion is 
also revealed in the system. From the results obtained, it is found that the rolling bearing system 
with fault can exhibit the interesting and complex dynamical behavior. Based on these nonlinear 
dynamical behaviors of rolling bearing system with fault, the relationship between signal saltation 
and fault will be revealed from bifurcation perspective by spectral analysis method and Lyapunov 
exponents method to obtain the set of relevant features of vibration signal in future work. This 
will provide theoretical basis for fault identification.  
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