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Abstract. Based on the analysis of a double-layer vibration suppression bilinear system, the
limitation of the classic passive vibration suppression technology was solved in case of relatively
complex input force mixed signals. Using the maximum value principle and the constrained
gradient method, the optimal damping semi-active control (ODSAC) curve of this system model
was obtained. Due to the strong nonlinear characteristics of the controlling curve and even a
non-derivable problem being existed, a pulse function was introduced, and a theoretic deduction
was performed. The defects, that a curve with non-derivable points could not be solved, were
overcome so that the proposed method was applicable to a bilinear system model. The stability of
the controller was discussed in detail. Finally, the effects of the vibration suppression of the
ODSAC method were compared with that of the passive damping system and that of the
semi-active skyhook damping system under the excitation of the mix signal of single-frequency
sine and pulse input signal, the mix signal of random and sine signal, the mix signal of random
and impact input signal. The experiments of electro-rheological fluid (ERF) damper with single
damping duct and simulation results show that the ODSAC strategy of a double-layer vibration
suppression bilinear system is the best of the five kinds of vibration suppression effect of control
strategies, and the vibration reduction effect with respect to the random and shock input mixed
signal is remarkable, the vibration suppression effect of the new method is satisfactory.

Keywords: bilinear system, optimal damping semi-active control (ODSAC), double-layer
vibration suppression.

1. Introduction

A double-layer vibration suppression system is aiming to implement the vibration suppression
step by step by a double-layer structure [1]. Dynamic models can be established by making use of
these systems in a large number of engineering vibration suppression systems [2, 3]. The
application ranges of these vibration reduction systems are very wide such as it is applied to
submarine floating raft isolation systems [4], used in vibration reduction systems of vehicle
suspensions [5, 6], etc. There are three main types of vibration suppression methods that have
been proposed in the same way as the classification of the vibration control, that is passive method
[7], semi-active method [8-10], and active method.

Semi-active control strategies can maintain the reliability of passive devices using a very small
amount of energy, yet provide the versatility, adaptability and higher performance of fully active
systems. The particular benefits of semi-active methods are that the parameters of the system can
be changed with time to retain optimal performance and higher levels of optimization can be
achieved due to the rapid time-variation achievable. The semi-active control method has received
much attention since it can achieve desirable performance than the passive method and consume
much less power than the active method [11, 12].

For instance, Karnopp [13] first put forward the “continuous skyhook control”, Rakheja and
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Sankar [14] presented “on-off balance control”, Alanoly [15] studied “continued balance control”.
Cheok et al. [16] proved “clipped-optimal control method” designing to minimize “the tracking
error of model”, and also cannot minimize second performance index function. H. E. Tseng et al.
[17] propose that the control method of “clipped optimal” in fact is very close to the second
optimal solution of the optimal solution, and puts forward a new semi-active control strategy based
on “the steep gradient method”, the performance of this control strategy is superior to that of
“clipped optimal”.

Hrovat et al. [18, 19] first proposed that the optimal solutions of semi-active are of time-
variation characteristics in 1988, and put forward a kind of approximately nonlinear feedback
control method. The searching problems of the optimal solution of the linear modeling problems
are mainly solved in the paper [18], but for another model, namely the model of the bilinear
system, its optimal solution has not been searched for. So, the unresolved model of bilinear system
will be discussed in this article, the specific work and the presentation will be further elaborated
in the below article.

According to the characteristics differences of vibration suppression objects, isolation system
can be divided into linear isolation system and non-linear isolation system [20, 21]. Since the
various components that constitute nonlinear systems are limited by the largest capabilities,
various components will appear as the saturation phenomenon [22]. So the controllers of the
nonlinear systems are also of constraint of damping magnitude range.

Zhao Cheng et al. [23-25] presented a semi-active static output feedback variable structure
control (VSC) strategy to control a two-stage vibration isolation system. He also provided the
methods of semi-active fuzzy sliding mode control and static output feedback VSC for a two-stage
floating raft isolation system featuring an electro-rheological damper (ERD). Hiroshi Okubo et al.
[26] achieved semi-active vibration suppression for smart structures with the sliding-mode
control. Gao Xue et al. [27] studied the resonances and stability of a piecewise linear-nonlinear
vibration isolation system by theoretical analysis and numerical simulation. Harvey PS et al. [28]
developed the optimal performance of constrained control systems. Anh ND et al. [29] designed
a non-traditional dynamic vibration absorber for damped linear structures.

The equivalent physical model also expanded from a single freedom [30, 31] to two freedoms
[32], even multi-freedoms [12, 33-35]. Lin Zongli et al. made a lot of works on control problems
of actuator anti-saturation [36-38]. Yue Yongheng et al. [39] described the main physical
properties of the suspension system with a magneto-rheological damper (MRD) using saturated
model. Then the convex hull algorithm was used to linearize the time-varying parameter matrix
and nonlinear saturated items in the state equations of suspension system.

Middle isolation components of double-layer vibration suppression systems in present
applications are mainly composed of passive components with damping characteristics fixed.
Once passive components were designed and finished, the damping characteristics cannot be
changed, the isolation effect of the whole vibration isolator were restricted to some extent, these
make the whole vibration isolator only having good isolation effects to the excitation signal within
the scopes of some frequency domains.

The devices, that damping characteristics can be changed, will be manufactured to be installed
in an isolation mounting system. And then the algorithms of control and simulation will be
designed. According to the designed control strategy, the system, under the outside excitation
signal will be made, automatically adjust the size of controllable yield damping force of the
damper. The isolation effect of vibration isolator will be further improved. So there are tempting
prospects of the research of the optimal damping. Then the maximum principle was used to
numerically obtain optimal semi-active damping curve of double-layer vibration isolation bilinear
systems by means of the constrained gradient method [40-42].

The problems, which cannot be derived, even existed, due to the very strong nonlinear
characteristic of the control curve, so the obtained solution which was sought may only be a
sub-optimal solution and be close to the optimal solution. Therefore, the pulse function was
introduced, the defects that the curve, which cannot be derivate, cannot be solved, were overcome,
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and thus these methods were applied to the systems of bilinear modeling. Finally, the effects of
the vibration suppression of the new method, passive damping system, and the semi-active
skyhook damping system under the shock and sine mixed signal, the random and sine mixed
signal, and the impact and random mixed signal are compared. The ERF damper experiment and
simulation results of the proposed methods applied to bilinear modeling isolation system are
satisfactory.

The rest of this article is organized as follows. The model and analysis of double-layer
vibration suppression bilinear system is briefly described in Section 2. The optimal damping
semi-active control (ODSAC) strategy is proposed in Section 3. The numerical simulation of the
isolation effects is given in Section 4 to demonstrate the best performance of the proposed methods
in this article. The isolation effects comparison experiments of ERF damper with single damping
duct are given in Section 5 to demonstrate that the proposed methods are feasible and effective.
Finally, the conclusion is obtained in Section 6.

2. Model and analysis of double-layer vibration suppression bilinear system

A simplified physical model of the bilinear system is shown in Fig. 1, which is a double-layer
vibration suppression bilinear system. The specific parameters of this system are introduced as
follows. Where the sprung mass m, and the unsprung mass m,, spring k; and spring k,,
intelligent damper with damping coefficient c(t).

The dynamic equations of the system can be written down as:

myiy = —c(O) (G — X2) — k(g — %) + fn, (0), 1)
my¥, = c(t) (X — %2) + k(g — x3) — kyxy, 2
Y = fm, (8) = kaxa, (3)

where, x4, X;, ¥; denote, respectively, the displacement, velocity, and acceleration of the sprung
mass my, X,, X,, and X, are the corresponding ones of the unsprung mass m,. f,, (t) is a
disturbance force acting on the sprung mass m;. f,,, (t) is the output force acting on the unsprung
mass m,. The transfer function can be solved by using Laplace transformation:

_mps?+c(s)s+ kg +
() = c(s)s + kq
fn, (5)
fn, (5)

X2 (s), “

G(s) =

_ c(s)kys + kqk, ©)
T myumyst 4 (my + my)c(s)s3 + (kymy + komy + kymy)s? + c(s)kys + kiky

The parameter values are given as follows: m; = 138 kg, m, =125 kg, k; = 26.69x10° N/m,
k, =129.55x10° N/m.

Fig. 1. Model of double-layer vibration suppression bilinear system
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The transfer function of the system can be calculated by Eq. (5), when damping ratio ¢ can be
taken from different values of 0.01 to 0.2. Fig. 2-3 show the amplitude-frequency response curve
(FRC) and phase-FRC of transmissibility, respectively. It can be seen from Fig. 2-3, there are two
peak values f; = 2 Hz and f, = 5.7 Hz in the double-layer vibration suppression system,
respectively.
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Fig. 2. Amplitude FRC of transmissibility Fig. 3. Phase FRC of transmissibility

The state equations of system are established on the basis of a double-layer vibration
suppression bilinear system model ahead being created and differential Egs. (1-2), in the following
context, which are used to study the vibration suppression effect of a double-layer vibration
suppression under the technology of damping control.

State variables are defined as z4, z,, z3, Z4, choosing the state variables as:

Z1 =Xy, Zp =Xy Z3 =Xy, Zy = Xp. (6)

The following state-space Eqgs. (7-8) are obtained:

0 0 1 0
7 0 0 0 1 |1z [0 ]
Zy _ _ﬁ ﬁ _i i Z3 01
Zz| | My my m; my ||z;3 g = ™
Z4 ki ki+k, c c |12 my
m; m, m; m; 0
Z1
Z3
y=[0 k, 0 0]}, | (®)
Zy

The damper of the double-layer vibration suppression system is a nonlinear element in this
paper. The saturation nonlinear of the actuator is of typical characteristics of a semi-active
double-layer vibration suppression system, in other words, saturation nonlinear exist in any form
of adjustable damper, it has a very important significance to further study the nonlinear control of
semi-active double-layer vibration suppression system. The nonlinear saturation is one of the most
common nonlinear characteristic of control system. Almost all the actual systems, when signal is
large enough to drive, due to that various kinds of components that make up a system are limited
by the largest capabilities, will appear as the saturation phenomenon. As shown in Fig. 4 it is an
idealized typical nonlinear saturation.

Eq. (9) shows the linearization of nonlinear saturation, c is the controllable yield damping force
of the damper. The mathematical expression is:
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Cmaxr € = Cmaxs
sat(c) =c, Cmin = € = Cmax, )
Cmin» € < Cin-

It can be seen that this system model of double-layer vibration suppression is the bilinear
system model from Eqgs. (7-9) in this paper.

sat(c)

S O N —

Cinin

Fig. 4. Nonlinear characteristics of idealized saturation
3. Research of semi-active damping control strategy

The effects of vibration suppression of the semi-active control can be achieved through the
real-time adjusting mass, stiffness and damper of the vibration suppression system. In practical
application, changing the damping coefficient is relatively easy to implement, and there are more
mature approaches such as electro-rheological (ER), magneto-rheological (MR) smart dampers
and so on.

3.1. Research of Skyhook damping control strategy

Skyhook damping control strategy was put forward by D. Karnopp [13]. This kind of vibration
suppression model was based on a single degree of freedom. In practice, it is not possible to
connect the damping with a fixed reference plane, at this time the damping force being provided
is proportional to the absolute speed of the mass. This is a kind of ideal condition, called “ceiling”
damping, damping coefficient as cg,,. Suppose that the speed of incentive input layer is X,, the
speed after vibration suppression is X;. The actual control algorithm based on the “skyhook
damping” is as follows:

Cskyxl .o .
) - 2 0;
c=1% -1, X1 (X — %3) (10)
0, )'61(561 - J.C'z) < O.

The numerical simulation was performed based on this system under this control strategy.
Taking system damping ratio { = 0.7, the simulation was programmed using Matlab under the
condition of the single frequency excitation signal four times of the system natural frequency. The
controllable damping value is determined by the Eq. (10). As shown in Fig. 5, the output force
switch between zero and skyhook damping force under the condition of high frequency input
excitation signals. As shown in Fig. 5, the suppression effects of the semi-active control for speed
v; and displacement peak x; are obvious, the control effect of high frequency part has been
increased significantly.
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Fig. 5. Steady-state response of skyhook damping semi-active control systems under sine excitation
3.2. Research of ODSAC strategy

Due to the limitations of the passive vibration suppression technology, the effect of vibration
suppression under the condition of more complex signal frequency components of the input force
is bad, the better effect of vibration suppression technology is needed to be found. The vibration
suppression effect can be achieved by means of real-time adjusting the mass, stiffness and
damping of the semi-active vibration suppression system. Now more mature methods are used to
change the damping coefficient, so far, the methods of changing the damping values of damper
have already a lot of ready-made solutions, such as the commonly used ones with
electro-rheological and magneto-rheological damper, etc. So the methods of damping coefficient
change of semi-active control system are used to achieve the vibration suppression.

3.2.1. The derivation of optimal damping based on generalized variational method

On account of F,,,, = k,x,, k, is constant, so defines the objective function J:

ty
]=f x% dt, (11)
t

1

where x, is the displacement of the unsprung mass m,, t; and t, is the initial time and the end
time.

Because the damping coefficient c(t) of the Egs. (1-2) is variable, namely, c(t) is the function
of the time t. Namely:

solving c(t) (t; <t <ty),
min J Eq. (11), (12)
constraint condition Egs.(1-2).

So, now the problem is transformed to solve c(t) so as to make J minimum.

The optimal control problems described in Eq. (12) are functional conditional extremum
problems.
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Under the condition of no limit on the value of c(t), the differential Eq. (1-2) of the system
are the equality constraints to deal with.

According to the Lagrange multiplier method, introducing the multiplier vector 1 y and 2 y,
unconstrained functional extremum problems can be transformed from these above-mentioned
equality constraint functional extremum problems.

Therefore, taking Lagrange function:

L= f 2+ [y (mads + G — ) + s (1 — %) — fon, (©))
t

(13)
1
+y2(May + c(dy — %1) + ki (X2 — x1) + kpxo)]dt.
So, now the problem becomes:
{solving c(t) (t; <t <ty), (14)
min L Eq. (13).

Now the variational method is used to solve Eq. (14). Classical variational method is based on
such basic assumption: the value range of the controlled variable u(t) are not subject to any
restrictions, namely, the control domain U is full of the whole control space, or U is an open set.

Here, however, the controlled variable damping c(t) is constrained:

Cmin = € = Crax- (15)

Now the classical variational method is powerless.

The generalized variational method, namely Pontryagin’s Maximum Principle is used to solve
these problems above.

As shown in Fig. 1, the differential equations are transformed into state space equations by

Eq. (6):
Zl = Z3, 22 = Z4_,

b5 = o (e = 2) = ey = 22) + i, (), "

iy = (D)2 — 2) + hs (s — 22) — Ko,
mp

The initial state is set to:

z,(t0) =0, z,(¢0) =0, z3(¢p) =0, z4(tp) = 0. (17)
According to the condition of the principle of minimum, establishing the Hamilton function is:

1
H =25 +y,123+ V24 + V3 — (f () —ki(z1 — 23) — c(t)(z3 — 24))
(18)
1
+V4m_2 (k1(zy — z2) + c(t) (23 — z4) — ky2,).

Based on the Hamilton principle, the necessary condition that the system obtains extreme

value is:

o0H

() = -5 1
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By simplifying the results, the following is obtained:

.k ky A ky 4 ky + k,
V1= m, V3 m, Yo Y2 = X2 m, V3 m, Va m, Y4,
1 1 1 1 (20)
3 = =y, +— ——CV4y V4= —Vp—— + —cy,.
V3 V1 m Y3 m, CYar  Va Y2 m Y3 m, CV4

The conditions of the final value are:

]/1(too) =0, YZ(too) =0, YS(too) =0, y4-(too) =0. 2n

According to the condition of the principle of minimum, seeking the extreme value to be
minimal, the parts relate to c(t) should be minimum, namely:

- ;—jc(t)(zg —z)+ ;—“Zc(t)(zg —z),

should be minimum.
Since it is difficult to work out the Eq. (16) and Eq. (20), let’s study the numerical method
approximately solving the damping coefficient c(t).

3.2.2. Theoretical derivation of optimal damping non-differentiable control curve

(1) 6 function:
The function defined in the real domain R is called as § function which satisfy the following
conditions:

| rwswac=ro, 22)

When t # 0, §(t) = t,, f(t) is an arbitrary function which is continuous at t = 0.
Due to Eq. (22), 6(t — t,) can be defined as:

+00

f©)S(t —to)dt = f(to). (23)

Among above equations, when t # t,, §(t — tg) =0, f(t) is an arbitrary function which is
continuous when time t = t.

(2) The definition of variational derivative [43]:

For the inner product space (S,(:,:)), mapping: F: S - (K =R or C), F is called as a
functional on S. If ¢ € S, for V&¢ € S, A € K, if exist Ay € S such that:

F(p + A8¢) — F(p) = MAy, 6¢) + o(D), (24)
namely:

F(¢ +A6¢p) — F
lim (¢ f) @) _ (A, 56). (25)

Ay denotes the derivative of F at ¢. If you take S = R or C. Inner product {a, b) = ab, the
above derivative defined is consistent with the definition of ordinary function, and it is also
consistent to generalize to R™ or C™.
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Taking S as the generalized function space, then inner product (f, g) = [ of () g(x)dx,
hence, according to this definition and Eq. (24), we can obtain:

F(p + A8¢p) — F(¢p) = A f Ay (x)0¢(x)dx + o(4), (26)
Q
where 0(4) is dimensionless, it can be transformed into:
F A6¢p) — F
lim @+ f) @) _ j Ay (08¢ ()dx. Q7)
Q

Denote Ay = 6F(¢p)/6¢, Ay is still the generalized function, its values at x are usually
written as:

SF(®) . 6F(¢)

Ap() = —55= () = 5505 (28)
(3) The definition of the functional:
Denote F, (f) = f(¥), thus there are:

lim E( + /15{) —5() _ llil]%f(y) + /15};()/) —fO) _ 5F ). (29)
According to the Eq. (23), there is:

5f(y) = f §(x —y)6f (x)dx. (30)

o

From the Eq. (27), one can get to know:

lliir(I)Fy(f+/16f1f)—Fy(f) _ JA¢ (08f ()dx. 1)

G

According to the Eq. (28), there are:

100 =Ly =20 ()
Comparing Eq. (30) with Eq. (29), Egs. (31-32), one can obtain:

50— y) =SB0 o _ B0 _ SF0) 33)

of S8l Sf()

Given the objective function Eq. (11), solving its variation gradient, variational derivative is
the most critical item among the results, namely:

2x,0x,

5c 34)

Making use of the Egs. (1-2), solving the variational derivative on the damping c(t), yields:
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K (6x1 6x2) St . . (63’(1 63&2) 6% 6x,
1\ 6¢ oc =D = %) =c oc s5c) ™ éc 2 ¢ (35)
i (6x1 6x2) +8(t— DG 0) + (63’(1 63&2) _ 68X,
\6c ¢ = X) T T T s ) T M s

Among them, §(t — 7) is given by Eq. (33), namely §(t — 1) = 6c(7)/bc(t), x4, ¥1, X3, X,
all represent solving first derivative and second derivative of the displacement of the sprung mass
ml and unsprung mass m, versus time t, its numerical solution of the §x,/dc can be worked out
using the Eq. (35). Here, the relationship between t and t is more easily confusing. In fact, both
of them all denote time, but the difference is that 7 is a certain point of time, and ¢ is a time to
traverse. It can be understood that each variable of motion Egs. (1-2) in each certain time point T
all has a certain status, while solving variational derivative with respect to c(t) in Eq. (35) is
equivalent as to add a “tiny perturbation function” on every moment 7, that is §c(t). This is the
meaning in physics of Eq. (35). At the same time, due to the introduction of the impulse function
6(t—1), it can also be understood in mathematics that the influence of continuous
non-differentiable points on the optimum control curve is considered.

Now making use of the gradient descent method to calculate the optimal control curve is
described below:

Given the initial value of the damping ¢(7,),
solve the differential equation and compute X2

v

The variational derivative
equations (35) were solved

Based on the gradient descent method: ¢ = c(¢)—aV(c(t))
(« _is the coefficient factor )

No
Cimax 2 next = Conin
No _
Crext = Cmin
Yes
Yes
C C

Crex will be substituted into
Differential equations (1) and (2)
to get the new record x;

\J

No

Fig. 6. Flow chart of optimal damping solved by using numerical method
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Taking an initial c(t,) at first, using the optimal passive damping c(ty) = 0.7¢pax, and then
c(t) is fixed, x; and x, are obtained by numerical solutions of the original problems, and then
carrying out numerical solution of Eq. (35), §x,/dc can be got, the gradient direction of ¢(t) can
be obtained by substituting 6x, /8¢ into Eq. (35), and then update c(t), the above steps are
repeated, until meeting the optimization condition. Fig. 6 shows the flow chart of optimal damping
solved by using numerical method. Among in Fig. 6, « is the coefficient factor, taking a = 10"
as the initial value of a. u is a variable to change a, taking u = 0.7 at first, then adjust parameter
values of ¢ according to the experimental situation.

3.2.3. Controller stability analysis

The saturation, hysteresis and bilinear characteristic are the main features of
strong-nonlinearity model of ERD of double-layer vibration isolation system. The state equation
of ERD system dynamics is established as follows:

x(t) = Ax(t) + BSat(F) + By Sat(w), (36)

where F is an input variable of the controlled object, namely Electro-rheological controllable yield
damping force. w is the disturbance input. x(t) is the state variables of the system. B, is the
disturbance input matrix. B is input matrix. 4 is system matrix:

0 0 1 0
[ 0 0 0 1 ]
ky ky c c
A=|"——" — - —
my my m; my
l k, ki +k, ¢ c
m; m; m; m;
1
B=[0 0 — 0], B,=[0 k, 0 0],
my

x()=1[2, z z, =z, w=[z 2]

K, is the bounded time-varying parameters in ERD vibration isolation system. Time-varying
parameter matrix A: A(K,) € [A1,43], A1 = A(Komin) > A2 = A(Kymax) - The stability of the
system does not influence the input of the outside world, let the disturbance input is zero (w = 0),
then Eq. (36) can be rewritten as follows:

2

#(t) = Z a,(Ax(£) + BSat(F)), (37)

i=1

where A(Ky) = Y2, a;A, B=Y% a;B,Y* ;a; =1, a; > 0.

The uncertain systems Eq. (37) are included in the bounded convex polyhedron area which are
formations of 4; and B “2” vertex matrix of time-varying parameters K, of the ERD vibration
isolation system.

The feedback control rate is as follows:

F =Kx(b), (38)

where K € R'% is the feedback control matrix [37, 44-46].
Define the Lyapunov function, v(t) = xT(t)Px(t), PT =P > 0. On the basis of the
requirements of the theory of stability of the Lyapunov function:
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v(t) = xT(t)Px(t) + xT (£)Px(t) < 0. 39)

Thus the following equation can be obtained:

B(t) = Z Z amx"(O)[A; + B(D] K + D;H)TP + P[A; + B(D] K + D;H)]]x(t) < 0, (40

i=1 j=1

where, H € R** is additional matrix of feedback, D; matrix is equal to “0” or “1”. And D is the
Complementary matrix of D;, namely D;” =1 —D;,n; > 0, ZJZ'=1 n; =1[37].
The sufficient and necessary condition of Eq. (40) being established is as follows:

[A; + B(D] K + D;H)]"P + P[A; + B(D] K + D;H)] < 0. (41)

Assume that £(P, p) denote domain of attraction, there exists a tiny ellipsoid which is
consistent with (P, p) in structure, this tiny ellipsoid is known as the shape reference set
of e(P, p).

A reference vector Xz € R**! is given, & € R**1 is the state space:

a(0) = sup(a > 0: axgz(t) € 0). (42)

Eq. (42) shows that x5 space is compressed « times. axy € (P, p). When « is equal to &y,
shape reference set tend to be €,,,x (P, p), that is the biggest attraction domain.

The feedback controller of the ERD isolation system and &p,,4(P, p) namely the biggest
attraction domain can be obtained by calculating the optimal solution of the following matrix
inequality:

max «,
a>0, P>0,H,F,
axg (P, p), (43)

[A; + B(D K + D;H)|"P + P[A; + B(D] K + D;H)] < 0,
(P, p) < L(H).

The attraction domain of the closed-loop control system can be described as by the following
algebraic equations:

X" x(®) < 1. (44)

The condition of judging arbitrary system state variables in the attraction domain is the state
variables of the system satisfying Eq. (44). So the closed-loop control nonlinear system of the
ERD vibration isolation is partial exponential stability in attracting domain.

4. Simulation of vibration suppression control effect and analysis of results

The vibration suppression effect of optimum damping vibration suppression technology was
simulated and analyzed by means of observing the cases of output force corresponding to the given
input force signal on the basis of the proposed optimization damping control methods ahead.

The output force status will be observed in the case of mixed signals of different input force
frequencies, such as impact and sine mixed signals, random and sine mixed signals, random and
impact mixed signals. The vibration suppression control effect of the optimized damping control
is compared with passive damping control and skyhook damping control. According to the
practical engineering experience, in the following simulation, the maximum damping coefficient

3902 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2016, VOL. 18, ISSUE 6. ISSN 1392-8716



2168. DOUBLE-LAYER VIBRATION SUPPRESSION BILINEAR SYSTEM FEATURING ELECTRO-RHEOLOGICAL DAMPER WITH OPTIMAL DAMPING AND
SEMI-ACTIVE CONTROL. XINKE GAO, GANGLONG FAN, JIN CHEN, GUANGMING DONG

of the damper is taken as ¢,x = 1609.7 N-m™!-s, when ¢ is approximately equal to 0.2. While the
minimum damping coefficient of the damper is taken as ¢y, = 402.415 N-m's, when ¢ is
approximately equal to 0.05. The optimal passive damping coefficient is called as ¢,,, when ¢ is
approximately equal to 0.14, namely c,p, = 1126.8 N'-m™'-s. When ¢ is approximately equal to
0.15, namely the skyhook damping coefficient as cgy,, = 1207.2 N-m™s. The given input force is
a single frequency sine signal, F;,, = 10sin(2nft), where f = 2Hz.

4.1. Research on vibration suppression effect of impact and sine mixed input signals

The transient system response can generally be ignored under harmonic excitation and periodic
excitation force, due to the role of damping. However, in some cases, although the transient
process time that the system being suffered by incentives (such as the impact force or the machine
running a mutation) is very short, but the vibration amplitude is great, the phenomenon of the
short-term overstressing will be produced in some parts inside the machine, these have greater
destructive power. Therefore, the study of transient impact incentive signal is very necessary.

In the actual project, the frequency components included in input force are more complex.
Now more common case of input force for impact and sine mixed signal will be simulated in the
following context.

A given input force is an impact and sine mixed signal input force. The impact force can be
expressed as follows:

10 N, 0=<t=<0.1,

f@®= {0, else. (43)

It can be seen from Fig. 7 that the output force time domain curves obtained by semi-active
optimal damping control compared to several other control curves are more “smooth”, that is to
say, under the impact and sine mixed signal input, the effects of optimal control damping are
better, so the best effects of vibration suppression can be gotten. Fig. 7 also shows that the
amplitude of the minimum damping vibration suppression control are increasing from small to
large, reaching the maximum 77 N to the steady status after four seconds, while the effects of the
semi-active optimal damping vibration suppression are better than the other four control methods.

Although five control methods all have not obvious isolation effects, but the amplitudes of the
semi-active optimal damping vibration suppression are smaller than that of the other four curves,
the “overshoot” of semi-active optimal damping vibration suppression is relatively smaller, so the
best comprehensive performance indexes can be obtained.

The frequency-spectrum graph of the five kinds of damping control methods is shown in Fig. 8.
The first-order and second-order natural frequencies of vibration suppression system are close to
2 and 5.7 Hz. The frequency-spectrum value of the minimum passive damping vibration
suppression is 16.69 dB at resonance frequency of f = 2 Hz, it is the largest frequency-spectrum
value of the five kinds of damping control methods. The frequency-spectrum value varied sharply
to —23.92 dB at frequency f = 5.75 Hz. The frequency-spectrum value of the optimal damping
semi-active control arrives to its maximum peak value 7.07 dB at frequency of f = 2 Hz, it is the
smallest frequency-spectrum value of the five kinds of damping control methods at frequency of
f = 2Hz. And then the value reaches the local minimum of —41.11 dB at frequency of
f =5.12 Hz, go to —35.09 dB at frequency of f = 5.75 Hz, and then to the second peak value —
7.63 dB at frequency of f = 6 Hz.

The optimal control damping of output force is shown in Fig. 9. This illustrates that the
damping values change from starting point 1610, then drop to minimum value point 402.4 from
0.2 seconds, then to the maximum value point 1610 again, and then period circle at the intervals
of every 0.2 seconds. So we can take either maximum damping control at the origin point or
minimum damping control after every almost 0.2 second time period, and then run in accordance
with period circles.
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Fig. 10. Output force under random

and sine mix signal incentive

4.2. Research on isolation effect of random and sine mix input signal

Now more common case of input force for random and sine mixed signal will be simulated in
the following context. Now a given input power is a uniform distribution random signal and sine
mixed signal, the maximum amplitude is 10.

Due to the vibration suppression system is mainly used in the mechanical system; the limit of
general mechanical system vibration frequency is 50 Hz, so that the frequency range was chosen
as 0.1 to 50 Hz. Because of the frequency components of the random signal are as much as all
frequency components, including the frequency components after 50 Hz, so a low pass filter is
needed to add, filtering out the frequency components of a random signal after 50 Hz.

It can be seen from Fig. 10 that the amplitude of the output force time domain curves obtained
by semi-active optimal damping control compared to several other control curves is the smallest,
so that the best effects of vibration suppression can be gotten under the random and sine mixed
input signal.

The amplitude of the minimum damping control vibration suppression is shown in Fig. 10, it
is increasing from 28.43 to 70.39, reaching the local maximum 80 N to the relatively steady status
after 4.5 seconds.

The frequency-spectrum graph of the five kinds of damping control methods is shown in
Fig. 11. The frequency-spectrum value of the minimum passive damping vibration suppression is
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16.33 dB at resonance frequency of 2Hz and the frequency-spectrum value varied sharply to
—23.56 dB at 5.7 Hz. The frequency-spectrum value of the optimal damping semi-active control
reaches 6.76 dB in its maximum peak value at 2 Hz, it is also the most smallest
frequency-spectrum value of the five kinds of damping control methods at frequency f = 2 Hz.
And then it is passing the local minimum —38 dB at 5.87 Hz, and then to the second peak value
—12.54 dB at 6 Hz. So the frequency spectrum characteristic of the optimal damping control is the
best of the five kinds of control methods at the first-order and second-order natural frequencies.

Fig. 12 shows the optimal control damping of output force. This illustrates that the damping
values change from starting point 1127, then rise to 1610, persist 1610 for 0.15 seconds, then drop
to middle transition value point 1437, 1015, 693, 402, then rise up to 1610, persist for 0.2 seconds,
then drop down to 402.4 from 0.44 second, then to maximum value point 1610 again, and then
repeat period circle at the intervals of every 0.2 seconds. So the maximum damping control can
mainly be taken and minimum damping control can be adopted in smaller portions.
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4.3. Research on isolation effect of random and impact mix input signal

Now the random and pulse input force mixed signal will be simulated in the following context.
Now a given input power is a uniform distribution random signal and pulse mixed signal, the
maximum amplitude is 10.

It can be seen from Fig. 13 that the amplitude of the output force time domain curves obtained
by semi-active optimal damping control compared to several other control curves is the smallest,
that is to say, under the random and impact mixed input signal, the best effects of vibration
suppression can be gotten. Fig. 13 shows that the amplitude of the skyhook damping vibration
suppression is the biggest, its overshoot is obvious, while the amplitude of the semi-active optimal
damping vibration suppression is smaller than the other four control methods. Five control
methods all have obvious effects of vibration suppression.

The frequency-spectrum graph of five damping control methods is shown in Fig. 14. The
frequency-spectrum value of the minimum passive damping vibration suppression is —11.42 dB,
namely the maximum value of five control methods at a resonance frequency of 2 Hz and the
frequency-spectrum value varied sharply to —22.12 dB at 5.7 Hz. The frequency-spectrum value
of the optimal semi-active control damping reaches —19.49 dB at 2 Hz, namely the minimum
frequency spectrum value of five control methods and the local minimum of —44.33 dB at 3.38 Hz
then to the value —30.23 dB at 5.75 Hz.

The optimal control damping of the output force is shown in Fig. 15. This illustrates that the
damping values change from starting point 1610, then drop to middle transition value point 1192,
then rise up to 1610, then drop down to minimum value 402.4 from 0.08 seconds, then to
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maximum value point 1610 again, and then oscillating during 0.2 seconds, the percentages of the
maximum damping values are much more than the percentages of the minimum damping values.

So we can take mainly maximum damping control and a small part of minimum damping
control according to the curves of damping control.
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Fig. 15. Optimal control damping of output force under impact and random mixed signals incentive

Table 1. RMS value of output force of five kinds of damping control effects
under three kinds of mixed signal incentive (N)

Five kinds of damping control methods
Three kinds of input Maximum Minimum Optimal Skvhook Optimal
excitation signals passive passive passive yhoo semi-active
. . . damping .
damping damping damping damping
Impact and sine mixed 16.85 49.82 21.45 17.16 16.36
signals
Random and sine mixed 16.49 48.09 20.88 17.06 15.83
signals
Random and impact 3.02 4.08 3.10 4.10 244
mixed signals

The exact root mean square (RMS) values of the output force of the five kinds of damping
control methods under impact and sine mixed signals, random and sine mixed signals, and random
and impact mixed signals incentive are listed in Table 1. The isolation effect of optimum
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semi-active damping is superior to that of the minimum passive damping isolation and that of the
optimal passive damping, it is close to that of the maximum passive damping vibration suppression
and the skyhook damping control vibration suppression, so that the isolation effect of the
semi-active optimal damping control is the best of the five kinds of damping control strategies
under three kinds of mixed input signal incentive. The vibration suppression effect of the impact
and random mixed input signals is remarkable.

5. Experiment
5.1. Experimental equipment

The experiment of the double-layer vibration isolation of bilinear system was proceeded in the
Institute of Intelligent Mechatronics Research (IIMR) of Shanghai Jiao Tong University. The main
equipments used in the experiments are that the Pulse analyzer of Denmark B&K company, ten
piezoelectric type acceleration sensors of B&K, Charge amplifier, Sony digital signal recorder,
two electro-magnetic vibrators for modal analysis, two PCB modal force hammers, four PCB
micro ICP acceleration sensors, double-layer vibration isolation experiment platform, and so on.

The ERF damper with single damping duct developed by our laboratory is shown in Fig. 16.

Inner
electrode. j

ER duct

Outer
electrode

&/

EER fluids

a) Schematic conﬁg;ration b) Photograph
Fig. 16. ERF damper with single damping duct

5.2. Properties of ERF damper

The schematic diagram of the bypass ERF damper with single damping duct used in this study
is shown in Fig. 16. The damper consists of a hydraulic cylinder, which is divided into two
working chambers by a piston. The bypass, fitted to the side of the hydraulic cylinder, comprises
two concentric tubular electrodes and an annulus through which the ER fluids flow. The positive
voltage produced by a high voltage supply unit is applied to the inner electrode, while the negative
voltage is connected to the outer electrode. In defect of electric fields, the ERF damper produces
the viscous damping force only by the fluid-flowing resistance. However, if a certain level of the
electric voltage is supplied to the ERF damper, additional damping force due to the yield stress of
the ER fluid would be produced. This damping force of the ERF damper can be continuously
tuned by changing the voltage applied to the damper. Based on the Bingham constitutive model
of ER fluids, which is sufficiently accurate for design calculation although it does not capture
details of the deformation behavior of an actual damper, the approximation of the damping force
in the bypass damper is obtained as follows:

F = cox + usgn(x), (46)
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where:
u=ay+a,U+ayU? (47)

where ¢, is no-applied voltage damping coefficient, which is determined by the plastic viscosity
of ER fluids and the geometry of the manufactured damper, u is the controllable yield stress
damping force generated by the applied voltage, a,y, @; and a, are the intrinsic parameters of the
ERF damper and can be experimentally determined, U is the voltage; X is the velocity of piston
motion, and sgn( ) is a signum function.

Fig. 17 reports the measured damping force with respect to the piston velocity at various
voltages. It is obtained by calculating the maximum damping force at each velocity. The piston
velocity increases from 15 to 100 mm/s gradually, while the excitation amplitude is maintained to
be constant at 60 mm. Such a plot is frequently employed to evaluate the level of damping
performance in the damper manufacturing industry. For the proposed damper with single damping
duct the damping force increased with the applied voltage, as expected. For instance, the damping
force increases up to 227 N at a piston velocity of 100 mm/s and voltage of 5 kV. This Figure
agrees fairly well with the presented damping model given by Eq. (46).

Chart of real-time controlling module is shown in Fig. 18.

240
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® ] > b=t
2 e e =

n
o

0 20 40 60 80 100 120

Piston velocity(mm/s)

Fig. 17. Under various voltages damping force of ERF damper with single damping duct
versus piston velocity, U = 0.0 kV (dot line), U = 1.4 kV (dash dot line),

U =2.5kV (dash line), U = 3.5 kV (solid line), and U = 5.0 kV (thick line)
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Fig. 18. Chart of real-time controlling module
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5.3. Measurement experiment of transmissibility and result analysis under condition of no
vibration isolator

The vibrator working at a fixed frequency is used in the measuring experiments. The
parameters of the force vibration isolation testing bench are as follows:

The sprung mass m; = 60 kg, the unsprung mass m, = 16 kg, the stiffness of the sprung mass
ky = 33000 N/m, the stiffness of the unsprung mass k, = 185000 N/m. The undamped force
transfer rate of this test bed can be calculated according to the theoretical formula, the
transmissibility curve is shown in solid line of Fig. 19. When the ERF vibration isolator is not
installed in a force vibration isolation test-bed, the measured force transmissibility curve of the
double layer vibration isolation (square icon shown in Fig. 19) is consistent with the theoretical
curve; this illustrate that the measurement method is reliable. As shown in Fig. 19, the first and
the second-order natural frequency of the vibration isolation system is 3.4 Hz and 18.64 Hz,

respectively. The maximum transmissibility of the first-order and the second-order system are 57
and 38.71, respectively.
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with single damping orifice ERD

5.4. Experiment of ERF damper with single damping orifice under ODSAC of double layer
vibration isolation bilinear system

In order to further validate the control effect of actual vibration isolation of bilinear system
under the action of the ODSAC which is designed in this paper, the experiment of ERF damper
with single damping duct is carried out in the above experiment platform of the force vibration
isolation system. Where a, = 10.23 N, a; = 6.38 N/kV, a, = 2.59 N/kV2, no-applied voltage
viscous damping coefficient ¢, = 1013.4 N-ms. The sampling frequency of a randomly profiled
roadway input excitation is 300 Hz. The signal frequency is 2 Hz, 2.8 Hz, 3 Hz, 3.2 Hz, 3.5 Hz,
3.8 Hz, 4 Hz, 5 Hz, 7 Hz, respectively. The transmissibility of double-layer vibration isolation
bilinear system under different frequency randomly profiled roadway input excitation signals at a
different voltage are listed in Table 2. The frequency domain curve of the transmissibility of the
system can be drawn from this data, which is shown in Fig. 20. It can be seen from the diagram
that the first order resonance peak frequency of the practical system is about 2.8 Hz, the vibration
amplitude of the upper quality is the largest in here. It is observed that the first order resonant
frequency of the actual system is different from the theoretical calculation value, this is because
that the quality itself of spring and damper of the actual system will affect the vibration isolation
system. The different voltages (0 KV, 2 KV, 4 KV) being applied in ERF damper in the resonance
peak play an obviously different vibration reducing effects. The greater the applied voltage is, the
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lower the transmissibility is. This is completely consistent with the theoretical analysis.

It can also be seen from the Fig. 20 that the applied voltage can make the transmissibility
increase instead when the excitation frequency is greater than 3.5 Hz, namely the crossover
frequency of system. The transmissibility curve of the passive damping control of vibration
isolation as damping ratio § = 0.1 and the optimal damping semi-active control (ODSAC) of
vibration isolation can be seen from Fig. 20.

The results show that the vibration isolation effect of the double-stage force vibration isolation
bilinear system under the action of the ODSAC is better than that of the passive damping vibration
isolation control system. Although there are some deviations, compared with the results of
experimental test, but the trend is consistent with the measured transmissibility curve, this shows
that the proposed control method is feasible and effective.

Table 2. Transmissibility of double-layer vibration isolation bilinear system
using different voltages under signal excitation of randomly profiled roadway input

Voltages/
Transmissibility/ | 2Hz | 28 Hz | 3Hz | 32Hz | 3.5Hz | 38Hz | 4Hz | 5Hz | 7Hz

Frequency
0KV 1.142 | 4.700 | 4.230 | 2.971 | 1.783 | 1.448 | 1.222 | 0.586 | 0.293
2KV 1.135 | 1.863 | 2.257 | 2.001 | 1.766 | 1.538 | 1.431 | 0.741 | 0.398
4KV 1.120 | 1.453 | 1.599 | 1.759 | 1.762 | 2.037 | 2.088 | 1.558 | 0.730

5.5. Experiment of ERF damper under recorded signal of randomly profiled roadway input
excitation

It can be seen from Fig. 21 that the amplitude of the output force time domain curves obtained
by ODSAC compared to several other control curves is the smallest, so that the best effects of
vibration suppression can be gotten under a recorded signal of a randomly profiled roadway input
excitation.
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Fig. 22. Frequency-spectrum graph of output
force under recorded signal of randomly

profiled roadway input excitation

Time (s)
Fig. 21. Output force under recorded signal of
randomly profiled roadway input excitation

The frequency-spectrum graph of the five kinds of damping control methods is shown in
Fig. 22. The frequency-spectrum value of the minimum passive damping vibration suppression is
0.26 dB at resonance frequency of 3.4 Hz, and the frequency-spectrum value varied sharply to
—23.66 dB at 19.5 Hz. The frequency-spectrum value of ODSAC arrive at —11.48 dB in its
maximum peak value at 3.4 Hz, it is also the smallest frequency-spectrum value of the five kinds
of damping control methods at frequency f = 3.4 Hz. And then it is passing to the local minimum
of —49.08 dB at 19.3 Hz. So the frequency spectrum characteristic of ODSAC is the best of the
3910
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five kinds of control methods at the first-order and second-order natural frequencies.

Fig. 23 shows the optimal control damping of output force. This illustrates that the damping
values change from starting point 562.8, then drop to minimum value point 140.7, then to
maximum value point 562.8 again, and then repeat period circle.
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Fig. 23. Optimal control damping of output force under recorded signal
of randomly profiled roadway input excitation

The exact RMS values of the output force of the five kinds of damping control methods under
arecorded signal of randomly profiled roadway input excitation are listed in Table 3. The isolation
effect of ODSAC is much better than that of the minimum passive damping isolation and that of
the optimal passive damping, so that the isolation effect of the ODSAC is the best of the five kinds
of damping control strategies under a recorded signal of a randomly profiled roadway input
excitation.

Table 3. RMS value of the output force of five kinds of damping control effects
under recorded signal of randomly profiled roadway input excitation (N)

Five kinds of damping control methods
Input excitation signals Maxnpum Mlnlmum Optlmal Skyhook Optlmgl semi-
passive passive Passive . active
. . . damping .
damping damping damping damping
Recorded signal of
randomly profiled 6.05 11.99 7.00 6.44 5.89
roadway input excitation

6. Conclusions

This study successfully demonstrates the application of a optimal damping semi-active control
strategy to a double-layer vibration suppression bilinear system which is subjected to the mix
signal of single-frequency sine and pulse input signal, the mix signal of random and sine signal,
the mix signal of random and impact input signal. Five control algorithms have been studied,
which are based on semi-active optimal damping control, skyhook damping control, and passive
damping control. Using the model of vibration suppression bilinear system, the vibration
suppression performance of the optimal damping control algorithms has been analyzed and
compared with that of the passive one and the skyhook damping controls methods. It can be
concluded from the results of the ERF experiments and simulations that the optimal damping
semi-active control methods considered can provide much better effects of vibration suppression
under three mixed signal than that of a conventional passive damping and skyhook damping
control. The isolation effects of the optimal damping semi-active control are the best of the five
kinds of damping control methods, and the vibration reduction effect of the random and shock
input mixed signal is prominent. The relation of the optimal damping semi-active control, skyhook
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damping control and balance control need to be deeply studied. The control method of bilinear
model linearization will be deeply studied in future.
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