2051. Vibration analysis of a single-layered graphene
sheet embedded in visco-Pasternak’s medium using
nonlocal elasticity theory

Ashraf M. Zenkour

Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia
Department of Mathematics, Faculty of Science, Kafrelsheikh University, Kafrelsheikh 33516, Egypt
E-mail: zenkour@kau.edu.sa, zenkour@sci.kfs.edu.eg

Received 28 October 2015, received in revised form 14 January 2016, accepted 18 January 2016
DOI http://dx.doi.org/10.21595/jve.2016.16585

Abstract. The vibration analysis of a single-layered graphene sheet (SLGS) embedded in
viscoelastic medium is presented by using the nonlocal elasticity theory. The medium is
considered by adding the damping to the usual foundation model which characterized by the linear
Winkler’s modulus and Pasternak’s (shear) foundation modulus. The governing dynamical
equation is obtained and solved for simply-supported SLGSs. The effects of many parameters like
nonlocal parameter, aspect ratio, Winkler-Pasternak’s foundation, damping coefficient, and mode
numbers on the vibration frequencies of the SLGSs are investigated in detail. The present results
are compared with the corresponding available in the literature. Additional results are tabulated
and plotted for sensing the effect of all used parameters and to investigate the visco-Pasternak’s
parameters for future comparisons.

Keywords: nonlocal elasticity theory, graphene sheet, vibration frequencies, visco-Pasternak’s
medium.

1. Introduction

In recent years, the elements of nanostructures such as nanobeams, nanotubes and nanoplates
are commonly used as components in nanoelectromechanical devices and other applications.
Some of these nanostructured materials such as single-layered graphene sheets (SLGSs),
multi-layered graphene sheets (MLGSs), fullerenes and different types of carbon nanotubes
(CNTs) are fundamental building blocks of nanotechnology. Hence, accurate prediction of their
thermo-mechanical behaviors becomes essential for engineering design and manufacture. But,
controlled experiments on nanoscale are difficult to perform. The unique properties of the SLGSs
or MLGSs make them very attractive in many scientific research aspects. Some remarkable
mechanical properties of the GSs reveal that they have potential for creating novel ultrastrength
composite materials [1, 2]. The GSs are mostly used in polymer composites as embedded
structures to fortify them. Furthermore, the potential applications of the SLGSs as mass sensors
and atomistic dust detectors have been investigated [3].

The notions of continuum mechanics have attracted a great deal of attention of many
researchers to treat structures at the scale of nanometer. The classical continuum mechanics
approaches are widely used but theory cannot predict the size effect. Successful applications of
the classical continuum modeling to the vibration frequencies of CNTs and GSs have been
reported by a number of research workers [4-12]. However, the classical continuum mechanics is
scale independent which makes its applicability to the small-scale nanomaterials somewhat
questionable. The size effects are recognized to become more pronounced as the dimensions of
nanostructures become very small. It has been suggested that the nonlocal continuum theory
presented by Eringen [13-16] should be integrated in the continuum models for accurate prediction
of nanostructures mechanical behaviors [17]. The nonlocal Eringen’s theory is based on this
assumption that the stress at a material point is considered as a function of the strain field at all
material points in the continuum body. The inter-atomic forces and atomic length scales directly
come to the constitutive relations as material parameters.

The extension of continuum mechanics to accommodate the size dependence of nanomaterials
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becomes another topic of major concern. Application of nonlocal continuum mechanics allowing
for the small scale effects to vibration frequency analysis of nanomaterials has been also suggested
by some other research workers in the study of nanostructures [18-43]. However, the inclusion of
the damping effect as a third foundation parameter is rare in the literature. Arani et al. [44] have
used the nonlocal elasticity theory to study the vibration analysis of the coupled system of DLGSs
embedded in a visco-Pasternak foundation. Pouresmaeeli et al. [45] have studied the vibration
characteristics of a simply-supported viscoelastic nanoplate using the nonlocal plate theory by
including the effect of viscoelastic foundation. Mohammadi et al. [46] have studied the vibration
behavior of circular and annular GSs embedded in a visco-Pasternak foundation and coupled with
temperature change and under in-plane pre-load. Karli¢i¢ et al. [47] have analyzed the free
transverse vibration of a viscoelastic multi-nanoplate system embedded in a viscoelastic medium
taking into account small-scale effects by using the nonlocal theory. Goodarzi et al. [48] have
studied the free vibration behavior of rectangular graphene sheet under shear in-plane load.
Hashemi et al. [49] have used the nonlocal theory to study the free transverse vibration of a
nonlocal viscoelastic double graphene sheets coupled with visco-Pasternak layer. Zenkour [50]
has presented the nonlocal transient thermal analysis of a SLGS embedded in viscoelastic medium.

The vibration frequency analysis of a SLGS embedded in a visco-Pasternak’s medium is
presented to display various characters. The governing equation is obtained and solved
analytically for a simply-supported SLGS. The effects of different parameters on the natural
vibration frequencies are investigated. Sample results are tabulated and plotted for sensing the
effect of all used parameters and to investigate the visco-Pasternak’s parameters for future
comparisons.

2. Basic equation of single-layered graphene sheet (SLGS)

Let us consider a single-layered graphene sheet (SLGS) of length a, width b and uniform
thickness h as shown in Fig. 1. The SLGS is made of a homogeneous isotropic and linearly elastic
material with Young’s modulus E, Poisson’s ratio v, shear modulus G and material density p.

Graphene sheet
X
—

viscoelastic medium

Fig. 1. A continuum plate model of a single-layered graphene sheet embedded in a viscoelastic medium
2.1. The visco-Winkler-Pasternak foundations

The two-parameter Pasternak’s model is the most natural extension to the one-parameter
Winkler’s model. It considers a shear interaction between the spring elements by connecting the
ends of the springs to a plate of an incompressible shear layer. The present SLGS is embedded in
a homogeneous three-parameter viscoelastic medium. The foundation model is characterized by
the linear Winkler’s modulus K;, the Pasternak’s (shear) foundation modulus K, and the damping
coefficient ¢, of the viscoelastic medium. Taking into account the un-bonded contact between the
SLGS and medium, the interaction follows the three-parameter visco-Pasternak-type foundation
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model as:
292 U
Ry = <1<1 - K,a?V? + ¢, E) w, (D

where w is the transverse displacement and V2 is the Laplacian (second-order spatial gradient).
Here, we have introduced the SLGS length a in Eq. (1) for maintaining the dimension of K; and
K, to be the same. If the foundation is modelled as the visco-Winkler foundation, the coefficient
K, in Eq. (1) is zero. The viscosity term may be omitted by setting c; = 0 to get the analysis of
the SLGS embedded in pure elastic medium.

2.2. Nonlocal classical plate theory

The most general form of the constitutive relation in nonlocal elasticity theory involves an
integral over the entire region of interest. The integral contains a nonlocal kernel function, which
describes the relative influence of the strains at the various locations of the body on the stress at
the material point under consideration. Specifically, the constitutive equation of nonlocal elasticity
for homogenous and isotropic elastic solids read:

o (x) = f a(lx — x' D ()AV (), @

where g;; is the nonlocal stress tensor, V is the volume occupied by the elastic body, |x — x|
denotes distance in Euclidean space, and the nonlocal kernel a(|x — x'|) accounts for the effect
of the strain at the point x’ on the stress at the point x in the elastic body.

The quantity 7,;(x") denotes the local stress tensor for which the standard local constitutive
equation is adopted, i.e.:

T (X)) = Agmum (") 8py + 2pg (x1), (3)

where €,;(x") is the classical local strain tensor at x’, and A and u being Lamé’s constants.
The small strain-displacement relations are given by the usual relations:

1 (auk SO 6u1(X’)>

“

ealx) =2
n() =3 0x, 0x;,

where u;(x") is the displacement vector at a reference point x’ in the body. For an appropriate
form of the nonlocal kernel [13-16], it turns out that the nonlocal internal constitutive relation
given by Eq. (2) can be inverted to yield the following pseudo-local constitutive equation of
gradient type:

[1- (leo)zvz]gkl = Tki- ©)

The parameter [ is an internal characteristic length (e.g., lattice parameter, granular distance),
and e, is a material constant determined by experiment or by matching dispersion curves of plane
waves with those of atomic lattice dynamics. One may see that when the internal characteristic
length [ is neglected, i.e. the particles of the medium are considered to be continuously distributed
and interacting without long-range forces, le, is zero, and Eq. (5) reduces to the constitutive
equation of classical local elasticity theory.

The displacement field models are chosen such that to ensure zero transverse shear stresses on
top and bottom surfaces of the thicker plate. For the present very thin SLGS, it is sufficient and
efficient to use the classical thin plate theory. The displacement field can be written as:
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ad
, w(0y,2) = v(6y) — 2=, us(%,y,2) = w(x,y), 6)

ow
u1(x»y,z)=u(x:J’)—Z— ay

ox

where u;, u,, and us are the displacements in the x, y, and z directions, u, v, and w are the
mid-plane displacements. Here u and v are the in-plane displacements while w is the transverse
displacement (deflection).

By substituting the displacement relations given in Eq. (6) into the strain-displacement
equations of elasticity, the normal and shear strain components are obtained as:

du (9%
dx d0x?
Exx v 92w
{;ﬁ/’} - ay Z ayz v €22 = Vyz = Vxz = 0. (7
v, oul | otw
ox  Jy 0x0dy

The corresponding stress-strain relationships in the isotropic SLGS coordinates can be
expressed as:

Oxx — f V2O-xx E 1 v 0 Exx

_ E VZO_ _ v 1 0 £ 8
Oyy 2 1—vov e ®
Ty — & V21, 0 0 Yxy

where & = (ley)? represents the nonlocal parameter.
2.3. Equation of motion

The governing equation of motion in the transverse deflection w only can be obtained by using
the dynamic version of the principle of virtual displacements in the form:

OZMXX 62Mxy azMyy 0% 0% \]9%w
+ > +q_Rf= Iy—1, W-Fa—yz F,

9
d0x? dxdy oy ©)

where My, My,, and M,,,, are the basic components of stress couples. They can be obtained by
integrating Eq. (8) over the thickness of the plate as:

h/2
{Mxx, M,,, Mxy} = J Z{O’xx, Oyy, Txy}dZ. (10)
~h/2
In addition, /; and I, represent the mass moments of inertia and are defined as:

h/2
{I, I} = f p{1,z%}dz. (11)

—h/2

Using the stress-strain relationship, Eq. (8), and the stress resultants definition, Eq. (10), with
the aid of Cauchy’s relations, Eq. (7), we can express stress resultants in terms of transverse
displacement as follows:
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2°w
0x?
My, — & V2wax ER3 1 v 0 92w
My =§VMyyt=————lv 1 0 |[{5>% (12)
) 12(1 —v?) 00 1 dy
Mxy_fVMxy -V LaZWJ
dxdy

The substitution of Eq. (12) into Eq. (9) gives the following nonlocal governing partial
differential equation in terms of transverse flexural displacement without the effect of the external
load (g = 0):

B a2
DV4w + (1 — éV?) [(Kl — K,a?V? + ¢, E) + (U, — Izvz)ﬁ] w=0, (13)

where D = Eh3/12(1 — v?) is the flexural rigidity of the SLGS.
3. Solution of nonlocal vibration

The determination of natural frequencies is of fundamental importance in the design of many
nano-structuers. The vibration formulation begins by assuming a solution of the displacement
field. In particular, time harmonic waves are sought and it is assumed that the model is unbounded
in x and y directions. Thus, the assumed form of the displacement is combinations of Fourier
transform in x and y directions and Fourier transform in time t:

w(x,y,t) = Z Wi sin(A,,x) sin(u,,y) e”i@mnt, (14)

m=1n=1

where w,,, is the circular frequency and m, n are the wavenumbers along x and y directions,
respectively, A,,, = mm/a, i, = nm/b, and i = V—1.

To illustrate the preceding structural analysis, a variety of sample problems is considered.
Whenever possible, comparisons are made with available solutions in the literature.

Substituting Eq. (14) into Eq. (13) we get:

Aw?, +1Bwy,, +C =0, (15)
where:

A=[1+8Q5 +udlll + L,(A% +p?)], B =[1+&EA5 + ud)lc,

C = —DQ2 +12)" = [1+ Q2 + p2)][Ky + Kpa? (12, + 2)]. (16)

Eq. (15) represents the frequency equation for the SLGS and its solution for w,y,, is given by:

—iB +V—B? — 4AC
Wmn = 24 .

amn

4. Numerical results and discussions

It is to be noted that, we get the equation of vibrations of the SLGSs using local theory sheets
by setting the value of & = 0 in Eq. (13). Correspondingly, the vibration frequencies of the local
graphene are obtained. The fundamental frequencies for the present SLGSs are obtained with and
without the inclusion of nonlocal parameter {. In what follows we will use the following
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dimensionless variables:

a3K a3K
w=a\/§wmn, =20 =10 (18)

where k; and k, are the foundation parameters.
For the sake of comparison, we will study the effect of nonlocal parameter. For this purpose,
the frequency ratio (FR) is defined as:

FR = Frequency calculated using nonlocal theory — wy;,

19)

Frequency calculated using local theory ;-

Properties of the graphene sheet in the validation analysis are considered in Table 1 [23]. The
comparison of the results for vibration of nonlocal square SLGS between the present work and
Refs. [23, 28, 29, 32] is presented in Table 2 with a = b = 10 nm and h = 0.34 nm and without
the inclusion of visco-Pasternake medium. The present frequency ratio is the same as those
presented in the literature. Now, let us consider some numerical examples to put into evidence the
effect of the aspect ratio a/b, the mode numbers m and n, the foundation parameters k, and k,,
and the viscous damping coefficient ¢, on the vibration frequency of the present SLGS.

Table 1. Properties of the graphene sheet
E(TPa) | v | p(kg/m’) | a 10°K"!
1.06 0.25 2250 1.1

Table 2. Comparison of the results for vibration of nonlocal square SLGS between the present work
and Refs. [23, 28, 29, 32] (a = b = 10 nm and h = 0.34 nm)

Wy /W
§m?) | GH) | T 231 | 1281 [ 291 | 5321
0 0.19990 1 1 1 L L

1 0.18268 | 0.91386 | 0.9139 | 0.9139 | 0.9139 | 0.9139
2 0.16926 | 0.84673 | 0.8467 | 0.8468 | 0.8466 | 0.8467
3 0.15843 | 0.79251 | 0.7925 | 0.7926 | 0.7926 | 0.7925

Benchmark results are presented in Table 3 for future comparison with other investigators. The
effects of the nonlocal parameter ¢, viscous damping coefficient c;, Winkler’s parameter k,,
Pasternak’s parameter k,, and the mode number n on the frequency w of SLGSs are discussed.
Table 3 shows that the SLGS not embedded in visco-Pasternak’s medium gives the smallest
frequencies w. The frequencies increase as the mode number n increases and as the nonlocal
parameter ¢ decreases. The SLGSs embedded in three-parameter (visco-Pasternak’s) medium
give frequencies smaller than those of SLGSs embedded in two-parameter (Winkler-Pasternak’s)
medium. For SLGSs embedded in three-parameter medium, the frequencies increase with the
increase of the foundation parameters k; and k, and with the decrease of the viscous damping
coefficient c;.

Additional plots are prepared in Figs. 2-6 by using the real value of the dimensionless
frequency parameter w. The computations are carried out (except otherwise stated) form = 1,
a=2b,b=10 nm, h = 034 nm, k; = 50 nN, k, = 10 nN, £ = 1 nm?, and ¢, = 0.1 nN.
Different values are given to the visco-Pasternak’s parameters c;, k;, and k,, and the aspect ratio
a/b of the SLGS. Here, we will discuss also the effect of the nonlocal parameter ¢ and the mode
numbers m and n.

Fig. 2 plots the natural frequencies w vs the nonlocal parameter ¢ for different viscous
damping coefficients c;, foundation parameters k, and k,, aspect ratios a/b, and mode numbers
m and n. The frequency increases with the increase of the foundation parameters k; and k,,
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aspect ratios a/b and mode numbers m and n. However, the frequency decreases with the
increase of the viscous damping coefficients c,. The variation of w is highly sensitive to the
variation of all parameters.

Fig. 3 shows the variation of natural frequencies w vs the viscous damping coefficient c, for
different nonlocal parameters ¢, foundation parameters k, and k,, aspect ratios a/b, and mode
numbers m and n. Once again, the frequency increases with the increase of the foundation
parameters k; and k, and mode numbers m and n. However, the frequency decreases as the
nonlocal parameter ¢ increases. For lower values of ¢;, the frequency increases as a/b increases
while w decreases as a/b increases for higher values of c¢;. In fact, the frequencies may be
vanished for higher values of the viscous damping coefficient c;.

Table 3. Natural frequencies w (GHz) of nonlocal square SLGS (m = 1,a = b = 10 nm and h = 0.34 nm)
n

Slea |k |k 2 3 4 5

0] 0 0 0 | 0.19990 | 0.49905 | 0.99574 | 1.68721 | 2.56964
50 | 10 | 0.54193 | 0.89714 | 1.43074 | 2.14334 | 3.03750
0| O | 100 | 20 | 0.73987 | 1.16648 | 1.76139 | 2.51815 | 3.44235
200 | 30 | 0.92327 | 1.40272 | 2.05156 | 2.85287 | 3.81093
50 | 10 | 0.52068 | 0.88454 | 1.42294 | 2.13821 | 3.03395
005|100 | 20 | 0.72445 | 1.15682 | 1.75507 | 2.51379 | 3.43921
200 | 30 | 0.91095 | 1.39469 | 2.04613 | 2.84902 | 3.80810
50 | 10 | 0.45095 | 0.84560 | 1.39930 | 2.12275 | 3.02325
0| 1 | 100 | 20 | 0.67608 | 1.12732 | 1.73595 | 2.50066 | 3.42978
200 | 30 | 0.87298 | 1.37033 | 2.02976 | 2.83744 | 3.79959
110 0 0 | 0.18268 | 0.40836 | 0.70640 | 1.03105 | 1.36074
50 | 10 | 0.53582 | 0.85004 | 1.24680 | 1.67638 | 2.11541
1| 0 | 100 |20 | 0.73541 | 1.13066 | 1.61555 | 2.13482 | 2.66426
200 | 30 | 0.91969 | 1.37307 | 1.92780 | 2.52096 | 3.12598
50 | 10 | 0.51431 | 0.83673 | 1.23785 | 1.66982 | 2.11030
1105|100 | 20 | 0.71989 | 1.12068 | 1.60865 | 2.12967 | 2.66021
200 | 30 | 0.90733 | 1.36487 | 1.92202 | 2.51660 | 3.12253
50 | 10 | 0.44359 | 0.79546 | 1.21059 | 1.64998 | 2.09490
1| 1 |100] 20 | 0.67119 | 1.09021 | 1.58777 | 2.11415 | 2.64801
200 | 30 | 0.86920 | 1.33997 | 1.90458 | 2.50348 | 3.11214
210 0 0 | 0.16926 | 0.35404 | 0.57741 | 0.80843 | 1.03768
50 | 10 | 0.53139 | 0.82532 | 1.17852 | 1.54944 | 1.92357
21 0 | 100 | 20 | 0.73219 | 1.11219 | 1.56346 | 2.03666 | 2.51465
200 | 30 | 0.91712 | 1.35791 | 1.88435 | 2.43839 | 2.99949
50 | 10 | 0.50970 | 0.81160 | 1.16904 | 1.54234 | 1.91795
2105|100 |20 | 0.71660 | 1.10205 | 1.55633 | 2.03126 | 2.51035
200 | 30 | 0.90473 | 1.34962 | 1.87844 | 2.43388 | 2.9959
50 | 10 | 0.43823 | 0.76898 | 1.14014 | 1.52084 | 1.90099
2 1 | 100 |20 | 0.66766 | 1.07105 | 1.53474 | 2.01498 | 2.49742
200 | 30 | 0.86647 | 1.32442 | 1.86060 | 2.42031 | 2.98506
310 0 0 | 0.15843 | 0.31687 | 0.50032 | 0.68689 | 0.87128
50 | 10 | 0.52804 | 0.81007 | 1.14273 | 1.48964 | 1.83915
31 0 | 100 | 20 | 0.72976 | 1.10092 | 1.53666 | 1.99154 | 2.45067
200 | 30 | 0.91518 | 1.34870 | 1.86218 | 2.40083 | 2.94606
50 | 10 | 0.50620 | 0.79609 | 1.13295 | 1.48225 | 1.83327
3105|100 | 20 | 0.71412 | 1.09068 | 1.52940 | 1.98602 | 2.44626
200 | 30 | 0.90276 | 1.34035 | 1.85620 | 2.39625 | 2.94239
50 | 10 | 0.43416 | 0.75259 | 1.10311 | 1.45986 | 1.81552
31 1 | 100 | 20 | 0.66500 | 1.05935 | 1.50743 | 1.96937 | 2.43299
200 | 30 | 0.86442 | 1.31498 | 1.83813 | 2.38247 | 2.93137
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Fig. 4 shows the natural frequencies w vs the mode number n for different nonlocal
parameters ¢, foundation parameters k; and k,, damping coefficients c;, and aspect ratios a/b.
The frequency w increases as the mode number n increases and this irrespective of the values of
other parameters. The frequencies are increasing with the increase of the foundation parameters
k, and k, and aspect ratio a/b and are decreasing with the increase of the nonlocal parameter &
and damping coefficient c;.

Fig. 5 shows the natural frequencies w vs Pasternak’s parameter k, for different nonlocal
parameters ¢, Winkler’s parameters k,, aspect ratios a/b, and mode numbers m and n. The
frequency w increases as k, increases and this irrespective of the values of other parameters. The
frequency is increasing with the increase of Winkler’s parameter k,, aspect ratio a/b and mode
numbers m and n while it is decreasing with the increase of the nonlocal parameter ¢.

Finally, Fig. 6 plots the natural frequencies w vs the aspect ratio a/b for different nonlocal
parameters ¢, foundation parameters k; and k,, damping coefficients c;, and mode numbers m
and n. The frequency w is no longer decreasing as the aspect ratio a/b increases and it has
minimum values according to the values of other parameters. The frequencies are increasing with
the increase of the foundation parameters k; and k, and mode numbers m and n and are
decreasing with the increase of the nonlocal parameter ¢ and damping coefficient c;.

5. Conclusions

In this article, a single-layered graphene sheet is embedded in a three-parameter viscoelastic
medium. The vibration frequency analysis is performed due to the nonlocal elasticity theory. For
the sake of completeness and comparisons, some frequencies are tabulated here for different
viscous damping coefficient, nonlocal parameter, aspect ratio, mode numbers, and
Winkler-Pasternak’s elastic foundation. This article gives accurate frequencies as compared with
the corresponding ones in the literature. The variation of frequency is highly sensitive to the
variation of the different parameters. The maximum frequency occurs when the SLGS is
embedded in two-parameter foundation medium without damping coefficient and with very low
nonlocal parameter. In fact, the frequencies may be vanished for higher values of the viscous
damping coefficient.
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