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Abstract. This paper is concerned with the free vibration of cantilever microbeams with attached 
tip mass in a systematical manner. Small size effects on the vibrations of the microbeam are taken 
into consideration by introducing a scale parameter. A Fourier sine series is used to represent the 
lateral displacement function. Stokes’ transformation is applied in the present formulation and 
corresponding derivatives are presented explicitly. The present formulations can be readily 
reduced to those for others classical elasticity models by setting corresponding small scale 
parameter to zero. Several parametric studies are performed to validate the present solutions and 
the effects of various important physical parameters (scale parameter, tip mass) are investigated. 
Keywords: Stokes’ transformation, Fourier sine series, cantilever microbeams, attached tip mass. 

1. Introduction 

Microbeams (MEMS) and nanobeams (NEMS) such as doubly clamped and cantilever 
microbeam are the major components of MEMS and NEMS devices, and the preferred actuation 
method is always the electric actuation. The analysis of this actuation and sensing has been a topic 
of interest over the past several years. Different sensing and actuation properties such as 
electrostatic, thermal, piezoelectric, piezosensitive, optical and electromagnetic have been  
used [1]. 

Microbeams, as the most widely used microscale continuous elements, can be found in various 
microelectromechanical devices [2]. Nowadays, the usage of beam-shaped structures has widely 
spread in micro and nano electromechanical systems (MEMS and NEMS) as elements such shock 
sensors [3], micro-actuators [4], accelerometers [5], bio-MEMS [6], atomic force microscopes, 
and so on [7, 8]. The critical physical dimensions of MEMS devices can vary from well below 
one micron on the lower end of the dimensional spectrum, all the way to several millimeters. 
While the functional elements of MEMS are miniaturized structures, sensors, actuators, and 
microelectronics, the most notable (and perhaps most interesting) elements are the microsensors 
and microactuators [9]. However, beam model based on the classical theory (CT), such as 
Euler-Bernoulli [10-12], Timoshenko [11, 12] and some higher-order shear deformation [12, 13] 
beam theories is not capable of capturing size effect in micro/nano-structures as a result of lacking 
of the material length scale parameter [14]. In order to capture the size effect in microstructures, 
some non-classical continuum theories such as the non-local, strain gradient, and couple stress 
have been introduced and developed [15]. Strain gradient elasticity models of continuum 
mechanics are recognized within the wide literature as material models capable to capture and 
describe a number of experimentally detected microstructural phenomena featured by an internal 
length scale, such as size effects, surface effects, dispersion effects of wave propagation, along 
with the possibility to dispense with stress/strain singularities at, typically, crack tips and 
dislocation cores [16, 17]. 

Micro scale mass sensors offer the potential of meeting the high-performance requirement of 
many mass sensing applications. These sensors employ the characteristic of micro resonators in 
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frequency shifting due to mass loading. The micro-scale mass sensing with a micro resonator is 
based on the fact that the resonant frequency is sensitive to the attached tip mass. In order to 
determine the effects of attached mass on the resonant frequency of micro/nanoscale application, 
the continuum models based on microbeam as well as nanaobeam is used by several researchers 
[18-20]. 

The method of Stokes’ transformation is more efficient than the analytical series methods 
because this method gives more flexibility in boundary conditions. This is in particular essential 
for determining the dynamic response of microbeams other than simply supported. In this paper, 
we aim to develop a coefficient matrix for free vibrations of cantilever microbeams with small 
scale effects. Starting from the non-classical boundary conditions, we sequentially employ the 
Stokes’ transformation technique and the Fourier sine series, to derive systems of linear equations, 
where Fourier coefficients involved are determined by the governing equation. The present 
analytical solutions can be readily reduced to those for the classic beam without mass effect, 
simply by setting small scale parameter to zero. 

2. Theoretical analysis 

MEMS sensors for chemical analysis have been based on detection techniques. They are 
required for many industries. The most commonly used material for fabricating MEMS is silicon 
compounds. The frequency shift can be defined as the difference between the natural frequencies 
of a micro cantilever with and without tip mass, that serves as an index to estimate quantitatively 
the dynamical behavior of the micro-mass sensor in gradient elasticity. In this study, uniform 
micro-mass sensor could be simplified as a cantilever beam of length ܮ  and carrying a 
concentrated tip mass m at the free end, as shown in Fig. 1. For a uniform cantilever microbeam 
with attached tip mass (Fig. l), the equation of motion with shear and rotatory effects ignored is 
[21]: 

ܣߩ ∂ଶݔ)ݓ, ଶݐ∂(ݐ + ܫܧ ቊ∂ସݔ)ݓ, ସݔ∂(ݐ − ଶߛ ∂଺ݔ)ݓ, ଺ݔ∂(ݐ ቋ = 0, (1)

where ݔ)ݓ,  ܫܧ ,ݐ along the length of the beam and time ݔ is the lateral displacement at distance (ݐ
the flexural rigidity of the beam, ߩ the mass density and ܣ the cross-sectional area of the beam. ߛ 
denotes the simply gradient elastic modulus. Eq. (1) is well known as strain gradient 
Euler-Bernoulli equation for a uniform cross section microbeam, for which, the solution exists in 
the form: ݔ)ݓ, (ݐ = .(ݐ)ߟ(ݔ)ܹ (2)

 
Fig. 1. A cantilever microbeam with attached tip mass 

Because of the unusual nature of boundary condition involved (see Fig. 1), the lateral 
displacement function ݔ)ݓ, ,ݔ)ݓ :can be rewritten in the form (ݐ (ݐ = ,[ݐ߱]cos(ݔ)߰ (3)

where ߰(ݔ) is the modal displacement function and ߱ is the natural frequency. According to the 
boundary conditions one may assume that: 
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(ݔ)߰ = ۔ۖەۖ
,଴߰ۓ ݔ = 0,߰௅, ݔ = ෍ஶ,ܮ

௞ୀଵ Φ௞sin ൤݇ܮݔߨ ൨ , 0 < ݔ < (4) .ܮ

The partial differential equation given in Eq. (1) is called a two-point boundary value problem. 
Fourier sine series given in Eq. (4) satisfies only the natural boundary conditions of a microbeam 
whose boundaries are simply supported, so we should use a more sophisticated mathematical 
procedure known as Stokes’ transformation and try to develop a general code in order to calculate 
vibrational response. The higher order derivatives of ߰(ݔ) based on the Stokes’ transformation 
become [22]:  ݀߰(ݔ)݀ݔ = ߰௅ − ߰଴ܮ + ෍ஶ

௞ୀଵ cos(ߙ௞ݔ) ቆ2((−1)௞߰௅ − ߰଴)ܮ + ,௞Φ௞ቇߙ (5)݀ଶ߰(ݔ)݀ݔଶ = − ෍ஶ
௞ୀଵ (ݔ௞ߙ)௞sinߙ ቆ2((−1)௞߰௅ − ߰଴)ܮ + ,௞Φ௞ቇߙ (6)݀ଷ߰(ݔ)݀ݔଷ = ߮௅ᇱᇱ − ߮଴ᇱᇱܮ + ෍ஶ

௞ୀଵ cos(ߙ௞ݔ) ቆ2((−1)௞߰௅ᇱᇱ − ߰଴ᇱᇱ)ܮ      − ௞ଶߙ ቆ2((−1)௞߰௅ − ߰଴)ܮ + ,௞Φ௞ቇ൱ߙ (7)

݀ସ߰(ݔ)݀ݔସ = − ෍ஶ
௞ୀଵ (ݔ௞ܽ)௞sinߙ ൭2((−1)௞߰௅ᇱᇱ − ߰଴ᇱᇱ)ܮ − ௞ଶߙ ቆ2((−1)௞߰௅ − ߰଴)ܮ + ହݔ݀(ݔ)௞Φ௞ቇ൱, (8)݀ହ߰ߙ = ߰௅ᇱᇱᇱᇱ − ߰଴ᇱᇱᇱᇱܮ + ෍ஶ

௞ୀଵ cos(ߙ௞ݔ) ቆߙ௞ସ ቆ2((−1)௞߰௅ − ߰଴)ܮ + ௞Φ௞ቇߙ
      − ௞ଶ((−1)௞߰௅ᇱᇱߙ2 − ߰଴ᇱᇱ)ܮ + 2((−1)௞߰௅ᇱᇱᇱᇱ − ߰଴ᇱᇱᇱᇱ)ܮ ቇ, (9)

݀଺߰(ݔ)݀ݔ଺ = − ෍ஶ
௞ୀଵ (ݔ௞ߙ)௞sinߙ ቆߙ௞ସ ቆ2((−1)௞߰௅ − ߰଴)ܮ + ௞Φ௞ቇߙ

      − ௞ଶ((−1)௞߰௅ᇱᇱߙ2 − ߰଴ᇱᇱ)ܮ + 2((−1)௞߰௅ᇱᇱᇱᇱ − ߰଴ᇱᇱᇱᇱ)ܮ ቇ, (10)

where: 

௞ߙ = ܮߨ݇ . (11)

Detailed information on Stokes’ transformation is presented in [22, 23]. Eqs. (8) and (10) are 
substituted into Eq. (1) to result in: 

෍ ܮ1 (ஶ
௞ୀଵ cos(߱ݐ)sin(ߙ௞ݔ)(ܮΦ௞(−߱ߩܣଶ + ௞଺ߙܫܧଶߛ + ଶ߰଴ᇱᇱᇱᇱߛ−)௞ߙܫܧ௞ସ)      +2ߙܫܧ + ௞ଶ߰଴ᇱᇱߙଶߛ − ௞ଶߙ௞ସ      −߰଴ߙଶ߰଴ߛ + (−1)௞൫(ߛଶߙ௞ଶ + ௞ଶ߰௅ߙ)(1 − ߰௅ᇱᇱ) + ଶ߰௅ᇱᇱᇱᇱ൯ߛ + ߰଴ᇱᇱ))) = 0. (12)
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Therefore, the Fourier coefficient Φ௞  can be written in terms of ߰଴, ߰௅ , ߰଴ᇱᇱ , ߰௅ᇱᇱ , ߰଴ᇱᇱᇱᇱ and ߰௅ᇱᇱᇱᇱ as follows: 

Φ௞ = ܮ௞ଷߙ2 ߱௞ଶ߱௞ଶ + ௞ଶ߱௞ଶߙଶߛ − ߱ଶ ଶ߰଴ᇱᇱᇱᇱߛ) + ଶ(−߰଴ᇱᇱ)ߛ)௞ଶߙ + (−1)௞(ߛଶ߰௅ᇱᇱ − ߰௅) + ߰଴)       +ߛଶߙ௞ସ(߰଴ − (−1)௞߰௅) + (−1)௞(߰௅" − (ଶ߰௅ᇱᇱᇱᇱߛ − ߰଴ᇱᇱ), (13)

where: 

߱௞ଶ = ܣߩܫܧ ௞ଶ. (14)ߙ

Hence, the lateral displacement function for the microbeam having no geometrical constraints 
at both ends becomes: 

,ݔ)ݓ (ݐ = ෍ ܮ௞ଷߙ2 ߱௞ଶ߱௞ଶ + ௞ଶ߱௞ଶߙଶߛ − ߱ଶ (ஶ
௞ୀଵ ଶ߰଴ᇱᇱᇱᇱߛ + ଶ߰௅ᇱᇱߛ)ଶ(−߰଴ᇱᇱ)      +(−1)௞ߛ)௞ଶߙ − ߰௅) + ߰଴) + ௞ସ(߰଴ߙଶߛ − (−1)௞߰௅)      +(−1)௞(߰௅ᇱᇱ − (ଶ߰௅ᇱᇱᇱᇱߛ − ߰଴ᇱᇱ)cos(߱ݐ)sin(ߙ௞ݔ). (15)

The inclusion of the scale parameter (ߛଶ) in the Eq. (15) takes into account the effects of 
scale-factor. 

3. Boundary conditions 

Consider a clamped free microbeam with point mass at the free end, as shown in Fig. 1. The 
strain gradient boundary conditions are mathematically written as: 

߰଴ = ݔ∂߰∂    ,0 = 0,   ߰଴ᇱᇱ = 0, ݔ = 0, (16)∂ଶ߰∂ݔଶ − ଶߛ ∂ସ߰∂ݔସ = 0, − ܯ ∂ଶ߰∂ݐଶ = ܫܧ ቆ∂ଷ߰∂ݔଷ − ଶߛ ∂ହ߰∂ݔହ ቇ, ߰௅ᇱᇱ = 0, ݔ = .ܮ (17)

The resulting systems of linear equations are found from Eqs. (13), (16) and (17): 

൭෍ 2݇ଶߨଶ(݇ଶߨଶΔଶ + ଶΔଶ݇଺ߨ−ସߣ(1 − ݇ସ + ସߣ − ସஶߣସߨ௅ܯ
௞ୀଵ ൱ ଴ᇱᇱߜ

      + ൭෍ 2݇ଶߨଶ(݇ଶߨଶΔଶ + ଶΔଶ݇଺ߨ−ସߣ(1 − ݇ସ + ସߣ − ସஶߣସߨ௅ܯ
௞ୀଵ ൱ ߰௅ = 0, (18)

൭෍ 2݇ଶߨଶ൫ߣସ − ݇ସ(݇ଶߨଶΔଶ + 1)൯ஶ
௞ୀଵ ൱ ଴ᇱᇱߜ + ൭෍ ସߣସߣ(1−)2 − ݇ସ(݇ଶߨଶΔଶ + 1) + 1ஶ

௞ୀଵ ൱ ߰௅ = 0, (19)

where: 

Δଶ = ଶܮଶߛ ସߣ(20) , = ܫܧସߨସܮܣߩ ߱ଶ, (21)ߜ଴ᇱᇱ = ߰଴ᇱᇱ − ଶ߰଴ᇱᇱᇱᇱ. (22)ߛ
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The equation system given in Eqs. (l8) and (l9) can be expressed in the following matrix form: 

ቈ߶෨క ߶෨జ߶෨఑ ߶෨ఎ቉ ൤ߜ଴ᇱᇱ߰௅൨ = 0, (23)

where: 

߶෨క = ෍ 2(−1)௞ߣସ−ߨଶΔଶ݇଺ − ݇ସ + ସߣ + 1ஶ
௞ୀଵ , (24)

߶෨జ = ෍ 2݇ଶߨଶ(݇ଶߨଶΔଶ + ଶΔଶ݇଺ߨ−ସߣ(1 − ݇ସ + ସߣ − ସஶߨ௅ܯ
௞ୀଵ ,ସߣ (25)

߶෨఑ = ෍ 2݇ଶߨଶ൫ߣସ − ݇ସ(݇ଶߨଶΔଶ + 1)൯ஶ
௞ୀଵ , (26)

߶෨ఎ = ෍ 2(−1)௞ߣସߣସ − ݇ସ(݇ଶߨଶΔଶ + 1)ஶ
௞ୀଵ + 1. (27)

The vibration frequencies of cantilever micro-sized beam with attached tip mass can be 
achieved by solving the following eigenvalue problem: 

ቤ߶෨క ߶෨జ߶෨఑ ߶෨ఎቤ = 0. (28)

The micro-mass sensing is based on the fact that the resonant frequency is sensitive to the 
attached tip mass. The attached tip mass causes a shift to the resonant frequency. The frequency 
shift can be defined as the difference between the frequencies of the microbeam with and without 
the attached tip mass, which serves as an index to judge quantitatively the dynamical behavior of 
the micro-mass sensor. The main advantage of above determinant is that it is not necessary to 
solve the problem for each change in boundary condition. Only Eq. (28) is required, which can be 
used any type of boundary condition specified in Eqs. (16)-(17). 

4. Numerical results 

In this section, different numerical examples are conducted to assess the utility and 
applicability of proposed approach for calculating the vibration frequencies of a microbeam. 
Before we proceed further, we first assess the accuracy of the present analytical method by 
comparing the natural frequency parameters for a classical cantilever Euler Bernoulli beam 
obtained from the present approach to that obtained from the literature. It is seen from Table 1 that 
the numerical results, which are degenerated from the present analytical solutions, are very close 
to those obtained by Kim and Kim [24]. In this work, 50 terms of infinite series are used to 
calculate vibration frequencies. From an engineering point of view, the accuracy of present 
solutions can be considered sufficient. 

Fig. 2 shows the first three dimensionless frequencies as a function of mass parameter, for 
selected small scale parameter (Δ =1). It is seen that the mass parameter has a significant effect 
on the dimensionless natural frequencies especially for lower modes having lower frequencies. As 
the mass parameter increases, the dimensionless natural frequencies gradually decrease. 

The first three dimensionless frequency ratios of a cantilever microbeam with different values 
of the small scale parameter (Δ = 0, 0.01, 0.02, 0.03, 0.04,… , 0.09) are displayed in Fig. 3 for the 
case of amass ( ܯ = 1). Index (GE) denotes the gradient elasticity theory and (CE) denotes the 
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classical elasticity theory. The most important observation from the Fig. 3 is that vibrational 
response of a microbeam with an attached mass are strongly affected by the scale parameter. 

Table 1. Comparisons of the first three dimensionless angular frequencies 
 Mode-1 Mode-2 Mode-3 

M Ref [24] Present (ߣଵ×ߨ) Ref [24] Present (ߣଶ×ߨ) Ref [24] Present (ߣଷ×ߨ) 
0.01 1.8583 1.8715 4.6532 4.6830 7.7880 7.8424 
0.1 1.7339 1.7343 4.4019 4.4243 7.4544 7.4895 
1 1.2484 1.2530 4.0327 4.0476 7.1367 7.1637 

10 0.7360 0.7381 3.9400 3.9545 7.0781 7.1049 
100 0.4161 0.4172 3.9293 3.9439 7.0718 7.0986 

 
Fig. 2. The first three dimensionless frequencies as a function of attached mass 

 
Fig. 3. The first three dimensionless frequency ratios (ܧܥ݅ߣ/ܧܩ݅ߣ) as a function of small scale parameter 

 
Fig. 4. Graph of the first three dimensionless frequency ratios (ܧܥ݅ߣ/ܧܩ݅ߣ)  

against number of terms in expansion 
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In Fig. 4 the variation of the first three dimensionless frequency ratios with the number of 
terms used in the Fourier series is depicted. It is seen that 70-80 terms of infinite Fourier sine 
series can be satisfactory to obtain the vibrational response with accuracy lower than 2,5 percent. 

5. Conclusions 

The dynamic response of cantilever Euler-Bernoulli microbeams in the presence of tip mass is 
given, employing the Fourier sine series and Stokes’ transformation. A coefficient matrix for 
microbeams with different boundary conditions are explicitly derived in terms of infinite series. 
The different comparisons are made to ensure the accuracy of the results. An excellent agreement 
is observed, hence validating the present solutions. Numerical calculations are performed to 
examine the effect of different parameters. Results clearly reveal that small scale parameter plays 
an important role in determining the vibration frequencies.  
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