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Abstract. The aim of this paper is to investigate combination of vibration isolation for four 
vibrating machines with eight unbalanced rotors to eliminate the dynamic forces that the system 
acts on the foundation. By using the average method of modified small parameters and modal 
analysis, we deduce the dimensionless coupling equations of the eight unbalanced rotors, which 
convert the problem of synchronization for the eight unbalanced rotors into that of existence and 
stability of zero solutions for the dimensionless coupling equations. By combining the existence 
of zero solutions for the dimensionless coupling equations with the general dynamic symmetry 
for two coupled unbalanced rotors in one vibrating machine, the synchronization criterion and the 
stability criterion are obtained by using the generalized Lyapunov equation, Lyapunov criterion 
and Routh-Hurwitz criterion. Computer simulations are carried out to verify the above theoretical 
results. The results of computer simulation demonstrate that a pair of unbalanced rotors in one 
vibrating machine can synchronize at a phase difference of ߨ, the phase differences among the 
four vibrating machines are between the two opposite. The four vibrating machines can vibrate 
only in ݖ-direction, while the isolation frame is at rest during the working process. When the power 
supply of one motor in any vibrating machine is switched off, the coupling characteristics of the 
system can transfer energy from the unbalanced rotors with power supply to that without power 
supply to extend synchronization of the eight unbalanced rotors. 
Keywords: self-synchronization, vibration isolation, modal analysis, coupling dynamics, and 
stability. 

1. Introduce 

Synchronization phenomena in large populations of interacting elements are found in many 
scientific fields, such as in physical, biological, chemical, and social systems [1]. One of them is 
synchronization of unbalanced rotors (URs) in vibrating systems. About sixty years ago, at the 
Institute Mekhanobr in Leningrad, it was accidentally discovered that two URs driven by two 
motors on a single base trended to operate synchronously, later Dr. Blekhman in the Soviet Union 
gave the first theoretical explanations of this synchronization phenomenon. Using the method of 
direct separation of motions and the Poincare-Lyapunov small-parameter method, Blekhman 
proposed the synchronization theory of vibrating machines with two or more URs, and has 
successfully solved a number of self-synchronization [2-6]. Taking the phase difference between 
the two URs as one small parameter, Wen developed the theory of two URs in vibrating systems 
and established the branch of vibration utilization [7, 8]. 

Synchronization of URs in vibrating systems stems from general dynamic symmetry [9] and 
motion selection characteristics of system [10], which rely on the distribution of the URs and the 
structure of vibrating systems and lock the phase differences among the URs as deterministic 
values [7-12]. In a single freedom vibrating system with two identical URs rotating in opposite 
directions, the vibrations excited by the two URs would be canceled mutually and the system is at 
rest [2]. In plane motion vibrating systems with two URs, the vibrating mass can undergo a linear, 
or an elliptical, or a centroid swing motion [7]. In a spatial motion vibrating system with two URs, 
the vibrating mass can undergo a linear motion and a swing one [11]. In a three-mass vibrating 
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system with four URs rotating in the same direction, the four URs can excite the elliptical motion 
of the primary mass [12].  

In this paper, the synchronization for an octa-motor vibrating system with two-stage vibration 
isolation is investigated to eliminate the dynamic forces that the system acts on the foundation 
during its working process. The rest of this paper is organized as follows: the equations of motion 
of the system and the dimensionless coupling equations of the eight URs are derived in Sections 2 
and 3, respectively. Then the criterion of synchronization and that of stability for its synchronous 
state are given in Section 4. Numeric discussions are given in Section 5 and conclusions are made 
in Section 6. 

2. Equations of motion of a vibrating system 

Fig. 1 shows the dynamic model of a vibrating system with eight URs. The vibrating system 
consists of four identical vibrating machines (VMs), which are supported on an isolation rigid 
frame (IRF) and marked as ଵܸ, ଶܸ, ଷܸ and ସܸ. Every VM is composed of a supporting rigid frame 
and a material one, denoted by RF1 and RF2, respectively. RF2 is connected with RF1 by soft 
springs in ݔ- and ݕ-directions. RF1 is connected to the IRF by springs in ݖ-directions, and fixed 
in ݔ- and ݕ-directions. The IRF is supported by an elastic foundation. Two induction motors 
rotating in the same direction on the top view are supplied with the same power supply and 
installed in each RF2. Each drives one UR. The rotational planes of the two URs are symmetric 
about ݕݔ-plane, and the angle between each rotational plane and ݕݔ-plane is ߜ. The IRF has six 
degrees of freedom. The motions of the IRF are vibrations in ݕ ,-ݔ- and ݖ-directions, denoted by ݕ ,ݔ and ݖ, and swings about ݕ ,-ݔ- and ݖ-axis, denoted by ߰௫ ߰௬ ߰௭. The motion of the RF2 for ௜ܸ  in ݖ-direction is denoted by ݖ௜ . The motions of each RF2 for ௜ܸ  in ݔ- and ݕ-directions are 
denoted by ݔ௜  and ݕ௜ . The phase angle of the two URs for ௜ܸ  are denoted by ߮௜ଵ  and ߮௜ଶ , 
respectively. Comparing with the masses of the RF1 and RF2, the mass of an UR is very small, 
i.e., ݉௜௝ ≪ ݉ୖଵ, ݉௜௝ ≪ ݉ୖଶ. Hence, the inertia coupling due to the symmetry of the two URs can 
be neglected. Using the Lagrange’s equations, and choosing ݖ ,ݕ ,ݔ, ߰௫, ߰௬, ߰௭, ݔଵ, ݕଵ,…, ݔସ, ݕସ, ݖସ, ߮ଵଵ, ߮ଵଶ,…, ߮ସଵ, ߮ସଶ, as the generalized coordinates, we derive the differential equations of 
motion of the vibrating system as follows: 

݉௔ݔሷ + 4݉௥଴ ሷ߰௬ + ܿ௫ݔሶ + 4ܿ௥௫଴ ሶ߰௬ + ܿ௫଴ ෍ ሶݔ) − ሶ௜)ସ௜ୀଵݔ + ݇௫ݔ + 4݇௥௫଴߰௬      +݇௫଴ ෍ ݔ) − (௜ݔ = 0ସ௜ୀସ , ݉௔ݕሷ − 4݉௥଴ ሷ߰௫ + ܿ௬ݕሶ − 4ܿ௥௬଴ ሶ߰௫ + ܿ௫଴ ෍ ሶݕ) − ሶ௜)ସ௜ୀଵݕ + ݇௬ݕ − 4݇௥௬଴߰௫       +݇௬଴ ෍ ݕ) − ௜)ସ௜ୀଵݕ = 0,
 ݉ூݖሷ + ܿ௭ݖሶ + ܿ௭଴ ෍(ݖሶ − ሶ௜)ସݖ

௜ୀଵ + ݇௭ݖ + ݇௭଴ ෍ ݖ) − ௜)ସ௜ୀଵݖ = 0, 
௫ܬ ሷ߰௫ − 4݉௥଴ݕሷ + ܿ௥௫ ሶ߰௫ − ܿ௥௬଴ ෍ ሶସ௜ୀଵݕ) − (ሶ௜ݕ + ܿ௭଴ ෍ ݈௖௬௜ସ௜ୀଵ ሶ௜ݖ + ݇௥௫߰௫       −݇௥௬଴ ෍ ݕ) − ௜)ସ௜ୀଵݕ + ݇௭଴ ෍ ݈௖௬௜ସ௜ୀଵ =       ௜ݖ ݉଴ݎℎ଴cosߜ ෍ ෍ (−1)௝( ሶ߮ ௜௝ଶ sin߮௜௝ − ሷ߮ ௜௝cos߮௜௝)ଶ௝ୀଵସ௜ୀଵ ,

(1)
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௬ܬ ሷ߰௬ + 4݉௥଴ݔሷ + ܿ௥௬ ሶ߰௬ + ܿ௥௫଴ ෍ ሶݔ) − ሶ௜)ସ௜ୀଵݔ + ݇௥௬߰௬ + ݇௥௫଴ ෍ ݔ) − ௜)ସ௜ୀଵݔ        = ݉଴ݎℎ଴ ෍ ෍ (−1)௝ିଵ൫ ሶ߮ ௜௝ଶ cos߮௜௝ + ሷ߮ ௜௝sin߮௜௝൯ଶ௝ୀଵ ,ସ௜ୀଵ ௭ܬ  ሷ߰௭ + ܿ௥௭ ሶ߰௭ + ܿ௫଴ ෍ ݈௖௜ସ௜ୀଵ ሶ௜ݔ + ݇௥௭߰௭ + ݇௫଴ ෍ ݈௖௜ݔ௜ସ௜ୀଵ = 0, ݉௔଴ݔሷ௜ + ܿ௫଴(ݔሶ௜ − ሶݔ + ݈௖௜ ሶ߰௭ − ଴ܪ ሶ߰௬) + ݇௫଴(ݔ௜ − ݔ + ݈௖௜߰௭ − =       (଴߰௬ܪ ݉଴ݎ ෍ ൫ ሶ߮ ௜௝ଶ cos߮௜௝ + ሷ߮ ௜௝sin߮௜௝൯ଶ௝ୀଵ , ݉௔଴ݕሷ௜ + ܿ௬଴(ݕሶ௜ − ሶݕ + ଴ܪ ሶ߰௫) + ݇௬଴(ݕ௜ − ݕ + =       (଴߰௫ܪ ݉଴ݎcosߜ ෍ ൫ ሶ߮ ௜௝ଶ sin߮௜௝ − ሷ߮ ௜௝cos߮௜௝൯ଶ௝ୀଵ , ݉௔௭ݖሷ௜ + ܿ௭଴(ݖሶ௜ − ሶݖ − ݈௖௜ ሶ߰௫) + ݇௭଴(ݖ௜ − ݖ − ݈௖௜߰௫)       = ݉଴ݎsinߜ ෍ (−1)௝ିଵ( ሶ߮ ௜௝ଶ sin߮௜௝ − ሷ߮ ௜௝cos߮௜௝)ଶ௝ୀଵ ௜ଵܬ , ሷ߮ ௜ଵ + ௜݂ଵ ሷ߮ ௜ଵ = ௘ܶ௜ଵ + ݉଴ݔ)ݎሷ௜sin߮௜ଵ − cos߮௜ଵߜሷ௜sinݖ−       cos߮௜ଵߜሷ௜cosݕ + ሷ߰௫ℎ଴cosߜcos߮௜ଵ + ሷ߰௬ℎ଴sin߮௜ଵ), ܬ௜ଶ ሷ߮ ௜ଶ + ௜݂ଶ ሷ߮ ௜ଶ = ܶୣ ௜ଶ + ݉଴ݔ)ݎሷ௜sin߮௜ଶ − cos߮௜ଶߜሷ௜cosݕ + −       cos߮௜ଶߜሷ௜sinݖ ሷ߰௫ℎ଴cosߜcos߮௜ଶ − ሷ߰௬ℎ଴sin߮௜ଶ), 
where ( ሶ) and ( ሷ) denote ݀() ⁄ݐ݀  and ݀ଶ() ⁄ଶݐ݀ , respectively. Other parameters in the formulas 
are as follows: ݉௔ = ݉ூ + 4݉ଵ,    ݉௥௫଴ = ݉ଵܪ଴, ݉௥௬଴ = ݉ଵܪ଴, ݇௥௫଴ = ݇௫଴ܪ଴, ݇௥௬଴ = ݇௬଴ܪ଴, ܿ௥௫଴ = ܿ௫଴ܪ଴,     ܿ௥௬଴ = ܿ௬଴ܪ଴, ௫ܬ = ூ௫ܬ + 4݉ଵܪ଴ଶ, ௬ܬ = ூ௬ܬ + 4݉ଵܪ଴ଶ,ܬ௭ = ூ௭ܬ + 2݉ଵ݈ଵଶ + 2݉ଵ݈ଶଶ,     ܿ௥௫ = ܿ௭݈௬ଶ + 4ܿ௬଴ܪ଴ଶ + 2ܿ௭଴݈ଵଶ + 2ܿ௭଴݈ଶଶ,    ܿ௥௬ = ܿ௭݈௫ଶ + 4ܿ௫଴ܪ଴ଶ, ܿ௥௭ = ܿ௬݈௫ଶ + ܿ௫݈௬ଶ + 2ܿ௫଴݈ଵଶ + 2ܿ௫଴݈ଶଶ, ݇௥௫ = ݇௭݈௬ଶ + 4݇௬଴ܪ଴ଶ + 2݇௫଴݈ଶଶ + 2݇௫଴݈ଵଶ, ݇௥௬ = ݇௭݈௫ଶ + ,଴ଶ݇௫଴ܪ4 ݇௥௭ = ݇௫݈௫ଶ + ݇௬݈௫ଶ + 2݇௫଴݈ଵଶ + 2݇௫଴݈ଶଶ, ݈௖௬௜ = −݈௖௜.

 
Fig. 1. Dynamic model of the considered vibrating system 

3. Dimensionless coupled equations of the eight URs 

Because the URs rotate periodically, the vibrations of the vibrating system is also periodic. 
When the system runs stably, the average instantaneous phase of the eight URs is assumed to be ߮ and the least common multiple period of the eight URs is assumed to be ௅ܶ஼ெ௉, the average 
instantaneous angular velocity is ሶ߮  and the average value of ሶ߮  over the time ௅ܶ஼ெ௉ must be a 
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constant: 

߱௠ = 1௅ܶ஼ெ௉ න ሶ߮௧ା்ಽ಴ಾು௧ ݐ݀ = .ݐ݊ܽݐݏ݊݋ܿ (2)

If the coefficient of the instantaneous change of ሶ߮  is assumed to be ߥ଴, the instantaneous 
average angular velocity can be expressed as follows: ሶ߮ = (1 + ଴)߱௠. (3)ߥ

Assuming: 

௜ߙ2 = ߮௜ଵ − ߮௜ଶ,     4ߙହ = ෍ ߮ଵ௝ଶ௝ୀଵ − ෍ ߮ସ௝ଶ௝ୀଵ , ଺ߙ4    = ෍ ߮ଶ௝ଶ௝ୀଵ − ෍ ߮ଷ௝ଶ௝ୀଵ ଻ߙ8 , = ෍ ߮ଵ௝ଶ௝ୀଵ + ෍ ߮ସ௝ଶ௝ୀଵ − ෍ ෍ ߮௜௝ଶ௝ୀଵଷ௜ୀଶ , ሶߙ ௜ = ,௜߱௠ߥ ݅ = 1, 2, 3, 4.
Then we have: ߮ଵଵ = ߮ + ଵߙ + ହߙ + ଻ߙ = ߮ + ,ଵߴ ߮ଵଶ = ߮ − ଵߙ + ହߙ + ଻ߙ = ߮ + ଶ,߮ଶଵߴ = ߮ + ଶߙ + ଺ߙ − ଻ߙ = ߮ + ,ଷߴ ߮ଶଶ = ߮ − ଶߙ + ଺ߙ − ଻ߙ = ߮ + ସ,߮ଷଵߴ = ߮ + ଷߙ − ଺ߙ − ଻ߙ = ߮ + ,ହߴ ߮ଷଶ = ߮ − ଷߙ − ଺ߙ − ଻ߙ = ߮ + ଺,߮ସଵߴ = ߮ + ସߙ − ହߙ + ଻ߙ = ߮ + ,଻ߴ ߮ସଶ = ߮ − ସߙ − ହߙ + ଻ߙ = ߮ + .଼ߴ (4)

Assuming ߴሶ௜ = ݅ ,௜߱௠ߝ = 1, 2,…,8, then we have: ߝଵ = ଴ߥ + ଵߥ + ହߥ + ,଻ߥ ଶߝ = ଴ߥ − ଵߥ + ହߥ + ଷߝ,଻ߥ = ଴ߥ + ଶߥ + ଺ߥ − ,଻ߥ ସߝ = ଴ߥ − ଶߥ + ଺ߥ − ହߝ,଻ߥ = ଴ߥ + ଷߥ − ଺ߥ − ,଻ߥ ଺ߝ = ଴ߥ − ଷߥ − ଺ߥ − ଻ߝ,଻ߥ = ଴ߥ + ସߥ − ହߥ + ,଻ߥ ଼ߝ = ଴ߥ − ସߥ − ହߥ + ,଻ߥ (5)

that is: ሶ߮ ௜௝ = ൫1 + ,ଶ(௜ିଵ)ା௝൯߱௠ߝ ݅ = 1, 2, 3, 4, ݆ = 1, 2. (6)

Because the slips of induction motors are very small during the steady state operation, the 
angular acceleration of the URs in Eqs. (1) can be neglected, i.e., ሷ߮ ௜ ≈ 0. The exciting frequency 
is much greater than the natural frequency of the vibrating system and the damp is much small. In 
this case, the effect of the coefficients of the angular velocities on the amplitude and phase angle 
of response of the vibrating system can also be neglected. Inserting Eq. (4) into the equations of 
vibration in Eq. (1) yields: 

݉௔ݔሷ + 4݉௥଴ ሷ߰௬ + ܿ௫ݔሶ + 4ܿ௥௫଴ ሶ߰௬ + ܿ௫଴ ෍ ሶݔ) − ሶ௜)ସ௜ୀଵݔ + ݇௫4݇+      ݔ௥௫଴߰௬ + ݇௫଴ ෍ ݔ) − (௜ݔ = 0ସ௜ୀସ , ݉௔ݕሷ − 4݉௥଴ ሷ߰௫ + ܿ௬ݕሶ − 4ܿ௥௬଴ ሶ߰௫ + ܿ௫଴ ෍ ሶݕ) − ሶ௜)ସ௜ୀଵݕ + ݇௬4݇−       ݕ௥௬଴߰௫ + ݇௬଴ ෍ ݕ) − ௜)ସ௜ୀଵݕ = 0,
(7)
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݉ூݖሷ + ܿ௭ݖሶ + ܿ௭଴ ෍ ሶݖ) − ሶ௜)ସ௜ୀଵݖ + ݇௭ݖ + ݇௭଴ ෍ ݖ) − ௜)ସ௜ୀଵݖ = ௫ܬ ,0 ሷ߰௫ − 4݉௥଴ݕሷ + ܿ௥௫ ሶ߰௫ − ܿ௥௬଴ ෍ ସ௜ୀଵݕ) − (ሶ௜ݕ + ܿ௭଴ ෍ ݈௖௬௜ସ௜ୀଵ ሶ௜ݖ + ݇௥௫߰௫       −݇௥௬଴ ෍ ݕ) − ௜)ସ௜ୀଵݕ + ݇௭଴ ෍ ݈௖௬௜ସ௜ୀଵ ௜ݖ  = ݉଴ݎℎ଴߱௠ଶ cosߜ ෍ (−1)௝௝଼ୀଵ sin൫߮ + ௬ܬ ,௝൯ߴ ሷ߰௬ + 4݉௥଴ݔሷ + ܿ௥௬ ሶ߰௬ + ܿ௥௫଴ ෍ ሶݔ) − ሶ௜)ସ௜ୀଵݔ + ݇௥௬߰௬ + ݇௥௫଴ ෍ ݔ) − ௜)ସ௜ୀଵݔ        = ݉଴ݎℎ଴߱௠ଶ ෍ (−1)௝ିଵcos൫߮ + ௝൯௝଼ୀଵߴ ௭ܬ , ሷ߰௭ + ܿ௥௭ ሶ߰௭ + ܿ௫଴ ෍ ݈௖௜ସ௜ୀଵ ሶ௜ݔ + ݇௥௭߰௭ + ݇௫଴ ෍ ݈௖௜ݔ௜ସ௜ୀଵ = 0, ݉௔଴ݔሷ௝ + ܿ௫଴(ݔሶ௝ − ሶݔ + ݈௖௝ ሶ߰௭ − ଴ܪ ሶ߰௬) + ݇௫଴(ݔ௝ − ݔ + ݈௖௝߰௭ − =        ଴߰௬ܪ ݉଴߱ݎ௠ଶ ൣcos൫߮ + ଶ௝ିଵ൯ߴ + cos൫߮ + ሷ௝ݕଶ௝൯൧, ݉௔଴ߴ + ܿ௬଴(ݕሶ௝ − ሶݕ + ଴ܪ ሶ߰௫) + ݇௬଴(ݕ௝ − ݕ + =        (଴߰௫ܪ ݉଴߱ݎ௠ଶ cos݊݅ݏൣߜ൫߮ + ଶ௝ିଵ൯ߴ + sin൫߮ + ሷ௝ݖଶ௝൯൧, ݉௔௭ߴ + ܿ௭଴(ݖሶ௝ − ሶݖ − ݈௖௝ ሶ߰௫) + ݇௭଴(ݖ௝ − ݖ − ݈௖௝߰௫)        = ݉଴߱ݎ௠ଶ sinൣߜsin൫߮ + ଶ௝൯ߴ − sin൫߮ + ,ଶ௝ିଵ൯൧ߴ ݆ = 1, 2, 3, 4. 
According to the coupling relation, Eqs. (7) are divided into two groups, denoted by A and B. 

The general coordinate vector of Group A is: ܆୅ = ݔ} ߰௬ ߰௭ ଵݔ ଶݔ ଷݔ .்{ସݔ
Equations of Group A are divided by ݉௔௭ and are written in a matrix form as the following: ۻ୅܆ሷ ୅ + ۱୅܆ሶ ୅ + ۹୅܆୅ = ௠߱௠ଶݎݎ ۲୅۴୅, (8)

where, ݎ௠ = ݉଴/݉௔௭. 
The general coordinate vector of Group B is: ܆୆ = ଵݕ  ௫  ߰௭߰  ݖ  ݕ} ଵݖ ଶݕ ଶݖ ଷݕ ଷݖ ସݕ ,்{ସݖ

and its matrix form of equations are: ۻ୆܆ሷ ୆ + ۱୆܆ሶ ୆ + ۹୆܆୆ = ௠߱௠ଶݎݎ ۲୆۴୆. (9)

Eq. (8) and (9) are coupling equations. It is assumed that the damping is proportional, i.e., the 
damping matrix is a linear combination of the mass and stiffness matrices: ۱௜ = ௜ۻߙ + ݅    ,۹௜ߚ = A, B. (10)

Assuming that the normalized mode matrices for Eqs. (8) and (9) are Λ୅ and Λ୆, respectively, 
the normalized coordinate transformations are defined as follows [13, 14]: ܆୅ = Λ୅ܙ୅,    ܆୆ = Λ୆ܙ୆. (11)

Inserting Eq. (11) into Eqs. (8) and (9) and multiplying both the sides of the equations by Λ୅் 
and Λ୆், respectively, yield: 
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Λ୅்ۻ୅Λ୅ܙሷ ୅ + Λ୅்۱୅Λ୅ ܙሶ + Λ୅்۹୅Λ୅ܙ = ௠߱௠ଶݎݎ Λ୅்۲୅۴୅,Λ୆்ۻ୆Λ୆ܙሷ ୆ + Λ୆்۱୆Λ୆ ܙሶ + Λ୆்۹୆Λ୆ܙ = ௠߱௠ଶݎݎ Λ୆்۲୆۴୆, (12)

then Eqs. (8) and (9) become: ۷୅ܙሷ ୅ + ۱୒୅ܙሶ ୅ + ۹୒୅ܙ୅ = ௠ଶ߱ݎ௠ݎ Λ୅்۲୅۴୅,۷୆ܙሷ ୆ + ۱୒୆ܙሶ + ۹୒୆ܙ = ௠ଶ߱ݎ௠ݎ Λ୆்۲୆۴୆, (13)

with: ۱ே୅ = diag[ܿ୅ଵ ܿ୅ଶ ⋯ ܿ୅଻],۱ே୆ = diag[ܿ୆ଵ ܿ୆ଶ ⋯ ܿ୆ଵଵ]. (14)

Eq. (13) can be written as follows: 

ሷ୅௜ݍ + ሶ୅௜ݍ୅௜߱୅௜ߦ2 + ߱୅௜ଶ ୅௜ݍ = ௠ଶ߱ݎ௠ݎ ෍ ݁୅௜௝sin(߮ + ௝)௝଼ୀଵߴ , ݅ = 1,2, … . ሷ୆௟ݍ,7, + ሶ୆௟ݍ୆௟߱୆௟ߦ2 + ߱୆௟ଶ ୆௟ݍ = ௠ଶ߱ݎ௠ݎ ෍ ݁୆௟௝sin(߮ + ௝)௝଼ୀଵߴ , ݈ = 1,2, … . ,11, (15)

where ߱୅௜  and ߱୆௟ is the natural frequencies of the coupling system for Groups A and B, 
respectively. ߦ୅௜ and ߦ୆௟ are the modal damping ratios for Groups A and B, respectively.  

The responses of Eqs. (15) can be expressed as follows: 

୅௜ݍ = ݎ௠ݎ ෍ ߮)୅௜௝cosߟ) + ௝ߴ − ୅௜)௝଼ୀଵߛ ), ݅ = 1,2, … ୆௟ݍ,8, = ݎ௠ݎ ෍ ߮)୆௟௝sinߟ) + ௝ߴ − ୆௟)௝଼ୀଵߛ ), ݈ = 1,2, … ,11. (16)

The symbols in Eqs. (15) and (16) are listed in Appendix A. 
Inserting Eqs. (16) into Eqs. (11) yields the responses of Eqs. (7) as follows: 

ݔ = ௠ݎݎ ෍ ൥൭෍ ܽ୅ଵ௜ߟ୅௜௞cosߛ୅௜଻
௜ୀଵ ൱ cos(߮ + (௞ߴ + ൭෍ ܽ୅ଵ௜ߟ୅௜௞sinߛ୅௜଻

௜ୀଵ ൱ sin(߮ + ௞)൩଼ߴ
௞ୀଵ , 

y = ௠ݎݎ ෍ ൥൭෍ ܽ୆ଵ௟ߟ୆௟௞cosߛ୆௟ଵଵ
௟ୀଵ ൱ sin(߮ + (௞ߴ − ൭෍ ܽ୆ଵ௟ߟ୆௟௞sinߛ୆௟ଵଵ

௟ୀଵ ൱ cos(߮ + ௞)൩ߴ ,଼
௞ୀଵ  

ݖ = ௠ݎݎ ෍ ൥൭෍ ܽ୆ଶ௟ߟ୆௟௞cosߛ୆௟ଵଵ
௟ୀଵ ൱ sin(߮ + (௞ߴ − ൭෍ ܽ୆ଶ௟ߟ୆௟௞sinߛ୆௟ଵଵ

௟ୀଵ ൱ cos(߮ + ௞)൩ߴ ,଼
௞ୀଵ  

߰௫ = ௠ݎݎ ෍ ൥൭෍ ܽ୆ଷ௟ߟ୆௟௞cosߛ୆௟ଵଵ
௟ୀଵ ൱ sin(߮ + (௞ߴ − ൭෍ ܽ୆ଷ௟ߟ୆௟௞sinߛ୆௟ଵଵ

௟ୀଵ ൱ cos(߮ + ௞)൩ߴ ,଼
௞ୀଵ  

߰௬ = ௠ݎݎ ෍[൭෍ ܽ୅ଶ௜ߟ୅௜௞cosߛ୅௜)଻
௜ୀଵ cos(߮ + (௞ߴ + ൭෍ ܽ୅ଶ௜ߟ୅௜௞sinߛ୅௜଻

௜ୀଵ ൱ sin(߮ + ௞)൩ߴ ,଼
௞ୀଵ  

߰௭ = ௠ݎݎ ෍ ൥൭෍ ܽ୅ଷ௜ߟ୅௜௞cosߛ୅௜଻
௜ୀଵ ൱ cos(߮ + (௞ߴ + ൭෍ ܽ୅ଷ௜ߟ୅௜௞sinߛ୅௜଻

௜ୀଵ ൱ sin(߮ + ௞)൩ߴ ,଼
௞ୀଵ  

(17)
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௝ݔ = ௠ݎݎ ෍ ൥൭෍ ܽ୅଻(௝ାଷ)௜ߟ୅௜௞cosߛ୅௜଻
௜ୀଵ ൱ cos(߮ + ଼(௞ߴ

௞ୀଵ  

      + ൭෍ ܽ୅(௝ାଷ)௜ߟ௜௞sinߛ୅௜଻
௜ୀଵ ൱ sin(߮ +  ,௞)൩ߴ

௝ݕ = ௠ݎݎ ෍ ൥൭෍ ܽ୆ଶ(௝ାଵ)௜ߟ୆௜௞cosߛ୆௜ଵଵ
௜ୀଵ ൱ sin(߮ + ଼(௞ߴ

௞ୀଵ  

      − ൭෍ ܽ୆ଶ(௝ାଵ)௜ߟ୆௜௞sinߛ୆௜ଵଵ
௜ୀଵ ൱ cos(߮ +  ,௞)൩ߴ

௝ݖ = ௠ݎݎ ෍ ൥൭෍ ܽ୆(ଶ௝ାଷ)௜ߟ୆௜௞cosߛ୆௜)ଵଵ
௜ୀଵ ൱ sin(߮ + ଼(௞ߴ

௞ୀଵ  

      − ൭෍ ܽ୆(ଶ௝ାଷ)௜ߟ୆௜௞sinߛ୆௜ଵଵ
௜ୀଵ ൱ cos(߮ + ௞)൩ߴ ,  ݆ = 1, 2, 3, 4. 

In a quasi steady-state, the electromagnetic torque of an asynchronous motor can be expressed 
as the following [11, 12]: 

௘ܶ௜ = ௘ܶ଴௜ − ݇௘௜ߝ௜,   ݅ = 1, 2, … ,8. (18)

where ௘ܶ଴௜ and ݇௘଴௜ are the electromagnetic torque and the stiffness of angular velocity when the 
motor ݅ operates at the angular velocity of ߱௠଴, respectively. 

The moment of inertia of each UR is equal to summation of that of the eccentric lump and that 
of the motor’s rotor. Compared with that of the eccentric lump, the moment of inertia of the 
motor’s rotor is very small and can be neglected. Inserting Eq. (18) into the equations of URs in 
Eq. (7) and integrating them over ߮ = 0 −  yield their single period average equations as the ߨ2
following: 

݉଴ݎଶ߱௠ߝ௜̅ + ௜݂(1 + (௜̅ߝ = ௘ܶ௜ − ݉଴ݎଶ߱௠2 ෍ ]ሶ௝̅ߝ ௖ܹ௜௝cos(̅ߴ௜ − (௝ߴ̅ − ௦ܹ௜௝sin(̅ߴ௜ − ଼[(௝ߴ̅
௝ୀଵ  

      − ݉଴ݎଶ߱௠ଶ2 ෍(2ߝ௜̅ + 1)ൣ ௖ܹ௜௝ sin൫̅ߴ௜ − ௝൯ߴ̅ + ௦ܹ௜௝ cos൫̅ߴ௜ − ௝൯൧଼ߴ̅
௝ୀଵ , ݅ = 1, 2, … ,8, (19)

where “–“ represents the average value over one period. The symbols in Eq. (19) are listed in 
Appendix B. ୱܹ௜௝  and ௖ܹ௜௝  represent the coupling coefficients of the sine and cosine for URs ݅  and ݆ , 
respectively [11]. The transmission paths between any two URs are the same, therefore, we have: 

௖ܹ௜௝ = ௖ܹ௝௜,    ௦ܹ௜௝ = ௦ܹ௝௜. (20)

Dividing Eq. (19) by ݉଴߱ݎ௠ and writing it in a matrix form yield: ۯઽതሶ = ̅ߝ۰ + (21) ,ܝ

where: ઽതሶ = ଵ̅ߝ} ଶ̅ߝ ଷ̅ߝ ସ̅ߝ ହ̅ߝ ଺̅ߝ ଻̅ߝ ߝ ଼̅ }்,
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ܝ = ଵݑ} ଶݑ ଷݑ ସݑ ହݑ ଺ݑ ଻ݑ ۯ ,்{଼ݑ = ൣܽ௜௝൧଼×଼,     ۰ = ൣܾ௜௝൧଼×଼, ܽ௜௜ = 1 + ୡܹ௜௜, ܾ௜௜ = ݇௘଴௜݉଴ݎଶ߱௠ଶ + 12 ௦ܹ௜௜ + ௜݂݉଴ݎଶ߱௠ , ܽ௜௝ = 12 ൣ ௖ܹ௜௝cos൫̅ߴ௜ − ௝൯ߴ̅ − ௦ܹ௜௝sin൫̅ߴ௜ − ௝൯൧, ܾ௜௝ߴ̅ = −߱௠ൣ ୡܹ௜௝sin൫̅ߴ௜ − ௝൯ߴ̅ + ௦ܹ௜௝cos൫̅ߴ௜ − ݅   ,௝൯൧ߴ̅ ≠ ௜ݑ ,݆ = ௘ܶ଴௜݉଴ݎଶ߱௠ − ௜݂݉଴ݎଶ − 12 ߱௠ ෍ൣ ௖ܹ௜௝ sin൫̅ߴ௜ − ௝൯ߴ̅ + ௦ܹ௜௝ cos൫̅ߴ௜ − ௝൯൧଼ߴ̅
௝ୀଵ . 

Eq. (21) is called the dimensionless coupling equations of the eight URs. 

4. Synchronization of the eight unbalanced rotors 

4.1. Synchronization criterion 

Assuming ઽത = ૙ in Eq. (21), we obtain ܝ = ૙, i.e.: 

௢ܶ௜ = ௘ܶ଴௜ − ௜݂߱௠ = ௨ܶ ෍ൣ ௖ܹ௜௝ sin൫̅ߴ௜ − ௝൯ߴ̅ + ௦ܹ௜௝ cos൫̅ߴ௜ − ௝൯൧଼ߴ̅
௝ୀଵ , ݅ = 1, 2, … ,8, (22)

where ௢ܶ௜ refers to the output electromagnetic torque of motor ݅, which is the difference between 
the electromagnetic torque of one motor and the friction torque of its rotor. ௨ܶ is the kinetic energy 
of one standard UR, ௨ܶ = ݉଴ ݎଶ߱௠ଶ /2. 

Inserting Eq. (4) into Eq. (22) yields: 

௢ܶଵ = ௨ܶ{ ௦ܹଵଵ + ௦ܹଵଶcos2ߙതଵ + ௖ܹଵଶsin2ߙതଵ + ௦ܹଵଷcos(ߙതଵ − തଶߙ + തହߙ − ത଺ߙ + +       (ത଻ߙ2 ௖ܹଵଷsin(ߙതଵ − തଶߙ + തହߙ − ത଺ߙ + (ത଻ߙ2 + ௦ܹଵସcos(ߙതଵ + തଶߙ + തହߙ − ത଺ߙ + +      (ത଻ߙ2 ௖ܹଵସsin(ߙതଵ + തଶߙ + തହߙ − ത଺ߙ + (ത଻ߙ2 + ௦ܹଵହcos(ߙതଵ − തଷߙ + തହߙ + ത଺ߙ + +       (ത଻ߙ2 ௖ܹଵହsin(ߙതଵ − തଷߙ + തହߙ + ത଺ߙ + (ത଻ߙ2 + ௦ܹଵ଺cos(ߙതଵ + തଷߙ + തହߙ + ത଺ߙ + +       (ത଻ߙ2 ௖ܹଵ଺sin(ߙതଵ + തଷߙ + തହߙ + ത଺ߙ + (ത଻ߙ2 + ௦ܹଵ଻cos(ߙതଵ − തସߙ + +       (തହߙ2 ௖ܹଵ଻sin(ߙതଵ − തସߙ + (തହߙ2 + ௦ܹଵ଼cos(ߙതଵ + തସߙ + (തହߙ2 + ௖ܹଵ଼sin(ߙതଵ + തସߙ + തହ)}, ௢ܶଶߙ2 = ௨ܶ{ ௦ܹଵଶcos2ߙതଵ − ௖ܹଵଶsin2ߙതଵ + ௦ܹଶଶ + ௦ܹଶଷcos(−ߙതଵ − തଶߙ + തହߙ − ത଺ߙ + +       (ത଻ߙ2 ௖ܹଶଷsin(−ߙതଵ − തଶߙ + തହߙ − ത଺ߙ + (ത଻ߙ2 + ௦ܹଶସcos(−ߙതଵ + തଶߙ + തହߙ − ത଺ߙ + +       (ത଻ߙ2 ௖ܹଶସsin(−ߙതଵ + തଶߙ + തହߙ − ത଺ߙ + (ത଻ߙ2 + ௦ܹଶହcos(−ߙതଵ − തଷߙ + തହߙ + ത଺ߙ + +       (ത଻ߙ2 ௖ܹଶହsin(−ߙതଵ − തଷߙ + തହߙ + ത଺ߙ + (ത଻ߙ2 + ௦ܹଶ଺cos(−ߙതଵ + തଷߙ + തହߙ + ത଺ߙ + +       (ത଻ߙ2 ௖ܹଶ଺sin(−ߙതଵ + തଷߙ + തହߙ + ത଺ߙ + (ത଻ߙ2 + Wୱଶ଻cos(−ߙതଵ − തସߙ + +       (തହߙ2 ௖ܹଶ଻sin(−ߙതଵ − തସߙ + (തହߙ2 + ௦ܹଶ଼cos(−ߙതଵ + തସߙ + +       (തହߙ2 ௖ܹଶ଼sin(−ߙതଵ + തସߙ + തହ)}, ௢ܶଷߙ2 = ௨ܶ{ ௦ܹଵଷcos(ߙതଵ − തଶߙ + തହߙ − ത଺ߙ + (ത଻ߙ2 − ௖ܹଵଷsin(ߙതଵ − തଶߙ + തହߙ − ത଺ߙ + +       (ത଻ߙ2 ௦ܹଶଷcos(−ߙതଵ − തଶߙ + തହߙ − ത଺ߙ + (ത଻ߙ2 − ௖ܹଶଷsin(−ߙതଵ − തଶߙ + തହߙ − ത଺ߙ + +       (ത଻ߙ2 ௦ܹଷଷ + ௦ܹଷସcos(2ߙതଶ) + ௖ܹଷସsin(2ߙതଶ) + ௦ܹଷହcos(ߙതଶ − തଷߙ + +       (ത଺ߙ2 ௖ܹଷହsin(ߙതଶ − തଷߙ + (ത଺ߙ2 + ௦ܹଷ଺cos(ߙതଶ + തଷߙ + (ത଺ߙ2 + ௖ܹଷ଺sin(ߙതଶ + തଷߙ + +       (ത଺ߙ2 ௦ܹଷ଻cos(ߙതଶ − തସߙ + തହߙ + ത଺ߙ − (ത଻ߙ2 + ௖ܹଷ଻sin(ߙതଶ − തସߙ + തହߙ + ത଺ߙ − +       (ത଻ߙ2 ௦ܹଷ଼cos(ߙതଶ + തସߙ + തହߙ + ത଺ߙ − (ത଻ߙ2 + ௖ܹଷ଼sin(ߙതଶ + തସߙ + തହߙ + ത଺ߙ − ത଻)}, ௢ܶସߙ2 = ௨ܶ{ ୱܹଵସcos(ߙതଵ + തଶߙ + തହߙ − ത଺ߙ + (ത଻ߙ2 − ௖ܹଵସsin(ߙതଵ + തଶߙ + തହߙ − ത଺ߙ + +       (ത଻ߙ2 ௦ܹଶସcos(−ߙതଵ + തଶߙ + തହߙ − ത଺ߙ + (ത଻ߙ2 − ௖ܹଶସsin(−ߙതଵ + തଶߙ + തହߙ − ത଺ߙ + +       (ത଻ߙ2 ௦ܹଷସcos(2ߙതଶ) − ௖ܹଷସsin(2ߙതଶ) + ௦ܹସସ + ௦ܹସହcos(−ߙതଶ − തଷߙ + +      (ത଺ߙ2 ௖ܹସହsin(−ߙതଶ − തଷߙ + (ത଺ߙ2 + ௦ܹସ଺cos(−ߙതଶ + തଷߙ + (ത଺ߙ2

(23)

      + ௖ܹସ଺sin(−ߙതଶ + തଷߙ + (ത଺ߙ2 + ௦ܹସ଻cos(−ߙതଶ − തସߙ + തହߙ + ത଺ߙ − (ത଻ߙ2
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      + ௖ܹସ଻sin(−ߙതଶ − തସߙ + തହߙ + ത଺ߙ − (ത଻ߙ2 + ௦ܹସ଼cos(−ߙതଶ + തସߙ + തହߙ + ത଺ߙ − +       (ത଻ߙ2 ௖ܹସ଼sin(−ߙതଶ + തସߙ + തହߙ + ത଺ߙ − ത଻)}, ௢ܶହߙ2 = ௨ܶ{ ௦ܹଵହcos(ߙതଵ − തଷߙ + തହߙ + ത଺ߙ + (ത଻ߙ2 − ௖ܹଵହsin(ߙതଵ − തଷߙ + തହߙ + ത଺ߙ + +       (ത଻ߙ2 ௦ܹଶହcos(−ߙതଵ − തଷߙ + തହߙ + ത଺ߙ + (ത଻ߙ2 − ௖ܹଶହsin(−ߙതଵ − തଷߙ + തହߙ + ത଺ߙ + +       (ത଻ߙ2 ௦ܹଷହcos(ߙതଶ − തଷߙ + (ത଺ߙ2 − ௖ܹଷହsin(ߙതଶ − തଷߙ + (ത଺ߙ2 + ௦ܹସହcos(−ߙതଶ − തଷߙ + −       (ത଺ߙ2 ௖ܹସହsin(−ߙതଶ − തଷߙ + (ത଺ߙ2 + ௦ܹହହ + ௦ܹହ଺cos(2ߙതଷ) + ௖ܹହ଺sin(2ߙതଷ)       + ௦ܹହ଻cos(ߙതଷ − തସߙ + തହߙ − ത଺ߙ − (ത଻ߙ2 + ௖ܹହ଻sin(ߙതଷ − തସߙ + തହߙ − ത଺ߙ − +       (ത଻ߙ2 ௦ܹହ଼cos(ߙതଷ + തସߙ + തହߙ − ത଺ߙ − (ത଻ߙ2 + ௖ܹହ଼sin(ߙതଷ + തସߙ + തହߙ − ത଺ߙ − ത଻)}, ௢ܶ଺ߙ2 = ௨ܶ{ ௦ܹଵ଺cos(ߙതଵ + തଷߙ + തହߙ + ത଺ߙ + (ത଻ߙ2 − ௖ܹଵ଺sin(ߙതଵ + തଷߙ + തହߙ + ത଺ߙ + +       (ത଻ߙ2 ௦ܹଶ଺cos(−ߙതଵ + തଷߙ + തହߙ + ത଺ߙ + (ത଻ߙ2 − ௖ܹଶ଺sin(−ߙതଵ + തଷߙ + തହߙ + ത଺ߙ + +       (ത଻ߙ2 ௦ܹଷ଺cos(ߙതଶ + തଷߙ + (ത଺ߙ2 − ௖ܹଷ଺sin(ߙതଶ + തଷߙ + (ത଺ߙ2 + ௦ܹସ଺cos(−ߙതଶ + തଷߙ + −       (ത଺ߙ2 ௖ܹସ଺sin(−ߙതଶ + തଷߙ + (ത଺ߙ2 + ௦ܹହ଺cos(2ߙതଷ) − ௖ܹହ଺sin(2ߙതଷ) + ௦ܹ଺଺       + ௦ܹ଺଻cos(−ߙതଷ − തସߙ + തହߙ − ത଺ߙ − (ത଻ߙ2 + ௖ܹ଺଻sin(−ߙതଷ − തସߙ + തହߙ − ത଺ߙ − +       (ത଻ߙ2 ௦ܹ଺଼cos(−ߙതଷ + തସߙ + തହߙ − ത଺ߙ − (ത଻ߙ2 + ௖ܹ଺଼sin(−ߙതଷ + തସߙ + തହߙ − ത଺ߙ − ത଻)}, ௢ܶ଻ߙ2 = ௨ܶ{ ௦ܹଵ଻cos(ߙതଵ − തସߙ + (തହߙ2 − ௖ܹଵ଻sin(ߙതଵ − തସߙ + +       (തହߙ2 ௦ܹଶ଻cos(−ߙതଵ − തସߙ + (തହߙ2 − ௖ܹଶ଻sin(−ߙതଵ − തସߙ + +       (തହߙ2 ௦ܹଷ଻cos(ߙതଶ − തସߙ + തହߙ + ത଺ߙ − (ത଻ߙ2 − ௖ܹଷ଻sin(ߙതଶ − തସߙ + തହߙ + ത଺ߙ − +       (ത଻ߙ2 ௦ܹସ଻cos(−ߙതଶ − തସߙ + തହߙ + ത଺ߙ − (ത଻ߙ2 − ௖ܹସ଻sin(−ߙതଶ − തସߙ + തହߙ + ത଺ߙ − +       (ത଻ߙ2 ௦ܹହ଻cos(ߙതଷ − തସߙ + തହߙ − ത଺ߙ − (ത଻ߙ2 − ௖ܹହ଻sin(ߙതଷ − തସߙ + തହߙ − ത଺ߙ − +       (ത଻ߙ2 ௦ܹ଺଻cos(−ߙതଷ − തସߙ + തହߙ − ത଺ߙ − (ത଻ߙ2 − ௖ܹ଺଻sin(−ߙതଷ − തସߙ + തହߙ − ത଺ߙ − +       (ത଻ߙ2 ௦ܹ଻଻ + ௦ܹ଻଼cos(2ߙതସ) + ௖ܹ଻଼sin(2ߙതସ)}, ௢଼ܶ = ௨ܶ{ ௦ܹଵ଼cos(ߙതଵ + തସߙ + (തହߙ2 − ௖ܹଵ଼sin(ߙതଵ + തସߙ + +       (തହߙ2 ௦ܹଶ଼cos(−ߙതଵ + തସߙ + (തହߙ2 − ௖ܹଶ଼sin(−ߙതଵ + തସߙ + +       (തହߙ2 ௦ܹଷ଼cos(ߙതଶ + തସߙ + തହߙ + ത଺ߙ − (ത଻ߙ2 − ௖ܹଷ଼sin(ߙതଶ + തସߙ + തହߙ + ത଺ߙ − +       (ത଻ߙ2 ௦ܹସ଼cos(−ߙതଶ + തସߙ + തହߙ + ത଺ߙ − (ത଻ߙ2 − ௖ܹସ଼sin(−ߙതଶ + തସߙ + തହߙ + ത଺ߙ − +       (ത଻ߙ2 ௦ܹହ଼cos(ߙതଷ + തସߙ + തହߙ − ത଺ߙ − (ത଻ߙ2 − ௖ܹହ଼sin(ߙതଷ + തସߙ + തହߙ − ത଺ߙ − +       (ത଻ߙ2 ௦ܹ଺଼cos(−ߙതଷ + തସߙ + തହߙ − ത଺ߙ − (ത଻ߙ2 − ௖ܹ଺଼sin(−ߙതଷ + തସߙ + തହߙ − ത଺ߙ − +       (ത଻ߙ2 ௦ܹ଻଼cos(2ߙതସ) − ௖ܹ଻଼sin(2ߙതସ) + ௦଼଼ܹ}. 
According to the general dynamic symmetry of the vibrating system, the phase difference 

between two URs in a vibrating system can be driven to their generalized dynamic symmetry 
angles by the general dynamic torque [9, 11]. For the structural symmetry of every vibrating 
machine in Fig. 1, the coefficient of synchronization increases with the decrease of the inclination 
angle [16 ,15] ߜ. Hence, the two URs in one VM can synchronize at the phase difference of ߨ by 
adjusting the inclination angle ߜ and excite vibration of vibrating mass in ݖ-direction, i.e.: − ௨ܶ ௖ܹ௜(௜ାଵ) ≫ ห ோܶ௜ − ோܶ(௜ାଵ)ห, ݅ = 1, 3, 5, 7, (24)

where ோܶ௜ = ௢ܶ௜ − ௨ܶ ௦ܹ௜௜. Then we have: 2ߙത௜ = ݅    ,ߨ = 1, 2, 3, 4. (25)

In this case, the two URs in one VM can be taken as one UR. Then the two motors in one VM 
can be taken as one motor, the output electromagnetic torque is: 

௏ܶ௢௜ = ௢ܶ(ଶ௜ିଵ) + ௢ܶ(ଶ௜), ݅ = 1, 2, 3, 4. (26)

By Eq. (26), the differences of the output torque for the two motors between two of the four 
VMs can be obtained and expressed as follows: Δ ௏ܶ௢௜௝ = ௏ܶ௢௜ − ௏ܶ௢௝, ݅ < ݆, ݅ = 1, 2, 3, ݆ = 1, 2, 3, 4. (27)
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Inserting Eqs. (23) and Eqs. (25) into Eqs. (27) and rearranging them yield: ( ௢ܶ(ଶ௜ିଵ) + ௢ܶ(ଶ௜) − ௢ܶଶ௝ିଵ − ௢ܶ(ଶ௝))/ ௨ܶ − ௦ܹ(ଶ௜ିଵ)(ଶ௜ିଵ) − ௦ܹ(ଶ௜)(ଶ௜) + 2 ௦ܹ(ଶ௜ିଵ)(ଶ௜)      − ௦ܹ(ଶ௝ିଵ)(ଶ௝) + ௦ܹ(ଶ௝ିଵ)(ଶ௝ିଵ) + ௦ܹ(ଶ௝)(ଶ௝) = ߬௏௜௝(ߙതହ, ,ത଺ߙ ݅      ,(ത଻ߙ < ݆,    ݅ = 1, 2, 3,    ݆ = 1, 2, 3, 4. (28)

The functions ߬௜௝ (ߙതହ, ,ത଺ߙ  ത଺ߙ ,തହߙ ത଻), which are listed in Appendix C, are limited functions ofߙ
and ߙത଻ [17], i.e.: ห߬௜௝(ߙതହ, ,ത଺ߙ ത଻)หߙ ≤ ߬௜௝୫ୟ୶, ݅ < ݆, ݅ = 1, 2, 3, ݆ = 1, 2, 3, 4. (29)

If the left hand of Eq. (28) is denoted by Δ߬௏ை௜௝, then when the parameters of the system satisfy 
the following condition: หΔ߬௏ை௜௝ห ≤ ߬௜௝୫ୟ୶. (30)

E. (26) can be solved for ߙതହ, ߙത଺, ߙത଻ and ߱௠, which are denoted by ߙതହ଴, ߙത଺଴, ߙത଻଴ and ߱௠଴, 
respectively. Eq. (30) are synchronization criterion for the four vibrating machines, while  
Eqs. (24) and (30) are synchronization criterion of the vibrating system. 

4.2. Synchronization stability 

Substituting ݑ௜ = 0into Eq. (21), we can obtain: ۯεതሶ = ۰εത. (31)

Obviously, det(ۯ − ۰) ≠ 0, i.e., the generalized system, Eq. (31), is positive definite [18]. 
When the parameters of the vibrating system satisfy the conditions: ܽ௜௜ ≥ 0,    ܽ௜௝ ≥ 0,    det(ۯ௜) > 0. (32)

The generalized system, Eq. (31), satisfies the generalized Lyapunov equations [18, 19]: ۰்ܫ + ܫ۰் = diag{ܾଵଵ, ܾଶଶ, ܾଷଷ, ܾସସ, ܾହହ, ܾ଺଺, ܾ଻଻, ଼଼ܾ}, ܫ்ۯ = ۯܫ > 0, (33)

If lim ௟௧→ஶߝۯ = 0,  the generalized system, Eq. (31), is stable [19]. Treating  
mathematically Eq. (24) in the following manner: Introducing the parameters,  ߯௔௜ = (݉଴ݎଶ߱௠ଶ /2) ∑ ௖ܹ௜௝sin(̅ߴ௜ − ௝)௝଼ୀଵߴ̅ , assuming that the solutions of the Eq. (23) are ߱௠଴, ߙതଵ଴,…, ߙത଻଴, linearizing Eq. (24) at these points and dividing them by ݇௘଴௜, respectively, we can 
obtain: 

଴ߥ + ଵߥ + ହߥ + ଻ߥ = 1݇௘଴ଵ ෍ ൬߲߯௔ଵ߲ߙ௜ ൰଴ Δߙ௜଻
௜ୀଵ , (34)

଴ߥ − ଵߥ + ହߥ + ଻ߥ = 1݇௘଴ଶ ෍ ൬߲߯௔ଶ߲ߙ௜ ൰଻
௜ୀଵ ଴ Δߙ௜ (35)

଴ߥ + ଶߥ + ଺ߥ − ଻ߥ = 1݇௘଴ଷ ෍ ൬߲߯௔ଷ߲ߙ௜ ൰଻
௜ୀଵ Δߙ௜, (36)
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଴ߥ − ଶߥ + ଺ߥ − ଻ߥ = 1݇௘଴ସ ෍ ൬߲߯௔ସ߲ߙ௜ ൰଻
௜ୀଵ ଴ Δߙ௜, (37)

଴ߥ + ଷߥ − ଺ߥ − ଻ߥ = 1݇௘଴ହ ෍ ൬߲߯௔ହ߲ߙ௜ ൰଻
௜ୀଵ ଴ Δߙ௜, (38)

଴ߥ − ଷߥ − ଺ߥ − ଻ߥ = 1݇௘଴଺ ෍ ൬߲߯௔଺߲ߙ௜ ൰଴
଻

௜ୀଵ Δߙ௜, (39)

଴ߥ + ସߥ − ହߥ + ଻ߥ = 1݇௘଴଻ ෍ ൬߲߯௔଻߲ߙ௜ ൰଻
௜ୀଵ ଴ Δߙ௜, (40)

଴ߥ − ସߥ − ହߥ + ଻ߥ = 1݇௘଴଼ ෍ ൬߲߯௔଼߲ߙ௜ ൰଻
௜ୀଵ ଴ Δߙ௜, (41)

where Δߙ௜ = തߙ  ௜ − ,ത௜଴ߙ  (߲߯௔௝/߲ߙ௜)଴  is the value of ߲߯௔௝/߲ߙ௜  when ߱௠ = ߱௠଴, ത௜ߙ  = ݆  ,ത௜଴ߙ = 1,…, 7. 
Adding eight formulae from Eqs. (33) to (41) and rearranging it, we have: 

଴ߥ = 18 ቌ෍ 1݇௘଴௜
଼

௜ୀଵ ෍ ቆ߲߯௔௜߲ߙ௝ ቇ଴
଻

௝ୀଵ Δߙ௝ቍ. (42)

Subtracting Eq. (35) from Eq. (34), and rearranging it, we obtain: 

ଵߥ = ෍ ቆ 12݇௘ଵ ൬߲߯௔ଵ߲ߙ௜ ൰଴ − 12݇௘ଶ ൬߲߯௔ଶ߲ߙ௜ ൰଴ቇ଻
௜ୀଵ Δߙ௜. (43)

Subtracting Eq. (37) from Eq. (36) and rearranging it, we obtain: 

ଶߥ = ෍ ቆ 12݇௘ଷ ൬߲߯௔ଷ߲ߙ௜ ൰଴ − 12݇௘ସ ൬߲߯௔ସ߲ߙ௜ ൰଴ቇ଻
௜ୀଵ Δߙ௜. (44)

Subtracting Eq. (37) from Eq. (36) and rearranging it, we obtain: 

ଷߥ = ෍ ቆ 12݇௘ହ ൬߲߯௔ହ߲ߙ௜ ൰଴ − 12݇௘଺ ൬߲߯௔଺߲ߙ௜ ൰଴ቇ଻
௜ୀଵ Δߙ௜. (45)

Subtracting Eq. (39) from Eq. (38) and rearranging it, we obtain: 

ସߥ = ෍ ቆ 12݇௘଻ ൬߲߯௔଻߲ߙ௜ ൰଴ − 12݇௘଼ ൬߲߯௔଼߲ߙ௜ ൰଴ቇ଻
௜ୀଵ Δߙ௜. (46)

Subtracting summation of Eqs. (40) and (41) from that of Eqs. (34) and (35), and rearranging 
it, we obtain: 
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ହߥ = 14 ෍ ቆ 1݇௘଴ଵ ൬߲߯௔ଵ߲ߙ௜ ൰଴ + 1݇௘଴ଶ ൬߲߯௔ଶ߲ߙ௜ ൰଴ − 1݇௘଴଻ ൬߲߯௔଻߲ߙ௜ ൰଴ − 1݇௘଴଼ ൬߲߯௔଼߲ߙ௜ ൰଴ቇ଻
௜ୀଵ Δߙ௜. (47)

Subtracting summation of Eqs.(38) and (39) from that of Eqs. (36) and (37), and rearranging 
it, we obtain: 

଺ߥ = 14 ෍ ቆ 1݇௘଴ଷ ൬߲߯௔ଷ߲ߙ௜ ൰଴ + 1݇௘଴ସ ൬߲߯௔ସ߲ߙ௜ ൰଴ − 1݇௘଴ହ ൬߲߯௔ହ߲ߙ௜ ൰଴ − 1݇௘଴଺ ൬߲߯௔଺߲ߙ௜ ൰଴ቇ଻
௜ୀଵ Δߙ௜. (48)

Subtracting summation of Eqs. (36)-(39) from that of Eqs. (34), (35), (40) and (41), 
rearranging it, we obtain: 

଻ߥ = 18 ෍ ቌ෍ 1݇௘଴௝ ቆ߲߯௔௝߲ߙ௜ ቇ଴ +ଶ
௝ୀଵ ෍ 1݇௘଴௝ ቆ߲߯௔௝߲ߙ௜ ቇ଼

௝ୀ଻ ଴ − ෍ 1݇௘଴௝ ቆ߲߯௔௝߲ߙ௜ ቇ଴
ହ

௝ୀଷ ቍ଻
௜ୀଵ Δߙ௜. (49)

Eq. (43) to (49) can be written into a matrix form as the following: Δߙሶ = ۱Δ(50) .ߙ

By assuming exponential time-dependence of the form Δߙ =  and inserting it into (ݐߣ)expߥ
Eq. (50), the determinant equation det(۱ −  can be solved, and the characteristic equation for (۷ߣ
eigenvalue can be obtained as: ߣ଻ + ݀ଵߣ଺ + ݀ଶߣହ + ݀ଷߣସ + ݀ସߣଷ + ݀ହߣଶ + ݀଺ߣ + ݀଻ = 0. (51)

The zero solutions of Eq. (50) are stable if and only if all the roots of ߣ in Eq. (50) have 
negative real parts. In according to the Routh-Hurwitz criterion, when Eq. (52) is satisfied [20]: Δ௜ > 0,     ݅ = 1, 2, … ,7. (52)lim௧→ஶΔߙ = 0, where Δ௜ is the ݅th Hurwitz determinant. Eqs. (32), (33) and (52) are the stability 
criterion of synchronization. 

5. Computer simulation 

In this section, an example is presented to investigate the main results of the above theoretical 
analysis clearly. To verify the ability of self-synchronization of the vibrating system, the 
parameters of the eight motors are assumed to be different. The parameters of the vibrating system 
are as follows: ݉௜ = 1000 kg, ݉ଵ = 300 kg, ݉ଶ = 2200 kg, ݎ = 0.2 m, ݉଴ = 40 kg,  ܬ௫ = ௬ܬ = ௭ܬ = 1600 kgm2, ௗ݂௜ = 0.01, ݅ ௖ߦ ;8 ,…,2 ,1 = = 0.07 [8-12]. 

Fig. 2 shows results of computer simulation. Because the parameters of the two motors in one 
VM are different, the rotational speeds of the two motors are different, and the phase difference 
between each pair of the URs also change periodically, as illustrated in Figs. 2(a) and (c). With 
the increase of the rotational speed for the motors, the general symmetry torques take the role of 
driving the phase differences close to their general symmetry angles [10]. Hence, the motors 
synchronize rapidly at a rotational velocity of 988.5 r/min, and the phase difference between the 
two URs in each VM stabilizes in the vicinity of 1.018ߨ, as illustrated in Fig. 2(a), (b) and (c).  
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Fig. 2. Results of computer simulation for the vibrating system 
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Because the synchronization ability among the four vibrating machine is more infirm than that 
of the two URs in one VM, the phase differences between two of the four VMs stabilize more 
slowly, as compared Fig. 2(c) with Fig. 2 (d). In this case, the exciting forces of the two URs in 
each VM in ݔ௜- and ݕ௜-directions are cancelled mutually and that in ݖ௜-direction are superposed 
mutually. Hence, owing to the damping effect, ݔ௜- and ݕ௜- resonant responses of the corresponding 
mass in the starting process disappear gradually, and ݖ௜-response becomes a harmonic motion, as 
illustrated in Fig. 2(e), (f) and (g). Furthermore, the phase differences between two of the four 
VMs are opposite mutually, the forces that the four VMs act on the IRF are cancelled mutually. 
Therefore, the resonant responses of the IRF occurring in the starting process are cut down 
gradually by the damping, as illustrated in Figs. 2(d), (h)-(j). This fact demonstrates that the four 
VMs installed symmetrically on one IRF can eliminate the dynamic forces of the foundation. 

The power supplies of motors 2, 4, 6 and 8 are switched off when time is 6 s, 8 s, 10 s, and 
12 s, respectively. When time is 16s, 18s, 20s, and 22s, the URs 2, 4, 6 and 8 are subjected to the 
phase disturbances of 6/ߨ ,15/ߨ2 ,9/ߨ, and 3/ߨ, respectively. The detailed variations of phase 
differences for the system are illustrated in Fig. 3. When the power supply of one motor is switched 
off, its rotational speed and its corresponding phase difference fluctuate violently, but they 
stabilize rapidly and the eight URs rotate synchronously at a slightly lower rotational speed, as 
shown in Fig. 2(b) and Fig. 3(a). The phase differences are: 2ߙതଵ = ߨ1.022 തଶߙ2 , = ߨ1.023 തଷߙ2 , = ߨ1.024  and 2ߙതସ = ߨ1.026 . When the phase difference of one UR is disturbed, the 
rotational speed fluctuates slightly. In all the above processes, the rotational speed of the system 
always operates synchronously; the synchronous speed is 987.5 r/min, 987 r/min, 986.5 r/min, and 
986 r/min, respectively, as illustrated in Fig. 2(b). The phase difference between two of the four 
VMs vary slowly, as illustrated in Fig. 3(b). These facts demonstrate that the coupling 
characteristics of the considered system can transfer from the motors with power supply to that 
without power supply and allow that the system operates synchronously. This phenomenon is 
found in Ref. [21], which claimed that synchronization extends the life time of the system. 

 
a) 

 
b) 

Fig. 3. Variations of the phase differences 

6. Conclusions 

With the theoretical investigation and numeric analysis conducted above, conclusive remarks 
are presented as follows.  

1) The average method of modified small parameters and modal analysis are employed to 
investigate problem of vibration isolation for synchronization of the four VMs with eight URs. In 
accordance with the general dynamic symmetry of the vibrating system with two URs, 
synchronization and stability criteria are deduced by the generalized Lyapunov equations, 
Lyapunov criterion, and the Routh-Hurwitz criterion. 

2) The proposed system of vibration isolation can eliminate the dynamic forces that the 
vibrating system acts on the foundation, i.e., the two URs in one of the four VMs operate in the 
vicinity of ߨ and excite only the corresponding mass vibration in ݖ-direction and the IRF is at rest 
during the normal working process. 
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3) When power supply of one of two URs in the VMs switched off, the coupling characteristics 
of the system can transfer energy from the motors with power supply to that without power supply 
to extend the synchronization of the eight URs and its robust to the external disturbances. But the 
phase differences and the synchronous speed will stabilize new values. During the processes of 
one power supply cut off or disturbance, the phase differences between two URs in the same VM 
change violently and stabilize rapidly, while the phase differences between two of the four VMs 
vary slowly and stabilize gradually. 
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Appendix 

A1. Coefficients of Eqs. (15) and (16) Λ୅ = ൣܽ୅௜௝൧଻×଻,    Λ୆ = ൣܽ୆௜௝൧ଵଵ×ଵଵ, ۳୅ = ൣ݁୅௜௝൧଻×଼ = Λ୅்۲୅, ۳୆ = ൣ݁୆௟௝൧ଵଵ×଼ = Λ୆்۲୆, ߟ୅௜௝ = ݁୅௜௝߱୅௜ଶ ߱୫ଶඥ(1 − ߱௠ଶ /߱୅௜ଶ ) +  ,ଶ(୅௜߱௠/߱୅௜ߦ2)
୆௟௝ߟ = ݁୆௟௝߱୆௜ଶ ߱୫ଶඥ(1 − ߱௠ଶ /߱୆௟ଶ ) + ୅௜ߛ ,ଶ(୆௟߱௠/߱୆௟ߦ2) = arctan ୅௜߱௠/߱୅௜1ߦ2 − (߱௠/߱୅௜)ଶ ୆௟ߛ    , = arctan ୆௟߱௠/߱୆௟1ߦ2 − (߱௠/߱୆௟)ଶ,     ߦ୅௜ = ܿ୅௜2߱୅௜ ୆௟ߦ    , = ܿ୆௟2߱୆௟.
A2. Coefficients of Eq. (19) 

௖ܹଵ௝ = ௠ݎ ൤෍ (ܽ୅ସ௟ + ℎ଴ܽ୅ଶ௟)ߟ୅௟௝cosߛ୅௟଻௟ୀଵ      + ෍ (ܽ୆ସ௟cosߜ + ܽ୆ହ௟sinߜ − ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝cosߛ୆௟ଵଵ௟ୀଵ ൨, 
௦ܹଵ௝ = ௠ݎ ൤෍ (ܽ୅ସ௟ + ℎ଴ܽ୅ଶ௟)ߟ୅௟௝sinߛ୅௟଻௟ୀଵ        + ෍ (ܽ୆ସ௟cosߜ + ܽ୆ହ௟sinߜ − ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝sinߛ୆௟ଵଵ௟ୀଵ ൨, 
௖ܹଶ௝ = ௠ݎ ൤෍ (ܽ୅ସ௟ − ܽ୅ଶ௟)ߟ୅௟௝cosߛ୅௟଻௟ୀଵ        + ෍ (ܽ୆ସ௟cosߜ − ܽ୆ହ௟sinߜ + ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝cosߛ୆௟ଵଵ௟ୀଵ ൨, 
௦ܹଶ௝ = ௠ݎ ൤෍ (ܽ୅ସ௟ − ℎ଴ܽ୅ଶ௟)ߟ୅௟௝sinߛ୅௟଻௟ୀଵ        + ෍ (ܽ୆ସ௟cosߜ − ܽ୆ହ௟sinߜ + ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝sinߛ୆௟ଵଵ௟ୀଵ ൨, 
௖ܹଷ௝ = ௠ݎ ൤෍ (ܽ୅ହ௟ + ℎ଴ܽ୅ଶ௟)ߟ୅௟௝cosߛ୅௟଻௟ୀଵ        + ෍ (ܽ୆଺௟cosߜ + ܽ୆଻௟sinߜ − ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝cosߛ୆௟ଵଵ௟ୀଵ ൨,
௦ܹଷ௝ = ௠ݎ ൤෍ (ܽ୅ହ௟ + ℎ଴ܽ୅ଶ௟)ߟ୅௟௝sinߛ୅௟଻௟ୀଵ  

      + ෍(ܽ୆଺௟cosߜ + ܽ୆଻௟sinߜ − ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝sinߛ୆௟ଵଵ
௟ୀଵ ൩, 

௖ܹସ௝ = ௠ݎ ൤෍ (ܽ୅ହ௟ − ܽ୅ଶ௟)ߟ୅௟௝cosߛ୅௟଻௟ୀଵ        + ෍ (ܽ୆଺௟cosߜ − ܽ୆଻௟sinߜ + ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝cosߛ୆௟ଵଵ௟ୀଵ ൨, 
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௦ܹସ௝ = ௠ݎ ൤෍ (ܽ୅ହ௟ − ℎ଴ܽ୅ଶ௟)ߟ୅௟௝sinߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆଺௟cosߜ − ܽ୆଻௟sinߜ + ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝sinߛ୆௟ଵଵ௟ୀଵ ൨, 
௖ܹହ௝ = ௠ݎ ൤෍ (ܽ୅଺௟ + ℎ଴ܽ୅ଶ௟)ߟ୅௟௝cosߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆଼௟cosߜ + ܽ୆ଽ௟sinߜ − ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝cosߛ୆௟ଵଵ௟ୀଵ ൨, 
௦ܹହ௝ = ௠ݎ ൤෍ (ܽ୅଺௟ + ℎ଴ܽ୅ଶ௟)ߟ୅௟௝sinߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆଼௟cosߜ + ܽ୆ଽ௟sinߜ − ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝sinߛ୆௟ଵଵ௟ୀଵ ൨, 
௖ܹ଺௝ = ௠ݎ ൤෍ (ܽ୅଺௟ − ܽ୅ଶ௟)ߟ୅௟௝cosߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆଼௟cosߜ − ܽ୆ଽ௟sinߜ + ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝cosߛ୆௟ଵଵ௟ୀଵ ൨, 
௦ܹ଺௝ = ௠ݎ ൤෍ (ܽ୅଺௟ − ℎ଴ܽ୅ଶ௟)ߟ୅௟௝sinߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆଼௟cosߜ − ܽ୆ଽ௟sinߜ + ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝sinߛ୆௟ଵଵ௟ୀଵ ൨, 
௖ܹ଻௝ = ௠ݎ ൤෍ (ܽ୅଻௟ + ℎ଴ܽ୅ଶ௟)ߟ୅௟௝cosߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆ଵ଴௟cosߜ + ܽ୆ଵଵ௟sinߜ − ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝cosߛ୆௟ଵଵ௟ୀଵ ൨, 
௦ܹ଻௝ = ௠ݎ ൤෍ (ܽ୅଻௟ + ℎ଴ܽ୅ଶ௟)ߟ୅௟௝sinߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆ଵ଴௟cosߜ + ܽ୆ଵଵ௟sinߜ − ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝sinߛ୆௟ଵଵ௟ୀଵ ൨, 
௖଼ܹ௝ = ௠ݎ ൤෍ (ܽ୅଻௟ − ܽ୅ଶ௟)ߟ୅௟௝cosߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆ଵ଴௟cosߜ − ܽ୆ଵଵ௟sinߜ + ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝cosߛ୆௟ଵଵ௟ୀଵ ൨, 
௦଼ܹ௝ = ௠ݎ ൤෍ (ܽ୅଻௟ − ℎ଴ܽ୅ଶ௟)ߟ୅௟௝sinߛ୅௟଻௟ୀଵ         + ෍ (ܽ୆ଵ଴௟cosߜ − ܽ୆ଵଵ௟sinߜ + ℎ଴ܽ୆ଷ௟cosߟ(ߜ୆௟௝sinߛ୆௟ଵଵ௟ୀଵ ൨. 

A3. Expressions of the limited functions ࢐࢏ࢂ࣎ ߬௏ଵଶ(ߙതହ, ,ത଺ߙ (ത଻ߙ = 2[( ௖ܹଵ଻ − ௖ܹଵ଼)sin2ߙହ − ( ௖ܹଷହ − ௖ܹଷ଺)sin2ߙ଺     +2( ௖ܹଵଷ − ௖ܹଵସ)sin(ߙହ − ଺ߙ + (଻ߙ2 + 2( ௖ܹଵହ − ௖ܹଵ଺)cos(ߙହ + )2−      (଻ߙ2)଺)sinߙ ௦ܹଵହ − ௦ܹଵ଺)sin(ߙହ + (଻ߙ2)଺)sinߙ + ( ௦ܹଵ଻ − ௦ܹଵ଼)cos2ߙହ − ( ௦ܹଷହ − ௦ܹଷ଺)cos2ߙ଺], ߬௏ଵଷ(ߙതହ, ,ത଺ߙ (ത଻ߙ = 2[( ௖ܹଵ଻ − ௖ܹଵ଼)sin2ߙହ + ( ௖ܹଷହ − ௖ܹଷ଺)sin2ߙ଺ − ( ௦ܹଷହ − ௦ܹଷ଺)cos2ߙ଺      +2( ௖ܹଵଷ − ௖ܹଵସ)cos(ߙହ − (଻ߙ2)଺)sinߙ + 2( ௖ܹଵହ − ௖ܹଵ଺)sin(ߙହ + ଺ߙ + )଻)      −2ߙ2 ௦ܹଵଷ − ௦ܹଵସ)sin(ߙହ − (଻ߙ2)଺)sinߙ + ( ௦ܹଵ଻ − ௦ܹଵ଼)cos2ߙହ], ߬௏ଵସ(ߙതହ, ,ത଺ߙ (ത଻ߙ = 2[( ௖ܹଵ଻ − ௖ܹଵ଼)sin2ߙହ + 2( ௖ܹଵଷ − ௖ܹଵସ)sin(ߙହ − )଻      +2ߙ଺)cos2ߙ ௖ܹଵହ − ௖ܹଵ଺)sin(ߙହ + ଻ߙ଺)cos2ߙ − 2( ௦ܹଵଷ − ௦ܹଵସ)sin(ߙହ − )଻      −2ߙ଺)sin2ߙ ௦ܹଵହ − ௦ܹଵ଺)sin(ߙହ +  ,[଻ߙ଺)sin2ߙ
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߬௏ଶଷ(ߙതହ, ,ത଺ߙ (ത଻ߙ = 2[( ௖ܹଷହ − ௖ܹଷ଺ଵ)sin2ߙ଺ − 2( ௖ܹଵଷ − ௖ܹଵସ)sin(ߙହ − )଻      +2ߙ଺)cos2ߙ ௖ܹଵହ − ௖ܹଵ଺)sin(ߙହ + ଻ߙ଺)cos2ߙ − 2( ௦ܹଵଷ − ௦ܹଵସ)sin(ߙହ − )଻      +2ߙ଺)sin2ߙ ௦ܹଵହ − ௦ܹଵ଺)sin(ߙହ + ,തହߙ)଻], ߬௏ଶସߙ଺)sin2ߙ ,ത଺ߙ (ത଻ߙ = 2[( ௖ܹଵ଻ − ௖ܹଵ଼)sin2ߙହ + ( ௖ܹଷହ − ௖ܹଷ଺)sin2ߙ଺ + ( ௦ܹଵ଻ − ௦ܹଵ଼)sin2ߙହ      −2( ௖ܹଵଷ − ௖ܹଵସ)cos(ߙହ − (଻ߙ2)଺)sinߙ + 2( ௖ܹଵହ − ௖ܹଵ଺)sin(ߙହ + ଺ߙ − )଻)      −2ߙ2 ௦ܹଵଷ − ௦ܹଵସ)sin(ߙହ − (଻ߙ2)଺)sinߙ + ( ௦ܹଷହ − ௦ܹଷ଺)sin2ߙ଺], ߬௏ଷସ(ߙതହ, ,ത଺ߙ (ത଻ߙ = 2[( ௖ܹଵ଻ − ௖ܹଵ଼)sin2ߙହ − ( ௖ܹଷହ − ௖ܹଷ଺)sin2ߙ଺ + ( ௦ܹଵ଻ − ௦ܹଵ଼)sin2ߙହ      +2( ௖ܹଵଷ − ௖ܹଵସ)sin(ߙହ − ଺ߙ − (଻ߙ2 − 2( ௖ܹଵହ − ௖ܹଵ଺)sin(ߙହ + )2−      (଻ߙ2)଺)cosߙ ௦ܹଵହ − ௦ܹଵ଺)sin(ߙହ + (଻ߙ2)଺)sinߙ + ( ௦ܹଷହ − ௦ܹଷ଺)sin2ߙ଺]. 
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