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Abstract. The aim of this paper is to investigate combination of vibration isolation for four
vibrating machines with eight unbalanced rotors to eliminate the dynamic forces that the system
acts on the foundation. By using the average method of modified small parameters and modal
analysis, we deduce the dimensionless coupling equations of the eight unbalanced rotors, which
convert the problem of synchronization for the eight unbalanced rotors into that of existence and
stability of zero solutions for the dimensionless coupling equations. By combining the existence
of zero solutions for the dimensionless coupling equations with the general dynamic symmetry
for two coupled unbalanced rotors in one vibrating machine, the synchronization criterion and the
stability criterion are obtained by using the generalized Lyapunov equation, Lyapunov criterion
and Routh-Hurwitz criterion. Computer simulations are carried out to verify the above theoretical
results. The results of computer simulation demonstrate that a pair of unbalanced rotors in one
vibrating machine can synchronize at a phase difference of m, the phase differences among the
four vibrating machines are between the two opposite. The four vibrating machines can vibrate
only in z-direction, while the isolation frame is at rest during the working process. When the power
supply of one motor in any vibrating machine is switched off, the coupling characteristics of the
system can transfer energy from the unbalanced rotors with power supply to that without power
supply to extend synchronization of the eight unbalanced rotors.

Keywords: self-synchronization, vibration isolation, modal analysis, coupling dynamics, and
stability.

1. Introduce

Synchronization phenomena in large populations of interacting elements are found in many
scientific fields, such as in physical, biological, chemical, and social systems [1]. One of them is
synchronization of unbalanced rotors (URs) in vibrating systems. About sixty years ago, at the
Institute Mekhanobr in Leningrad, it was accidentally discovered that two URs driven by two
motors on a single base trended to operate synchronously, later Dr. Blekhman in the Soviet Union
gave the first theoretical explanations of this synchronization phenomenon. Using the method of
direct separation of motions and the Poincare-Lyapunov small-parameter method, Blekhman
proposed the synchronization theory of vibrating machines with two or more URs, and has
successfully solved a number of self-synchronization [2-6]. Taking the phase difference between
the two URs as one small parameter, Wen developed the theory of two URs in vibrating systems
and established the branch of vibration utilization [7, 8].

Synchronization of URs in vibrating systems stems from general dynamic symmetry [9] and
motion selection characteristics of system [10], which rely on the distribution of the URs and the
structure of vibrating systems and lock the phase differences among the URs as deterministic
values [7-12]. In a single freedom vibrating system with two identical URs rotating in opposite
directions, the vibrations excited by the two URs would be canceled mutually and the system is at
rest [2]. In plane motion vibrating systems with two URs, the vibrating mass can undergo a linear,
or an elliptical, or a centroid swing motion [7]. In a spatial motion vibrating system with two URs,
the vibrating mass can undergo a linear motion and a swing one [11]. In a three-mass vibrating
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system with four URs rotating in the same direction, the four URs can excite the elliptical motion
of the primary mass [12].

In this paper, the synchronization for an octa-motor vibrating system with two-stage vibration
isolation is investigated to eliminate the dynamic forces that the system acts on the foundation
during its working process. The rest of this paper is organized as follows: the equations of motion
of the system and the dimensionless coupling equations of the eight URs are derived in Sections 2
and 3, respectively. Then the criterion of synchronization and that of stability for its synchronous
state are given in Section 4. Numeric discussions are given in Section 5 and conclusions are made
in Section 6.

2. Equations of motion of a vibrating system

Fig. 1 shows the dynamic model of a vibrating system with eight URs. The vibrating system
consists of four identical vibrating machines (VMs), which are supported on an isolation rigid
frame (IRF) and marked as V;, V,, V5 and V,. Every VM is composed of a supporting rigid frame
and a material one, denoted by RF1 and RF2, respectively. RF2 is connected with RF1 by soft
springs in x- and y-directions. RF1 is connected to the IRF by springs in z-directions, and fixed
in x- and y-directions. The IRF is supported by an elastic foundation. Two induction motors
rotating in the same direction on the top view are supplied with the same power supply and
installed in each RF2. Each drives one UR. The rotational planes of the two URs are symmetric
about xy-plane, and the angle between each rotational plane and xy-plane is §. The IRF has six
degrees of freedom. The motions of the IRF are vibrations in x-, y- and z-directions, denoted by
x,y and z, and swings about x-, y- and z-axis, denoted by 1, 1, 1,. The motion of the RF2 for
V; in z-direction is denoted by z;. The motions of each RF2 for V/; in x- and y-directions are
denoted by x; and y;. The phase angle of the two URs for V; are denoted by ¢;; and ¢;,,
respectively. Comparing with the masses of the RF1 and RF2, the mass of an UR is very small,
i.e., m;j K mpq, M;j K mg,. Hence, the inertia coupling due to the symmetry of the two URs can
be neglected. Using the Lagrange’s equations, and choosing x, y, z, Yy, Yy, Yz, X1, Y1,e..s X4 Yas
Z4, ©11> P125---» Pa1> Paz, as the generalized coordinates, we derive the differential equations of
motion of the vibrating system as follows:

4
My + 4myothy + Cek + ACrothy + Cro Z._l(x — 2) + Kyt + Aoy

4
4

+kx0 (x - xi) = 0;
i=4 .
mgy — 4mrolpx + ny - 4CTy07ij + CXOZ, 1(y - yl) + kyy - 4kry01/)x
i=
4
+ky0 ) 1(}’ _yi) = O’
i=
4 (1)
(Z - Zi) =0,
i=1

L

4
myZ+ ¢,z + Cyp Z(z’ —Z)+k,z+ky
i=1

4 4
]xlpx - 4'n'lroy + Crxlpx ~ Cryo Z 1()’ - yl) t Czo z 1lcyi Z; + erlpx
i= =
4 4
_kryO Z (y - yi) + kzO ) lcyi Zj
=1 i=1

4 2
= morhOCOS5Z' 12. 1(—1)J(¢i2jSin<Pij — §jCOSP;j),
i= j=
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4 4
/ylpy + 4m; X + Crylpy + Crxo Z 1(55 - xi) + kryl/)y + ero Z 1(x - xi)
= i=
4 2 i
=mgrhy Z 12 _ 1(_1)J_1(90i2jC05<Pij + @ijsing;;),
= Jj=
4

4
]zlpz + Crzlpz + Cxo Z 1lci X + krzlpz + kxO ) lcixi =0,
i=

Mgo¥; + Cxo(f;i — % + Lo, — Howy) + koo (x; — ;C_i" e, — Hopy)
=m,r Zj=1(¢i2jcos¢ij + @ysingy;),

Mao¥i + Cyo Qs =9 + Hotpu) + kyo i =y + Ho)
= mgyrcosd ijl(gbizjsin(pij — $ijcosp;;),

MyzZ; + Co0(2; — Zz — Leh) + ko (zi — 2 — L)
= myrsind Zj=1(_1)j_1(¢i2jSin(pij — $ijcosey)),

Ju@ir + furPin = Tei + mor(X;singy; — j;cosdcosgyy
—Z;sindcos@;y + P hocosdeosg; + Py hosing;,),

J2@iz * fizPiz = Teiz + mor (¥;sin@;; — J;cos§cos@;, + Z;sindcose;,
—Pyhocosdeosp;, — Py hosing;,),

where () and () denote d()/dt and d?()/dt?, respectively. Other parameters in the formulas
are as follows:

mg =m; +4my, My = mHy,, Myyg = mHy, kpyxo = kyoHo,  Kryo = kyoHo,

Crxo = CxoHo, Cryo = CyOHO' Je =Jix + 4m1H02' ]y =]Iy + 4m1Hg:

Iz =Jiz +2mylE +2myl3, ¢ = L5 + 4cyoHG + 205015 + 2¢,013, Cry = 12 + 4cyoHS,
Crz = Cyli + ol + 2¢0lF + 2¢4013, Ky = k15 + 4kyoHG + 2kyol5 + 2k lf,

_ 2 2 _ 2 2 2 2 _
kry =k, +4H{k,, k., =kl + kylx + 2k, 0l + 2k, 015, lcyi = —l.
? < I, 3 z,
Br A _ A A
T 18] 9] 18] |H— : 9] T L8]
bt - b bt = e || s e B = e
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Fig. 1. Dynamic model of the considered vibrating system
3. Dimensionless coupled equations of the eight URs

Because the URs rotate periodically, the vibrations of the vibrating system is also periodic.
When the system runs stably, the average instantaneous phase of the eight URs is assumed to be
@ and the least common multiple period of the eight URs is assumed to be T;cpyp, the average
instantaneous angular velocity is ¢ and the average value of ¢ over the time T ;yp must be a
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constant:

1

TLCMP

t+Trcmp
W j @ dt = constant. 2)
t

If the coefficient of the instantaneous change of ¢ is assumed to be v,, the instantancous
average angular velocity can be expressed as follows:

Qb = (1 + Vo)wm' (3)

Assuming:

2 2 2 2
20; = @y — @iz, 4as = Q15— z Vs, 4ag= Q25 — Z P3j,
j=1 Jj=1 j=1 Jj=1

2 2 3 2
8“7 = . 1901]' + Z 1(p4]' _z (pij, ai =Viy,, L= 1, 2, 3, 4.
J= J=

=2 &= j=1
Then we have:

pu=@9tatasta;,=@+9;, @p=¢—a+tas+a; =9+,
Pru=@t+taytag—a; =@ +0; @p=@—a+as—a; =¢+7,

= —ag—ay =g+ —p—dy—dg—ay =@+ “)
P31=@Qtaz—ag—a; =@ +Vs, P3 =@ —az3—Ag— a7 =@ + Vg,
Puu=@tas—ast+ta; =0+, @u=@—a,—as+a;=¢+7Js.

Assuming 791‘ = gwny, i =1,2,...,8, then we have:
81:V0+V1+V5+V7, EZZVO_V1+V5+V7,
g3=V0+V2+V6_V7, €4=V0_V2+V6_V7, (5)
85=V0+V3_V6_V7, €6=V0_V3_V6_V7,
E7 =Vot+ V4 —Vs+V,;, E =Vyg—V4— VstV
that is:
@ij = (1+eq-1)1j)om 1=1234, j=12 (6)

Because the slips of induction motors are very small during the steady state operation, the
angular acceleration of the URs in Egs. (1) can be neglected, i.e., ¢; = 0. The exciting frequency
is much greater than the natural frequency of the vibrating system and the damp is much small. In
this case, the effect of the coefficients of the angular velocities on the amplitude and phase angle
of response of the vibrating system can also be neglected. Inserting Eq. (4) into the equations of
vibration in Eq. (1) yields:

4
M + 4M gy, + CX + 4oty + Cxo Z (=x;) +kyx
i=1
4

+4krroPy + kxo ) (x—x) =0,

. o 4 )
maj} - 4mr01/)x + ny - 4Cry0¢x + CxOZ, 1(}’ - yl) + kyy

i
4

_4kry07~l}x + kyoz' l(y -y) =0,
i=
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4 4
myZ+ c,Z + Cyp E (Z=2z)+kz+k, (z—2)=0,
i=1 i

i=1

4 4
]xlpx - 4'anOj) + Crxlpx - Cryoz_ 1(3’ - yl) + Czo Z 1lcyi Zi + erlpx
1= =

4 4 8
—Kry0 Z 1(y — V) tky ) 1lcyi z; = morhow,";lcos&Z' 1(—1)1 sin(g +9)),
= j=

4

4 4
Iylpy + 4mr05c' + C‘ryl»by + Crxo Z 1(5( - J.Ci) + krylpy + ero ) (x - xi)
i=

i=1
8
= morhowrznz (1) tcos(g + ),
j=1
4 4

]zlrbz + Crz’:bz * Cxo Z 1lci Xi + ks + kxo ) lex; =0,
i=

i=1
maojc.j + Cxo(xj —x+ lcjlpz - Holpy) + kxo(xj —x+ lcj'lpz - Holl’y
= mora)rzn[cos(qo + 192j_1) + cos(cp + 192]-)],

maoyj + CyOO’j - y + Hol/.)x) + kyo(yj -yt Holl)x)
= morwZcosd[sin(p + 9,j_,) + sin(¢ + 9,;)],

mazzj + CZO(Zj —Z- lcj'j)x) + kzO(Zj —Z- lcjl/)x)
= morw?sind[sin(g + 9,;) —sin(p +9,;_1)], j=1,2,34.

According to the coupling relation, Egs. (7) are divided into two groups, denoted by A and B.
The general coordinate vector of Group A is:

Xa={x ¥y ¥, x1 x5 x3 x4}".
Equations of Group A are divided by m,, and are written in a matrix form as the following:
MAXA + CAXA + KAXA = TTm(L).,ZnDAFA, (8)

where, 1, = my/mg,.
The general coordinate vector of Group B is:

Xe={y 2 ¥x ¥, Y1 21 ¥2 22 ¥3 23 Vs Za}',
and its matrix form of equations are:
MB)“(B + CBXB + KBXB = TTm(L).,ZnDBFB. (9)

Eq. (8) and (9) are coupling equations. It is assumed that the damping is proportional, i.e., the
damping matrix is a linear combination of the mass and stiffness matrices:

Ci = (ZM,: + ,BK,:, i = A, B. (10)

Assuming that the normalized mode matrices for Egs. (8) and (9) are A, and Ag, respectively,
the normalized coordinate transformations are defined as follows [13, 14]:

Xa = Apqa, Xp = AgQqp. (1

Inserting Eq. (11) into Eqgs. (8) and (9) and multiplying both the sides of the equations by A}
and AL, respectively, yield:
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AAMpApGp + AWCAAAQ + ALKaALq = 1105 ALD AF,,

ALMpAgiin + A5CpApd + AsKpAgq = 1Ty iA5DgF, (12
then Egs. (8) and (9) become:
oG + Cnada + Knaa = 17w, ALD4Fy, (13)
Igdg + Cnpq + Kypq = 17 wi ARDgF,
with:
Cya = diag[€a1 Caz = Ca7l, (14)
Cyg = diag[¢B1 CB2 ** Ci1].
Eq. (13) can be written as follows:
.. . 8
Gai + 28aiwaiGa; + WRiqai = rmrwrznz ._IeAijSin((P +9;), i=12,..7,
. (15)
Gpi + 28gwpigp; + wEi s = Tm’”wrznz_ 1eBljSin(<P +9;), 1=12,...,11,
]:

where w,; and wg;is the natural frequencies of the coupling system for Groups A and B,
respectively. &,; and &g, are the modal damping ratios for Groups A and B, respectively.
The responses of Egs. (15) can be expressed as follows:

8
qai = rmrz __1(7’]AijCOS((p + 19]- —Yai)), i=12,..8,

J= (16)
qpi = Tmrz. 1(7lBljSin(‘P +9—ye)) 1=12..11

]:

The symbols in Egs. (15) and (16) are listed in Appendix A.
Inserting Eqs. (16) into Egs. (11) yields the responses of Egs. (7) as follows:

8 r, 7 7
X =TTy Z <Z aA1i77AikCOSVAi> cos(p + U) + (Z aA1i77AikSinVAi> sin(g + 9y) |,
k=1 L\i=1 =1
8 r,11 11
y=TTy (Z aBuUBlkCOSYBl) sin(g + 9y) — (Z aBuUszSinVBl) cos(p + U, |,
k=1 L\1=1 =1
8 1,11 11
Z=Thy (Z aBszszOSVBl> sin(p + ¥) — (Z aBszszinVBl> cos(p + U |,
k=1lA=1 =1 (17)
Yy =Ty Z [(Z aleTIBlkCOSVBz> sin(g + 9;) — (Z aB3lTIBlkSinVBz> cos(p + )|,
k=1 L\1=1 =1
8 7 7
Yy =10y [(Z Aa2iNAikCOSYa;) cOS(p + Uy) + (Z aAinAikSinVAi> sin(g + ;) |,
k=1 \i=1 i=1
8 7 7
Y, =710y I(E aAsiUAikCOSVAi> cos(p + V) + (Z aA3i77AikSinVAi> sin(g + ;) |,
k=1 i=1 i=1
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8 7
Xj = TTn Z [(Z aA7(j+3)i77AikC05VAi> cos(e + ;)
k=1L\i=1

7
+ (Z aA(j+3)i77ikSin)’Ai) sin(¢ + )

)

i=

1
8 11
Yj =TTy Z [(Z aBz(j+1)iTIBikC05VBi) sin(p + 9)
k=1 i=1

11
- (Z aBz(j+1)i773ikSin)’Bi> cos(p + )

i=

1
8 /11
Zj =TTy Z |<z aB(zj+3)iUBikC05VBi)> sin(p + 9;)
ezl A=

11
- (Z aB(2j+3)iTIBikSinVBi> cos(@ + )

i=1

’

. j=1,2,34

In a quasi steady-state, the electromagnetic torque of an asynchronous motor can be expressed
as the following [11, 12]:

Tei = TeOi - keiei' i= 1, 2, ,8 (18)

where T,(; and k,; are the electromagnetic torque and the stiffness of angular velocity when the
motor i operates at the angular velocity of w,,o, respectively.

The moment of inertia of each UR is equal to summation of that of the eccentric lump and that
of the motor’s rotor. Compared with that of the eccentric lump, the moment of inertia of the
motor’s rotor is very small and can be neglected. Inserting Eq. (18) into the equations of URs in
Eq. (7) and integrating them over ¢ = 0 — 27 yield their single period average equations as the
following:

8
, _ MeT? W, O - o o
Mmor=wm&; + fl(l + gi) = Tei - TZ 81' [WcijCOS('ﬁL' - 19]) - WSUSln(ﬁi - 19])]
= (19)
mor?wi _ ez 2 T = .
—TZ(Z&' + 1) [Wcij Sln(l?i - 19]) + Wsij COS(ﬁi - 191)] , L= 1, 2, ...,8,
=1
where “-* represents the average value over one period. The symbols in Eq. (19) are listed in

Appendix B.
Ws;j and We;; represent the coupling coefficients of the sine and cosine for URs i and j,
respectively [11]. The transmission paths between any two URs are the same, therefore, we have:

Weij = Weji, W = Wi (20)
Dividing Eq. (19) by myrw,, and writing it in a matrix form yield:

At =Bé+u, (21

where:

E=1{& & & & & & & &),
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u= {ul uz u3 u4 u5 u6 u7 ug}T’

A= [aij]sxs' B = [bij]sxs' a;=1+Wy, by= ﬁ + %Wsii + ﬁ,
a;; = %[Wcijcos(gi —9;) — Wg;sin(9; — 9;)],
bij = —wp|[Wejsin(9; — 9;) + I;Vsijcos(ﬁi -9;)], i#j,
u; = % - # - %wm ;[WC” sin(9; — 9;) + Wy cos(9; — 9;)].

Eq. (21) is called the dimensionless coupling equations of the eight URs.
4. Synchronization of the eight unbalanced rotors
4.1. Synchronization criterion

Assuming € = 0 in Eq. (21), we obtainu = 0, i.e.:

8

T, = Too; — froy, = TuZ[WCU sin(9; — 9,) + Wy cos(9; — 9))], i=1,2,..8, 22)

j=1

where T,; refers to the output electromagnetic torque of motor i, which is the difference between
the electromagnetic torque of one motor and the friction torque of its rotor. Ty, is the kinetic energy
of one standard UR, T,, = mr?w2,/2.

Inserting Eq. (4) into Eq. (22) yields:

Ty = Ty {Wsq1 + Wyqpc082a, + W,y,sin2a; + Wyscos(ay; — @, + as — @g + 2a7)
+Wssin(@y — @, + @5 — ag + 2a;) + Wyqacos(@y + @, + a5 — ag + 2a7)
+W,ousin(@, + @, + a5 — ag + 2a;) + Wyyscos(ay — az + as + ag + 2a;)
+W,ssin(@, — az + as + ag + 2a,) + Wigcos(ay, + a3 + as + ag + 2a;)
+W, gsin(a; + az + s + ag + 2a;) + Wy cos(@y — @y + 2as)
+W,q7sin(@y — @y + 205) + Wyqgcos(@y + @4 + 2as5) + Wegsin(ay + a4 + 2as)},

Tyy = Ty{Wsq,c0820, — Wo1osin2a, + Wyyy + Wiyzcos(—ay — @y + &5 — @g + 207)
+Weossin(—a, — @, + a5 — &g + 2a;) + Wyyucos(—ay + @, + @ — Qg + 2a7)
+Weousin(—ay, + @, + a5 — &g + 2a;) + Wyyscos(—ay, — a3 + @5 + ag + 2a7)
+Weyssin(—ay, — @3 + a5 + g + 2a;) + Wyygcos(—ay + a3 + a5 + @ + 2a7)
+Woesin(—ay, + @z + a5 + o + 2a;) + Wgyycos(—a; — @, + 2as)
+Wpssin(—a, — @, + 2a5) + Wyygcos(—a; + @y + 2a5) (23)
+Weagsin(—a, + @, + 2as)},

Ty3 = Ty {Wsq3c08(@; — @y + &5 — 0 + 287) — Weyzsin(@; — @, + as — &g + 2a)
+Weyscos(—a; — @y + ag — 0 + 2a;) — Wepssin(—ay — @, + a5 — @g + 2a;)
+Wy33 + Wi34€05(2a5) + Weaasin(2a,) + Wygscos(a, — @z + 2ag)
+Weassin(@, — @3 + 2ag) + Wizgcos(@, + a3 + 20¢) + Wesgsin(@, + a3 + 2a,)
+Wys,c08(@; — 0y + O + Qg — 207) + Wegssin(@, — @y + s + ag — 2a;)
+Wyzgcos(@y + @y + Qs + &g — 207) + Weagsin(@, + @y + @s + @g — 2a,)},

Tps = Ty{Wsqacos(@y + @y + @5 — @ + 205) — Wequsin(@, + @, + a5 — ag + 2a;)
+Wep4cos(—ay + @y + ag — 0g + 2a;) — Wepusin(—ay + @, + a5 — @g + 2a;)
+Wiz4c08(2@,) — Wiesasin(2a,) + Wy + Wygscos(—a, — a3 + 2a,)
+Weyssin(—a, — @z + 2ag) + Wyygcos(—a, + @z + 2ag)

FWeyesin(—a, + @z + 2ag) + Wyy,cos(—ay — @y + a5 + @g — 207)
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+W,yosin(—a, — @y + as + ag — 2a;) + Wygcos(—a, + a, + as + ag — 2a;)
+Weygsin(—a, + @y + @s + g — 2a)},

Tos = Ty{Wsiscos(@; — @5 + s + @g + 2a;) — Wyssin(@y — s + a5 + ag + 2a;)
+Wyscos(—ay — @z + ag + @ + 2a;) — Weyssin(—a; — az + as + @g + 2a;)
+Wisscos(@, — @z + 20g) — Wesssin(@, — @3 + 2ag) + Wyyscos(—a, — @3 + 2ag)
—Weyssin(—a, — a3 + 2ag) + Wigs + Wiggcos(2a3) + Wigesin(2as3)
+Wygsc0s(03 — @y + O — @g — 207) + Wegssin(@s — @y + a5 — ag — 2a;)
+Wisgcos(atz + @y + O — @g — 287) + Wiggsin(@s + @y + @5 — @g — 2a,)},

Ty = Ty{Ws16c0s(@y + @3 + @5 + &g + 2a;) — Weqgsin(@, + a3 + a5 + ag + 2a7)
+Weyecos(—ay + @3 + ag + g + 2a;) — Weyesin(—ay + a5 + as + g + 2a;)
+Wesgcos(@, + a3 + 206) — Weggsin(a, + a3 + 2ag) + Wyyecos(—a, + a3 + 2a5)
—Wegesin(—a, + @3 + 2ag) + Wigecos(2a3) — Wesesin(2a3) + Wi
+Wie,c08(—a3 — Qy + 05 — Ag — 207) + WegrSin(—az — @y + &g — &g — 207)
+WsegCos(—az + @y + as — @g — 207) + Weggsin(—as + @y + @5 — ag — 2a,)},

Ty7 = Ty, {Wsq7cos(@; — @y + 205) — Wypsin(a, — @, + 2as)
+Ws,,c08(—a; — @y + 205) — Weyssin(—a; — @y + 2a5)
+Wisscos(a, — @y + as + @g — 2a;) — Wegpsin(@, — @, + as + ag — 2a;)
+Wyscos(—ay — ay + 0 + @g — 2a7) — Weyssin(—a, — @y + s + ag — 2a7)
+Wisrcos(@3 — @y + 05 — g — 2A7) — WegySin(az — @, + @5 — ag — 20)
+Wie,c08(—a3 — Qy + 05 — Ag — 207) — WegrSin(—az — @y + &g — &g — 207)
+Ws77 + Wysgcos(2a,) + Wegsin(2a,)},

T,g = T, {Wsigcos(a; + @y + 2a5) — Wegsin(a, + @, + 2as)
+Ws,gc0s(—a; + @y + 2a5) — Weygsin(—a; + @y + 2a5)
+Wisgcos(a, + @y + as + g — 2a;) — Weagsin(a, + @, + a5 + ag — 2a;)
+Weugcos(—ay, + @y + g + @g — 2a;) — Weagsin(—a, + @, + as + ag — 2a7)
+Wiegcos(@s + @y + 0g — g — 2a;) — Weggsin(as + @, + a5 — a@g — 2a)
+Wiegcos(—as + @y + &g — @g — 207) — WeegSin(—az + @4 + &g — &g — 207)
+Ws,gcos(2a,) — Wergsin(2ay,) + Wigg}

According to the general dynamic symmetry of the vibrating system, the phase difference
between two URs in a vibrating system can be driven to their generalized dynamic symmetry
angles by the general dynamic torque [9, 11]. For the structural symmetry of every vibrating
machine in Fig. 1, the coefficient of synchronization increases with the decrease of the inclination
angle § [15, 16]. Hence, the two URs in one VM can synchronize at the phase difference of = by
adjusting the inclination angle § and excite vibration of vibrating mass in z-direction, i.e.:

—TuWeigisn) » |Tri = Trasn| i =1,3,5,7, (24)
where Tp; = T,; — Ty Wsii. Then we have:
2a;, =m, i=1,2,3,4. (25)

In this case, the two URs in one VM can be taken as one UR. Then the two motors in one VM
can be taken as one motor, the output electromagnetic torque is:

TVoi = lo(2i-1) + TO(ZL')' i= 1! 2' 31 4. (26)

By Eq. (26), the differences of the output torque for the two motors between two of the four
VMs can be obtained and expressed as follows:

ATyoij = Tyoi — Tyojy 1<j, i=123, j=1,234. 27
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Inserting Egs. (23) and Eqs. (25) into Egs. (27) and rearranging them yield:

(To2i-1) + To2iy — Tozj-1 — To@))/Tu = Wszi-ny2i-1) ~ Wszip2n + 2Wszi-ny2iy
—Wsej-vep + Wsej—nej-1 T Weepei = Tvij(@s, @, @), (28)
l<]’ i=152;31 j=1,2,3,4‘.

The functions t;; (@s, @, @7), which are listed in Appendix C, are limited functions of @s, @
and a; [17], i.e.:

|t (@s, @, @)| < T, i<j, i=1,23, j=1234 (29)

If the left hand of Eq. (28) is denoted by A7y, then when the parameters of the system satisfy
the following condition:

|ATVOij| < Tg-lax. (30)

E. (26) can be solved for &z, &g, @; and w,,, which are denoted by @sq, Xgg, X7¢ and wyyg,
respectively. Eq. (30) are synchronization criterion for the four vibrating machines, while
Egs. (24) and (30) are synchronization criterion of the vibrating system.

4.2. Synchronization stability
Substituting u; = Ointo Eq. (21), we can obtain:
At = B&. 31)

Obviously, det(A — B) # 0, i.e., the generalized system, Eq. (31), is positive definite [18].
When the parameters of the vibrating system satisfy the conditions:

a;; > 0, Clij > 0, det(Al-) > 0. (32)
The generalized system, Eq. (31), satisfies the generalized Lyapunov equations [18, 19]:
ITB + BTI = diag{bll, b22, b33, b44, b55, b66' b77, bgg}, ATI =JA > 0, (33)

If limltAe =0, the generalized system, Eq. (31), is stable [19]. Treating
mathematically Eq.(24) in the following manner: Introducing the parameters,
Xai = (Mor?wh /2) X3, Wijsin(9; — 9;), assuming that the solutions of the Eq. (23) are w;,q,
Q19,---» A9, linearizing Eq. (24) at these points and dividing them by k,;, respectively, we can
obtain:

7

1 d
Vo+VvytVst+v, = Z( Xal) Aa;, (34)
keo1 pry da; /,
7
1 a)(az
_ - Aa:
Vo— Vi +Vs+V, keozzl ( da, ) a; (35)
i= 0
7
1 0Xa3
+V Ve —v, = — Aa;, 36
Vo V2T Ve T Vy keo32(6ai) % (36)
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7
1 0Xqa
Vo —V, + = Aa;,
0~ V2TVe—Vy keMZ(@ai) a;
i=
1 /9 0
Xas)
Vo + V3 —Vg—V; = Aa;,
0 : ¥ 7 keos 4 1(5%‘ '
i= 0
7
Vg — V3 — Vg —V; = ! (5Xa6) Aa;
0 3 6 7 keo6 - aai . ir
7
1 a)(a7
Vo+Vy—Vs+V, = Aa;,
0 4 5 7 keo7 - < aal ) L
i=
1 /0 0
Vo — V4 —Vs+V, = < Xas) Aa;,
keos e da; o

(37

(3%)

(39)

(40)

(41)

where Aa; = @; — @9, (0Xqj/0;)o is the value of dy,;/da; when w, = Wy, & = &,

j=1,..,7.
Adding eight formulae from Egs. (33) to (41) and rearranging it, we have:

Subtracting Eq. (35) from Eq. (34), and rearranging it, we obtain:

7
o Z 1 <6xa1) 1 (axaz> Aa,
! 2k \0a; ) 2k \Oa; /)

i=1

Subtracting Eq. (37) from Eq. (36) and rearranging it, we obtain:

7
b = Z 1 <6xa3) 1 (@m) A,
2 2kes\ 0a; ) 2keg\Oa; ) )"

i=1

Subtracting Eq. (37) from Eq. (36) and rearranging it, we obtain:

7
e = Z 1 <6an) 1 (axa6> A,
3 2kes \ 0a; ) 2keg\Oa; ) )"

i=1

Subtracting Eq. (39) from Eq. (38) and rearranging it, we obtain:

7
= Z 1 (0xa7) 1 (axas) Aa,
4 2ke; \0a; ) 2keg\Oa; ) )"

i=1

(42)

(43)

(44

(45)

(46)

Subtracting summation of Egs. (40) and (41) from that of Egs. (34) and (35), and rearranging

it, we obtain:
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7
_ 1 1 a)(al 1 a)(az 1 a)(a7 1 aXaS
Vs = — + - - Aa;. 47)
4i=1 keor \ 0a; /)~ keoa \Oa; /y  keos \Oa; /  keog \ Oa; /

Subtracting summation of Egs.(38) and (39) from that of Egs. (36) and (37), and rearranging
it, we obtain:

7
1 1 1 1 (0 1 /0
Vg = — < <a)(a3) n (3)(,14) _ ( Xas) _ ( Xa6> )Aai. (48)
4’ —~ ke(]?, aal 0 k€04 adl 0 k€05 aal 0 k€06 aal 0

Subtracting summation of Egs. (36)-(39) from that of Egs. (34), (35), (40) and (41),
rearranging it, we obtain:

8

2
Z Z (Xa]) Z
= eO] t/o —

Jj=

1 aXaj) z 1 (6)(aj>
Aa;. 49
ker ( aai keO] 0 ( )

Eq. (43) to (49) can be written into a matrix form as the following:
Ad = CAa. (50)

By assuming exponential time-dependence of the form Aa = vexp(At) and inserting it into
Eq. (50), the determinant equation det(C — AI) can be solved, and the characteristic equation for
eigenvalue can be obtained as:

A7 4+ dy 2% + dpA° + dzA* + dy 23 + dsA? + dgAd +d; = 0. (51)

The zero solutions of Eq. (50) are stable if and only if all the roots of A in Eq. (50) have
negative real parts. In according to the Routh-Hurwitz criterion, when Eq. (52) is satisfied [20]:

A >0, i=1,2..7. (52)

limAa = 0, where 4; is the ith Hurwitz determinant. Egs. (32), (33) and (52) are the stability

t—> oo

criterion of synchronization.
5. Computer simulation

In this section, an example is presented to investigate the main results of the above theoretical
analysis clearly. To verify the ability of self-synchronization of the vibrating system, the
parameters of the eight motors are assumed to be different. The parameters of the vibrating system
are as follows: m; = 1000 kg, m; = 300 kg, m, = 2200 kg, r = 0.2 m, my = 40 kg,
Jx =1y =], = 1600 kgm?, fz; =0.01,i =1,2,..., 8 & = 0.07 [8-12].

Fig. 2 shows results of computer simulation. Because the parameters of the two motors in one
VM are different, the rotational speeds of the two motors are different, and the phase difference
between each pair of the URs also change periodically, as illustrated in Figs. 2(a) and (¢). With
the increase of the rotational speed for the motors, the general symmetry torques take the role of
driving the phase differences close to their general symmetry angles [10]. Hence, the motors
synchronize rapidly at a rotational velocity of 988.5 r/min, and the phase difference between the
two URs in each VM stabilizes in the vicinity of 1.018m, as illustrated in Fig. 2(a), (b) and (c).
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Fig. 2. Results of computer simulation for the vibrating system

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. JUN 2016, VOL. 18, ISSUE 4. ISSN 1392-8716

20 24 28
Time/s
),
2557



2068. SYNCHRONIZATION FOR A VIBRATING SYSTEM WITH OCTA-MOTORS DRIVES ON AN ISOLATION FRAME.
BIN HE, CHUNYU ZHAO, JIE REN, BANGCHUN WEN

Because the synchronization ability among the four vibrating machine is more infirm than that
of the two URs in one VM, the phase differences between two of the four VMs stabilize more
slowly, as compared Fig. 2(c) with Fig. 2 (d). In this case, the exciting forces of the two URs in
each VM in x;- and y;-directions are cancelled mutually and that in z;-direction are superposed
mutually. Hence, owing to the damping effect, x;- and y;- resonant responses of the corresponding
mass in the starting process disappear gradually, and z;-response becomes a harmonic motion, as
illustrated in Fig. 2(e), (f) and (g). Furthermore, the phase differences between two of the four
VMs are opposite mutually, the forces that the four VMs act on the IRF are cancelled mutually.
Therefore, the resonant responses of the IRF occurring in the starting process are cut down
gradually by the damping, as illustrated in Figs. 2(d), (h)-(j). This fact demonstrates that the four
VMs installed symmetrically on one IRF can eliminate the dynamic forces of the foundation.

The power supplies of motors 2, 4, 6 and 8 are switched off when time is 6 s, 8 s, 10 s, and
12 s, respectively. When time is 16s, 18s, 20s, and 22s, the URs 2, 4, 6 and 8 are subjected to the
phase disturbances of m/9, 2m/15, m/6, and m/3, respectively. The detailed variations of phase
differences for the system are illustrated in Fig. 3. When the power supply of one motor is switched
off, its rotational speed and its corresponding phase difference fluctuate violently, but they
stabilize rapidly and the eight URs rotate synchronously at a slightly lower rotational speed, as
shown in Fig. 2(b) and Fig. 3(a). The phase differences are: 2a; = 1.022m, 2a, = 1.023m,
2@3 = 1.024m and 2a, = 1.026mw. When the phase difference of one UR is disturbed, the
rotational speed fluctuates slightly. In all the above processes, the rotational speed of the system
always operates synchronously; the synchronous speed is 987.5 r/min, 987 r/min, 986.5 r/min, and
986 r/min, respectively, as illustrated in Fig. 2(b). The phase difference between two of the four
VMs vary slowly, as illustrated in Fig. 3(b). These facts demonstrate that the coupling
characteristics of the considered system can transfer from the motors with power supply to that
without power supply and allow that the system operates synchronously. This phenomenon is
found in Ref. [21], which claimed that synchronization extends the life time of the system.
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Fig. 3. Variations of the phase differences
6. Conclusions

With the theoretical investigation and numeric analysis conducted above, conclusive remarks
are presented as follows.

1) The average method of modified small parameters and modal analysis are employed to
investigate problem of vibration isolation for synchronization of the four VMs with eight URs. In
accordance with the general dynamic symmetry of the vibrating system with two URs,
synchronization and stability criteria are deduced by the generalized Lyapunov equations,
Lyapunov criterion, and the Routh-Hurwitz criterion.

2) The proposed system of vibration isolation can eliminate the dynamic forces that the
vibrating system acts on the foundation, i.e., the two URs in one of the four VMs operate in the
vicinity of m and excite only the corresponding mass vibration in z-direction and the IRF is at rest
during the normal working process.
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3) When power supply of one of two URs in the VMs switched off, the coupling characteristics
of the system can transfer energy from the motors with power supply to that without power supply
to extend the synchronization of the eight URs and its robust to the external disturbances. But the
phase differences and the synchronous speed will stabilize new values. During the processes of
one power supply cut off or disturbance, the phase differences between two URs in the same VM
change violently and stabilize rapidly, while the phase differences between two of the four VMs
vary slowly and stabilize gradually.
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Appendix

Al. Coefficients of Eqs. (15) and (16)

Ap = [aAij]7X7: Ag = [aBij]llxllx Ey = [eAij]7Xs =A\D,, Eg = [eBU]uxs = ADg,
Masi = €Aij wh
Aij — 2
WXi /(1 — Wi /wk) + (&ni0m/@ai)?
N = epij wh
Blj =%
D0k (U= 0 /0F) + 2Eai0m/ 0p)?
| — arctan 28 piWm /[ Wa; — arctan 28g1wm/wgy
Yai 1= (wn/on)? '™ 1= (wm/wp)?
Eai = Cai £ay = CB1
AT SBLT g

A2. Coefficients of Eq. (19)

~—7
Weij =T Z _ (anar + ho@az)Na1;COSY AL

11

+ Z (ag4;c0s6 + ags;sind — hoaB3lc056)nBljcosyBl],
1=1

r 7

Wsij =1 l (apar + hoapz)NarSiny s
| =1

11
+ Z (ag4;c0s6 + agg;sind — hOaB3lc056)nBUsinyBl],
1=1

7
Weaj =1 Z (apar — aAZl)nAleOSVAl

11
+ Zz (ag4;€086 — ags;sind + hoaB3lcos5)nBUcosyBl],
=1
r 7
Ws2j = T Zz (apsr — ho@az)Nar;Siny o
B =1

11
+ Z (ag4;c086 — ags;sind + hoaBglcosd)nBUsinyBl],
1=1

7
Wesj = T Z (aas; + ho@az;)Ma1jCOSY AL
1
+ Z (agg;c0sd + agy;sind — hOaB3lc056)nBUcosyBl],
=
Wssj = T z 1(aAsz + ho@pz2)MarjSinyYa;
11

+ ) (ageiC0s8 + agy;Sind — hyagz cosé)ng;jsinyg, |,
=1

7
Wesj =1y [Z (aas; — aazi)Ma1jCOSY A
=1

11
+ Z (age;c0sd — ag7;sind + hoaBglcosd)nBUcosyBl],
1=1
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Wssj = 1 [27 (aas; — ho@az)nar;Siny

+Z (agg;c0sd — agy;sind + hOaB3lcosé‘)nBUsmyBl]
Wesj = T [Z 1((1Aez + ho@p21)Ma1jCOSY AL

+Z (agg;cosd + agg;sind — hoaB3lcos6)nBUcosyBl]
Wisj =1 [Z (a6t + ho@az)NarjSinya;

+Z (agg;cosd + agg;Sind — hoaB3lcos6)nB”smyBl]
Weej = T [Z 1(aA6l — Ap21)MA1jCOSY AL

+Z (agg;cosd — agg;siné + hoaB3lcosé')nBl]cosyBl]
Wsej = T [Z _1(aA6l — hoaaz)naijsinya,

+Z (agg;cosd — agg;sinéd + hoaB3lc056)nBUsmyBl]
Werj =T [Z 1(aA7l + hoQaz21)Ma1jCOSY AL

+Z (agy9;c0sd + agqq;Sind — hOaB3lcos8)nBl]cosyBl]
Wi = T [Z _1(aA7l + ho@az)NarjSiny A

+z (ag19;€0sd + agy1;Sind — hoaB3lC055)nB1151nyBl]
Wegj = T [Z _ (aa7 — aAzz)TIAszOSVAz

+Z:1(a310,c056 — agq1;Sind + hoaB3,c056)nB”cosyBl],
Wsgj = T [Z:=1(aA7l — RoQaz )N arjSINY A,

+Z (ag1;c0s6 — agy1;Sind + hOaB3lc058)nBl]~sinyBl].
1=1

A3. Expressions of the limited functions 7y;;

Ty12(@s, Xe, A7) = 2[(Wer7 — Weag)sinZas — (Wezs — Weze)sin2ag

+2(Werz — Wera)sin(as — ag + 2a;) + 2(Wey5 — Weye)cos(as + ag)sin(2a;)

—2_(Ws_15 - Wgi6)sin(as + aﬁ)sin(2a7) + (Wy17 — Wslg)C(.)SZCZS -
Ty13(@s, Ag, A7) = 2[(Weq7 — Wegg)sin2as + (Wezs — Weze)sinZ2ag —

(Ws35 -
(Ws35 -

$36)C0S26],

Wy36)c0S20t¢

+2(Weiz — Wera)cos(as — ag)sin(2ay) + 2(Weqs — Wege)sin(as + ag + 2a;)

—2(Wg13 — Wsqa)sin(as — ag)sin(2ay) + (Wsq7 — Wyig)cos2as],

Ty14(s, X, A7) = 2[(Wer7 — Werg)sinZas + 2(Weqs — Wepg)sin(as — ag)cos2ay

+2(We5 — Wey)sin(ag + ag)cos2a,; — 2(Wyq3 — Wiqy)sin(as — ag)sin2a;

—2(Ws15 — Wsse)sin(as + ag)sin2ay],
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Ty23(&s, X6, A7) = 2[(Wegs — Wese,)sinZag — 2(Wei3 — Weqg)sin(as — ag)cos2a;
+2(Wei5 — Wegg)sin(as + ag)cos2a, — 2(Wyq3 — Wiq4)sin(as — ag)sin2a;
+2(Wy15 — Wyq6)sin(as + ag)sin2a,],

Ty24(&s, Ao, A7) = 2[(Wer7 — Werg)sinZas + (Wezs — Wege)sinZag + (W7 — Wigg)sin2as
—2(Weys — Wega)cos(as — ag)sin(Za;) + 2(Weys — Wege)sin(as + as — 2a;)
—2(Ws13 — Wsra)sin(as — ae)sin(2a;) + (Wszs — Wize)sinZae],

Ty34(@s, Ao, A7) = 2[(Wer7 — Werg)sinZas — (Wezs — Wege)sinZag + (W7 — Wigg)sin2as
+2(Werz = Weag)sin(as — ag — 2a7) — 2(Wegs — Wege)sin(as + ag)cos(2a;)
—2(Ws1s — Wsge)sin(as + ae)sin(2a;) + (Wszs — Wize)sin2ae].
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