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Abstract. This paper presents an analytical approach to investigate the free vibration of simply
supported bridge with cracks under arbitrary number of vehicles. Calculation methods for natural
frequencies and mode shapes are proposed based on Euler-Bernoulli beam theory, transfer matrix
method and numerical assembly method. The vehicle is modeled as a half-car planar model.
Equations of motion and displacement functions for bridge and vehicle are derived, respectively.
The undermined coefficient matrices for wheels, vehicles and boundary conditions are obtained
based on equilibrium and continuity conditions. Numerical assembly technique is adopted to
construct the overall matrix of coefficients for bridge-vehicle vibration system. And natural
frequencies and corresponding mode shapes are determined based on iterative method and overall
matrix solution. Numerical simulation is presented to verify the effectiveness of the proposed
method. The results reveal that solutions of the proposed method have favorable reliability.
Natural frequencies and associate modal shapes of simply supported multi-girder bridge under the
effects of crack and vehicle are investigated. The influences of crack and vehicle parameters on
dynamic characteristics are also demonstrated. Meanwhile, a practical simply supported
box-girder bridge model is analyzed by the proposed method and an effective crack identification
algorithm is proposed.

Keywords: simply supported bridge, free vibration, crack, vehicle, transfer matrix method.
1. Introduction

Vibration characteristics of bridge structures under the effects of vehicles have been an
interesting topic. Kim [1] investigated the effect of vehicle on variation of dynamic characteristics
through traffic-induced vibration tests on three bridges and found that the vehicle could cause the
changes of dynamic characteristics. Besides, cracks often appear in bridges under the effects of
external loads and environmental factors, which will lead to the variations of dynamic
characteristics [2]. Therefore, investigation on dynamic characteristics of cracked bridge
considering bridge-vehicle interaction is important for health monitoring and condition
assessment of bridge structures.

Dimarogonas [3] proposed a state of review on the dynamics of cracked structures. Many
works in this fields deal with the cracked beam subjected to various boundary conditions. In some
papers, the beam was subdivided into several parts and separated by cracks, which were simulated
by massless rotational springs [4, 5]. The cracks lead to energy release and additional deformation
of beam. Based on the simulation of crack using massless rotational spring, many methods
including energy approach, transfer matrix method, etc. were proposed. The methods with
exponentially decaying crack disturbance functions were proposed to develop vibration equations
for continuous models [6-8]. The exponential function was firstly presented by Christides and Barr
to model the stress-strain variation around the crack zone for one or more pairs of symmetric
cracks [6].

Saavedra and Cuitino [9] proposed a modeling method for multi-beams systems containing a
transverse crack. The flexibility matrix of cracked element given by strain energy density function
is directly added to that of corresponding intact element to obtain the total flexibility matrix.
However, results of this method are not quite accurate. Transfer matrix method is an efficient tool
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for free vibration analysis of beams with cracks. This method was firstly introduced by Pestel and
Leckie [10]. Modified transfer matrix methods are also developed to investigate the dynamic
behaviors of beams with various attachments. Ostachowicz et al. [11] presented the relationships
of parameters (deformations, moments, slope, etc.) at the position of cracks. Four integration
constants of eigenfunctions between adjacent sub-beams can be determined. Lin et al. [12] studied
the vibrations of a beam with arbitrary number of cracks using transfer matrix methods. An
analytical form of eigenvalue problem was introduced. However, the effect of vehicle has not been
taken into account in most of the studies for cracked structure.

Vibration analysis of a beam-like structure subjected to moving loads has been a subject of
interest in many fields [13, 14]. Bridges are generally modeled as elastic beams, while the models
for vehicles can be divided into three categories [15]: the so-called moving load [16, 17], moving
mass [18, 19] and moving sprung-mass models [20, 21]. Esmailzadeh et al. [22] studied the
dynamic interaction between high-speed train and simply supported girders based on rigid-body
dynamics theory, finite element analysis and wheel-rail displacement corresponding assumption.
Song et al. [23] proposed a novel finite element model for simulating the interactions between
high-speed train and bridge. Vehicle model devised for high-speed train is employed, which has
an articulated bogie system. Nasrellah et al. [24] presented a strategy for structural system
identification considering bridge-vehicle interaction by particle filtering algorithms, which can
take into account measurement noise, guideway unevenness and incomplete information. Zhang
et al. [25] proposed an inter-system iteration method for dynamic analysis of coupled
bridge-vehicle system, which can avoid the interaction within time-step and improve computation
efficiency. Yang et al. [26] investigated the vertical responses of bridge and moving vehicle using
modal superposition, and corresponding closed-form solutions were determined.

From above literature review, one can obtain that most of the researches on vibration analysis
of bridge considering bridge-vehicle interaction are focused on dynamic response. Little attention
is paid on free vibration characteristics, which are important for health monitoring of bridge. And
most of the objects in these researches are undamaged beams, damage of beam is needed to be
considered in practical studies. Bilello et al. [27] modeled the damage of beam through rotational
springs and carried out theoretical and experimental studies on the response of damaged
Euler-Bernoulli beam traversed by a moving mass. Lin and Chang [28] obtained an analytical
solution of forced response for a cantilever beam with a crack subjected to a concentrated moving
load by using equivalent rotational spring model, transfer matrix method and modal series
expansion technique. Yoon and Son [29] investigated the effects of open crack and the moving
mass on dynamic behavior of simply supported pipe conveying fluid. However, previous studies
still have certain insufficiencies. Vehicle models are relatively simple and could not reflect their
vibration characteristics. Therefore, free vibration analysis of simply supported cracked bridges
considering bridge-vehicle interaction need to be investigated.

In this paper, free vibration characteristics of cracked bridge considering bridge-vehicle
interaction were investigated. Corresponding calculation method is proposed based on
Euler-Bernoulli beam theory, transfer matrix method and numerical assembly method. Numerical
simulations for simply supported bridges under the effects of crack and bridge are used to verify
the reliability and accuracy of the proposed method. Changes of natural frequencies and modal
shapes are used to demonstrate the influences of crack and vehicle parameters on simply supported
bridge. Moreover, a practical simply supported box-girder bridge model is also analyzed using the
proposed method and an algorithm is proposed for crack identification.

2. Theoretical background
2.1. Simplified models for bridge and vehicle

Short-to medium-span bridges are the most widely used types for simply supported bridge in
structural design. They can be divided into two categories as integral bridge and multi-girder
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bridge according to the composition forms of girders. For integral bridge, there is only one piece
of girder. Its characteristics of cross section are determined by this girder. For multi-girder one,
some horizontal connections between girders are adopted to bear loads as shown in Fig. 1. Its
characteristics of cross section are determined comprehensively by the girders.

horizontal connection

=T

Fig. 1. Sketch for cross section of multi-girder bridge

Assuming each girder in multi-girder bridge possesses the same geometry dimensions, and
also the same crack position and depth. Multi-girder bridge can be simplified as integral one for
vertical vibration analysis. Equivalent principles are listed as follows:

(a) Height of simplified integral bridge is equal to that of multi-girder one.

(b) Moment of inertia of simplified integral bridge is the sum of values for all girders in
multi-girder bridge. It can be expressed as

n
I = Z I;, 1)
i=1
where I is the moment of inertia of simplified integral bridge, /; is the moment of inertia for ith
girder of multi-girder bridge.

(c) Mass per unit length of simplified integral bridge is the sum of values for all girders in
multi-girder bridge. It is calculated by:

m= i m;, (@)
i=1

where m is mass per unit length of simplified integral bridge, m; is mass per unit length for ith
girder of multi-girder bridge.

(d) The position and depth of cracks for simplified integral bridge are the same with
multi-girder bridge.

Based on above calculation, dynamic analysis of a multi-girder bridge can be simplified as
corresponding integral one.

There are several vehicle models, which possesses two degrees of freedom, four degrees of
freedom and six degrees of freedom, respectively. In this study, a half-car planar model with four
degrees of freedom is adopted.

2.2. Equation of motion and displacement function

Simply supported bridge with n cracks and under s vehicles is shown in Fig. 2. A half-car
planar model is used to simulate the moving vehicle,and 1, 2,...,p — 1, p, p + 1, ..., s are vehicle
numbers. As shown in Fig. 2, this bridge is divided into (2s + 1) sections by vehicles, which can
be expressed by by, Ry, by, Ry, ..., Ry_1, by, Ry, bpi1.Rp 41, ..., Rs, bsyq. In each section, there
are some cracks and crack numbers are 7, s, m,..., f, g, k,..., i, j. mb, I} and (mf,, m},) are
sprung mass, rotatory mass and wheel mass for the pth vehicle, respectively; kfl and k?z are
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suspension spring constants; k!, and k?, are tyre stiffness coefficients; a” is distance between
the left and right wheels of the pth vehicle.
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Fig. 2. Simply supported bridge with cracks and under multiple vehicles
2.2.1. Equation of motion and displacement function for bridge
Taking section b,, for example, corresponding equation of motion and displacement function

are established. Section by, is divided into (e + 1) parts by e cracks, which can be denoted by 1,

2,...,e,e+ 1, and lll,p, llzJp,..., lz:l are the lengths of small parts (shown in Fig. 3).

P 1;p P r
Sia s2a

w0
» K= h= )
,V’l mi | ye
ko= k‘f:f
T B W B AR B VAR T RN . s |
AN X 2' e 'qﬂ.,eﬁl Tevof 1 «on g T Tx
%—‘—flbp R [bp e J—pr
b Pl by Ry by bs+1
(S T
B

Fig. 3. Sketch for division of sections by,, R, and by,

Assuming & = x — (2} 1+ 3! l,i,p); for the section b, 0 < & < lZp. Equation of motion

for section bg can be established based on Euler-Bernoulli beam theory, which is given by:

€D N mazy(s‘, D_,

3
Ox* Jt? ’ )

where E1 is flexural rigidity. E is Young’s modulus of bridge, I is moment of inertia, m is mass
per unit length. y (¢, t) is vertical deflection of section bg at position ¢ and time t.

Assuming the whole vibrating system shown in Fig. 2 performs harmonic free vibration at
equilibrium position, it has:

y(E,t) = ¢§p(€) - et @)

where w is angular frequency for bridge-vehicle system, qbgp (£) is corresponding vibration mode
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function for section by!.
The substitution of Eq. (4) into Eq. (3) obtains:

45y = 29 o q q q
(j)bp & = Abpsmﬁf + Bbpcosﬁf + Cbpsmhﬁf + Dbpcoshﬁf, 5)
where A , B} , C/! , D} are undetermined coefficients for section by, and f* = w*m/EI.
p’> “bp’ “bp’ Tbp

2.2.2. Equation of motion and displacement function for vehicle

Equations of motion for wheel masses m?l and mfz of the pth vehicle are given by:
{m?13’t1 + kpl(ytl ) + k¢ (ytl vy + Sfapgp) =0, (6)
meye + ko, (V6 +¥3) + kG, (v, — vy — sja?6?) = 0.

The force balance equations for the pth vehicle body (sprung mass, rotatory mass) are given
by:
{mgyf + kb () —vh - Sfa”ﬂ”) + ki, () — ¥, +s7a”67) =0, @)
1707 — sPaPk? (y? — yh — sPaPoP) + sYaPkl, (y) — yE, + sy aPoP) = 0.

The equilibrium equations of motion for the pth vehicle is composed of Egs. (6-7). ¥, ¥, are
deformations for wheel masses m?, and m?z, respectively; yg’ is deformation for sprung mass; 87
is rotation angle for vehicle body; yf, yf are deformations at positions x? and x;’ of bridge,

respectively.
Because the whole vibrating system performs harmonic free vibration, it can obtain:

vh =Yh e,
Ve =Yh e,
yg — pr . eJot,
gr = gr .ejwt,

®)

where Yg, Ytg, Yg’ and O? are the amplitudes of yg, ytpz, ylf’ and 6P respectively. They are
undetermined coefficients for amplitudes.

3. Equations of undetermined coefficients
3.1. Equations of bridge sections

Taking section b,, for example (shown in Fig. 3), continuity of deformations and equilibrium
of moments and forces are satisfied at the right end of qth part and left end of (q + 1)th part at the
qth crack of section b,,. It has:

(98, (8,) = 45,7,
ot (1) = o7+ (0), ©)
¢"'q (lq ) _ "'q+1(0)

The slope has a jump at the crack location:
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oo — gy (1) = 05 o (1), (10)
67 = 5.346hf (cgp /h). (11)

ng is called the flexibility function for open crack. For a rectangular-sectional beam,
f (cgp /h) could be expressed as [30]:

flef /h) = 1.862(cf /h)? = 3.95(ci /h)* +16.375(c] /h)* — 37.226(cf /h)°
+76.81(c] /h)® = 126(c] /h) +172(c] /h)® — 143.97(c] /h)° + 66.56(c; /h)™

in which h is height of cross-section for bridge at crack position, cgp is depth of the gqth crack in

the section by,.

The Eq. (10) can also be applicable for other sections, such as box-girder, circular-sectional
beam, etc. Corresponding flexibility function in Eq. (11) varies according to the type of
cross-section. In this paper, a numerical example of box-girder is shown in Section 5.3.

The substitutions of Eq. (5) into Egs. (9-10) obtain:

ng+1 + Dg:l = Agpsinﬁlgp + ngcos[?lgp + Cgpsinhﬁlgp + Dgpcoshﬁlqp,
AP+ €yt =6y B(=Ay sinBly — By cosply +Cy sinhBly + Dyl coshply )
q q _ pdginppd q q q q
+ (4] cospll — Bj sinli +CJ coshply +DJ sinhpIf ), (12)
+1 +1 : .
—ng + Dgp = —Azpsmﬁlgp - ngcosﬁlgp + Cgpsmhﬁlgp + Dgpcoshﬁlqp,
A+ ca+ _ _ 4a q q o4 q q q g q
Ay, TGy, Abpcos,[?lbp + Bbpsm,[i’lbp + Cbpcosh,[?lbp + Dbpsmh,[?l o
or:
+1 +1
zZ, Uy, =17, Uy, (13)
where:
a _(49 pBI ¢4 piyT a+1 _ [4a+1  pa+l -+l o+l T (14)
pr _{ by by by bp} ’ pr _{ by by by by } ’
0 1 01
g¢+1_|1 0 1 0
Z =lo -1 0 1| (15)
-1 0 1 0
[ t 2 3 4 ]
—p1 — q q q
20 = ltz Op,fts —(ts + 6, Bta) s+ 0, Bty ts+6, Bty b (16)
P | —4 ) i3 ty |
_tz tl t4 t3
and

ty =sinfly, t;=cosply, ts=sinhBly, t,=coshply .
Eq. (13) can be changed into:
+1 +17-
Uy, =2y, 172,05, = Ty, Up (17)
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where Tgp is transfer matrix for undetermined coefficients at the right end of gth part and left end
of (q + 1)th part for section by,:

ta1 t22 oz Toa
Tgp (18)

where:

— a _1oq o o — _aipd _Loa q
ty = cosﬁlbp - EGbpﬁsmﬁlbp,tlz = —smﬁlbp - Eebpﬂcosﬁl p,
Loa oo q 1 q q
ti3 = Epr,Bsthlbp,tM = Eﬁbpﬂcoshﬂl o
ty = sinﬁlgp, ty, = cosﬁlgp, ty3 =0, tyy=0,

1 4. . .4 1 4 q
t3 = —EeprSIHBl »’ t3; = _Eebpﬁcosﬁl p’

coshpl} +19q BsinhBl}l ,  ts, = sinhpBl} +19q BcoshpBl}
bp © 2 7bp by’ 734 bp ' 2 "bp p’

t4_1 = 0, t42 = 0, t43 = Sinhﬁlzp, t4_4 = COShBlgp.

The transfer relationship from the st part to (e + 1)th part in section b, can be given by:

Ug;;l = Tng;fI;l Tngng},p. (19)
Assuming:
Ty, = T, T5 * T Tj . (20)

Eq. (19) can be expressed by:
Ut = T, U, 1)

where Ty, is transfer matrix for undetermined coefficients of section by, If section b, has no crack,

division is not necessary. One group of underdetermined coefficients is able to represent the mode
function. In order to obtain the uniform representation of coefficients in each section, Eq. (21) is

also used to represent its coefficient equation even if the section of by, has no crack. Here, Ug;l

has the same meaning with U},p, and Ty, is identity matrix.

3.2. Equations at wheels

As shown in Fig. 3, sections b, R, and b, are divided into (e + 1), (f + 1) and (g + 1)
g+1

parts, respectively. The last parts for by, R, and by, can be denoted by b;”, R£ *1and byiy,

while their lengths are ll";;l, l{;:l lg;rll

and ) qf)},p, ¢11?p and ¢},p+ , are used to represent the mode

. . 1 f+1 g+1
functions of the first part for sections b,, R, and b, . q,'),ﬁ; s ¢R,, and (,bprr1 are used to

represent the mode functions of the last part for sections by, R, and by.1.
Continuity of deformations and equilibrium of moments and forces are satisfied at the position
of left wheel of the pth vehicle (x}), it has:
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o5 (15") = 84, (0),
re+1( ) W e+l — ¢ (0)

22
He+1 (le+1) 111(0) ( )
EIq,')'”e“ (1541) — w?mP, Y5 + kb, (V5 = Y + sPaPBP) — Elgy (0) = 0.
The substitution of Eq. (5) into Eq. (22), it has:
B, + Dg, = Ae“smﬁl"”r1 By lcospIprt + Ce“smhﬁl by + DpytcoshpIHt,
Ak, + Ci, = Ajr cosplirt + Be“smﬁl“”rl + Ce“coshﬁleJr1 Di*'sinhBIgt + WLe“,
—Bg, + Di, = —Ae“smlb’l‘”'1 Be“cos,b’l erl 4 Ce“smhﬁl erl 4 De”cosh[)’le“, (23)
l—A}ep +Cg, = ( Ae“cos[)’l st + Byt isinglp 41 + Ce“coshﬁl 521+ Dpt'sinhBIgth)
[w?ml, YE — kP (Y] Y,f’ + sk a’[’él”)]/EIﬁ3 ,

where Ae’r1 B{;’Jr1 Cs, ¢+1 and D‘Pr1 are undetermined coefficients for the last part ((e + 1)th part)
of sect10n b, , Whlle AR , BR s C,% and D,% are coefficients for the first part of R,
WLe+1 — 9§+1ﬁ( Ae+151n[>’le+1 e+1COSﬁle+1 + Ce+151nhﬁlg+1 + De+1COShﬁl§;—1).

Eq. (23) can be represented by matrix form, it is:

U€+1
[HPL]{UP'} = [HY" HB* HE']{ Uk, » =0, (24)
Uy
here:
sinfl5+* cosply+? sinhfl5+* coshpl5+*
(7] = cosplyst + Wy, —sinBlirt + Wy, coshplpr* + W, sinhplprt +w,, 5)
! —sinplg? —cosplj? sinhfl5+* coshplp:t |
—E1ﬂ3cosﬁl§;1 Elﬁ351n[>’le+1 E1ﬁ3coshﬁle+1 E1ﬁ3smhﬁl§:1
0 -1 0 —1 0 0 0 0
-1 0 -1 0 0 0 0 0
pL pL] —
B B =l o 1 o 0 0 0 o | (26)
EIB® 0 —EIB® 0 —-w?ml +kl, 0 —kP, sPaPkl

{Uigl} {Ae+1 Be+1 Ce+1 D§p+1}T'
{U}%p} = {AR BRp CR,, DRP}T,
{U,’,j} = {Yg Y, v ép}T' @7
WL1 = —9{;’+1ﬁsmﬂle+1, W, = —9§+1ﬁcos[>’le+1
=0 +1,8$1nh,8le+1, w,, =6 ”,[i’cosh,[?le”.

When the left wheel is just at the crack position, W}, Z:l, Wy W, W, and W, are not equal

to zero; on the contrary, WLzzl, W, Wy,, W, and W, , are equal to zero.
The substitution of Eq. (21) into Eq. (24), it has:
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Us,
L L L

[HP]{UP'} = [HY"T,, HY" HE']{Uk, =0, (28)
U
T

where {U},p} = {A};p B ép C;}p D;}p} , which is the undetermined coefficient vector for mode

shape of the first part of section b, ; pr is transfer matrix for undetermined coefficients

of section b,,.

At the right wheel of pth vehicle (x5), it can also obtain that:
_ pf+1 s f+1 f+1 f+1
By, + Dp,,, = A, sinfly = + By " cosBly

+C " sinhBUL ™ + D] coshpIL ™,

1 .
Abyer T Coppy = Agzlcosﬁl{;; + B}{;smﬁlgl
+C} " coshBLL ™ + D sinh UL + Wt ',
29
. 1
—Bl}pﬂ + Dl}pﬂ = —Aﬁzlslnﬁlg’l - B,’;; cos,[?l,’;:l
+CJ " sinhBUL ™ + DY coshpIL ™,
1 1 1_. 1 1 1
—Apppr + Copyy = (—A;;;r cosﬁl‘f;;r + Bg: sm[fl{;: + C}{: coshﬁl;::
+D} sinh B — [w?mp,YE — kG, (Y] — Y5 + s7aPoP)|/EI?.
Eq. (29) can be represented by matrix form, it is:
UAS
[HPRI{UPR} = [HP® HER HEF]S uP =0, (30)
Ull’p+1
here:
sinﬁl}’;;rl cos,[?l,’;:l sinh,[?l){;;r1 coshﬁl,’;;rl
f+1 i pif¥L FH1 . fH1
[HpR] B cos,[?lRp + W, smﬁlRp + Wg, coshﬂlRp + Wg, smhﬁlRp + We, 1)
= —einpft1 _ f+1 ; f+1 1|
sm[)’lRp cosﬁlRp smhﬁlRp coshﬁlRp
—E1ﬁ3cosﬂl£:1 E1ﬁ3sinﬁl£;1 EIB3coshﬁl£;1 Elﬁ3sinhﬁl£:1
0 0 0 0 0 -1 0 -1
0 0 0 0 -1 0 -1 0
PR ypR] —
(3" w3l =1, 0 0 0 o 1 o -1f ©2

0 —w?mp,+kb, —ki, —sPaPkl, EIB> 0 —EIB® 0
{U;’;;’l}:{,qﬁ:l B}{:l c}{:l D}{;—l}T' =g ove v ey
(U} = (s Bl Chaw DR
WR£:1 - 9’{:1[; (_Ag;rlsinﬂl’f?:l - Blj;;lcosmlfe:l + Ciglsinhﬁl{e:l +D1{;1coshﬁl1fe:1)' (33)
i = 0] Bt ey =0 sl
Was = 03" BsinhBLe", Wa, =07, BeoshBly".
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When the right wheel is just at the crack position, WR£:1, Wgy> Wg,, Wg, and Wy, are not

equal to zero; on the contrary, Wj £:1, Wg,> Wg,, Wg, and Wy, are equal to zero.
The substitution of Eq. (21) into Eq. (30), it has:

Ui
14

[HPR]{UPR} = [HY"T,, HE® HEF]X U2 =0, (34)
Ufl’p+1

where TRp is transfer matrix for undetermined coefficients of section Ry,.
3.3. Equations from motion of vehicles
The substitutions of Egs. (4-5, 8) into Egs. (6-7), one obtains:
ke (Bll?p + Dl%p) — WM Y + kG YA + k(Y =Yy +s7aP6?) =0,

P (p1 P yp P yp P (yP D _ P.pip) —
ke, (Bb,,+1 + Dl}pﬂ) —wPmpYh + kg, Y5 + ktZ(YtZ —Y, -5 apgp) =0,

(35)
—?mYP + kP (V) — Y] — sPaP@P) + kD, (Y] — Y} + s5aPdP) =0,
—w?IP0P — sPaPkl (Y — Y — sPaPdP) + sy aPkL,(YP — YD + sPaPdP) = 0,
or:
Uk,
[HPV]{UPY} = [HYY WY HEV]{ UD »=0, (36)
Ui
where:
0 kb, 0 Kb,
HpV — 0 0 0 0 , 37
=1 0 o o (37
00 00
[13"]
[_“’sz1 +hkgy + ki 0 —kt sy aPky, ]
| 0 —w?m?, + kL, + k7, —k?, —s; alkg, | (3%)
- l —ky —kt, —w'my + k) + ki, sy aPky, — s aPk{) J’
sPaPk?, —sYaPk?, sYaPk?, — sPaPkl, —w?IP + (aP)?((sD)2kE, + (sP)2kE,
00 00
0 kP, o kP
HPV — a2 az| 39
[ 3 ] 00 00 (39)
00 00
3.4. Equations from boundary conditions
At the left end, displacement and moment are zero, and it has:
1 —
5 (0) =0,
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where qbl%l is mode function for the first part of section b;.
The substitution of Eq. (5) into Eq. (40), one obtains:

B} +D} =0,

b11 b11 (41)
_Bbl + Dbl = 0,
or:
[H,,1{U},} =0, (42)
where:

0O 1 0 1
[H] = [0 -1 0 1]’ (43)
T

{U,}={45, B, G5 Dy} (44)

A}, By, Cy, and Dy, are undetermined coefficients for mode shape of the first part of
section b;.

Section by, 4 is divided into (j + 1) parts, the length for (j + 1)th part is l] 1 .- According to
the boundary condition of right end of bridge, it has:

j+1 ]+1 _
¢bs+1 bs+1) =0, 45
1mj+1 ]+1) =0 ( )
¢bs+1 bst1/ T T
The substitution of Eq. (5) into Eq. (45), one obtains:
A’+1 smBl’+1 + B’T cosﬁll+1 + C;J:rl smhﬁl’Jrl + D’J:r1 coshﬁl{;’:1 =0, (46)
—Af):lslnﬁlf,:l B)*cospl]!! + C)tsinhpl]!! + DJ*  coshpl)!! =0,

where A}"! BJ** ¢J** and DJ*" are undetermined coefficients for mode shape of the (j + 1)th

part of section by, ;.
Eq. (46) is represented by matrix form, it obtains:

[H,]{U)""} = (47

bsy1

where:

o+l j+1 . j+1 j+1
smﬁlbs+1 cosﬁlbs+1 smh,Bleﬂ cosh,Bl

[Hy,] = : : . , (48)
°2 —sin,[?l’Jrl —cos,[?l{,:1 sinh[i’llj):1 cosh[i’l{;:rl1
+1 j+1 ]+1 j+1 j+1
{Ulj’s+1} {Ab S+1 bs+1 Cbs+1 Dbs+1}' (49)
The substitution of Eq. (21) into Eq. (47), one obtains:
[H] [Tbs+1]{Ul%s+1} =0, (50)
T
{Ufl’s+1} {Abs+1 B;s+1 Cl}s+1 Dl}s+1} ’ G

where A}, . Bj ., Cy  and Dj_ are undetermined coefficients for mode shape of the first part
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of section by, q; T, , is transfer matrix for coefficients of section by4.

4. Determination of natural frequencies and modal shapes

For cracked simply supported bridge under s vehicles (shown in Fig. 2), the bridge is divided
into 2s + 1 sections by vehicles, which can be represented by by, Ry, by, R;...Rp_1, by, Ry, b1,
Rp41,-..5 R, bsyq. At one section, undetermined coefficients of mode shape for each part can be
represented by four coefficients of the first part (shown in Eq. (21)). Therefore, there are four
undetermined coefficients for each section. For 2s + 1 sections, there are totally 4 X (2s + 1)
coefficients. Moreover, there are four undetermined coefficients for each vehicle. The whole
system possesses 4 X (25 + 1) + 4 X s = 125 + 4 undetermined coefficients.

There are four equations for undetermined coefficients at the left wheel of vehicle (shown in
Eq. (28)); and four equations for undetermined coefficients at the right wheel of vehicle (shown
in Eq. (34)). Four equations for coefficients can be obtained by equation of motion of vehicle
(shown in Eq. (36)). Therefore, there are totally twelve equations for each vehicle, and 12s
equations for s vehicles. At the left end and right end of bridge, there are two equations for
undetermined coefficients, respectively (shown in Egs. (42, 50)). In general, there are totally
12s + 4 equations for undetermined coefficients. Numerical assembly method is adopted to
obtain the matrix equation of all undetermined coefficients, one has:

[HI{U} =0, (52)
where:
1-4 .. n+1-> n+5-> n+9-> n+13-> .. n'+1-
n+4 n+8 n+12 n+16 n' +4
[Hyy 1 1-2
L L L
[H] = Hf pr Hg Hg m+l-m+4
HY*T,  H®  HEF m+5-m+8 (3)
1 LABI  LAG © (44 m+9-m+12
HoTod my1-m 42

14 n+1-> n+5-> n+9-> n+13-> n'+1->

n+4 n+8 n+12 n+ 16 n'+4 (54)
{U} = {U},l Uz%,, Uzlep Uy U§p+1 Uisﬂ}'
m=12(p—1) + 2,
n=42@-D+@-1)=12(p - 1), 55)

m =12s + 2,
n' =4(2s+s) =12s,

here, p, s are vehicle numbers.

In the process of assembling matrix [H], position for each element can be determined by
identification number shown at the right side and top of matrix shown in Eq. (53). Identification
numbers for undetermined coefficients are shown in Eq. (54).

Non-trivial solution of Eq. (52) requires that:

[H| = 0. (56)

Half-interval method is used to determine the natural frequencies w; (i = 1, 2, ...) of cracked
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simply supported bridge under multiple vehicles. For each order of natural frequency, it satisfies
Eq. (56). Mode shapes can be obtained by substituting natural frequencies w; (i =1, 2, ...) into
Eq. (5). The detailed process for determining lowest natural frequencies is as follows: Firstly, an
initial value of frequency coefficient w, is assumed, the values of coefficient matrix |H|
corresponding to w, are obtained and the values of |H| are calculated, D, = |Hwa|. Then a new
value w, = w, + Aw with Aw (e.g. Aw = 0.5) representing the increment of w is assumed, and
the same calculations are repeated to determine the new value of determinant corresponding to
Wy, Dy = |Hwb | If D, and D, have opposite signs, there is at least one frequency coefficient in
the interval [w,, wy]; if D, and D, have the same sign, let w, = w,, it needs to continue the above
procedure until D, and D, have opposite signs. For the next step, let w, = (v, + wp)/2, if D,
and D, have the same sign, let w, = w,; if D, and D, have opposite signs, w, = w,, a new
interval [w,, wy] is obtained. The same calculations are repeated to determine the new interval
[wg, wp] until the rank of matrix |H| is equal to ¢ — 1. The accurate values of w are obtained
respectively using the half-interval method. The substitution of the obtained frequency w into Eq.
(5) will determine the corresponding mode shape of the bridge.

5. Numerical simulation and discussions
5.1. Reliability of the proposed method
5.1.1. Cracked simply supported beam without vehicle

In order to illustrate the proposed method, numerical example will show how to determine the
natural frequencies of a simply supported beam with uniform cross-section and with cracks.

Structural parameters [31]: length L = 800 mm, width = 10 mm, height = 60 mm, Young’s
modulus E = 2.0x10"! Pa, mass density p = 7.8x10° kg/m’.

The first two order natural frequencies are obtained through the proposed method in this paper.
Corresponding reduction coefficient 7 is calculated by Eq. (57), which can be used to demonstrate
the effect of crack on natural frequencies of simply supported beam without vehicle:

n=_" (57)

where w.; and w; are the jth natural frequency of the cracked and un-cracked beams, respectively,
n; is the reduction coefficient of the jth natural frequency.

In this paper, four different crack depths (¢ = 10, 15, 20 and 25 mm) at four different locations
(x; = 100, 200, 300 and 400 mm, x; is the distance between crack location and the left end of the
beam) are investigated. Corresponding 7, and 1), are calculated and shown in Fig. 4. The results
obtained by Liang et al. [31] are also presented in Fig. 4, which are denoted by “-”.

1

095

=095 o é
= . \ - "
0.9 Teele =10 ) \ J c=
0.925 N T =15
=15 \ _, c=15
------- =20 _
08 . . . L e c=25 0.9
0 100 200 300 100 0 100 200 300 400
X1 (mm) X1 (mm)
a) Reduction coefficient for 1st b) Reduction coefficient for 2nd
natural frequency (7;) natural frequency (17,)

Fig. 4. Crack-induced eigen-frequency changes for various crack locations and depths

3620 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2016, VOL. 18, ISSUE 6. ISSN 1392-8716



2148. FREE VIBRATION ANALYSIS OF A CRACKED SIMPLY SUPPORTED BRIDGE CONSIDERING BRIDGE-VEHICLE INTERACTION.
GUOJIN TAN, WENSHENG WANG, YUBO JIAO

As can be seen from Fig. 4, n; and 1, decrease with the increasing of crack width for simply
supported beam with the same crack location. It indicates that the bigger the crack depth is, the
greater the frequency reduction is. As for the effect of crack location, n; and 1, present different
variations. For 1, the minimum value is at the mid-span (x; = 400 mm) for simply supported
beam with the same crack depth. For 7,, the minimum value is at the 1/4 span (x; = 200 mm).
The phenomena coincide with the change rules for 1st and 2nd mode shapes. The results are
consistent with those obtained by Liang et al. [31], which can validate the effectiveness of the
proposed method for dynamic analysis of simply supported cracked beam without vehicle.

5.1.2. Intact simply supported beam with vehicle

Two numerical examples are used to verify the accuracy of proposed method for simply
supported beam with vehicles through the comparison of results calculated by proposed method

and FEM (shown in Fig. 5).

| |
e 7.9 | 42 \ 7.9 o

20

a) Case 1: Simply supported beam with single vehicle

¥ 53

1 1
33 J,4-2J, 5 kL4_2k‘ 33 7
20

b) Case 2: Simply supported beam with two vehicles
Fig. 5. Simply supported beam with vehicle (unit: m)

For finite element model, the beam is divided into 40 beam elements with length 0.5 m and
each element has two nodes, in which each node has rotational and vertical displacements. The
mass matrix M and stiffness matrix K of beam elements are formed using Lagrange interpolation
function, and equation of vibration is derived as follows:

Mbq + Kbq = q)TFb, (58)

where M, = ®TM®, K, = ®TK®,  is the 2nd order derivation of modal coordinates for beam,
@ is the first nth order mode shape matrix of free vibration for beam, F;, is the beam-vehicle
interaction force:

o=l )

here, H is the location matrix of external force point; P; and P, are the forces of front and back
wheel on the beam, respectively.

Eq. (59) is substituted into Eq. (58). Equation of beam-vehicle system can be obtained
combining with Egs. (6-7), which is shown as follows [32]:

M, O q} Ky Kpy]
0 Mv] {ﬁb lkr, k,[TO (60)
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where M,, and K,, are the mass and stiffness matrices of vehicle, respectively. K;,, is coupling
stiffness matrix of the beam-vehicle interaction system. Based on the finite element program
constructed using MATLAB, modal properties of beam-vehicle system can be obtained by solving
Eq. (60).

For the parameters of vehicle model, wheel masses m;; = m;, = 1500 kg, sprung mass
m, = 1.77x10* kg, rotatory mass [, = 2.4x10° kg'm? suspension spring constants
ke = ke = 3.0x10° N/m, tire stiffness coefficients k,; = kg, = 4.4x10° N/m, wheel distance
a =4.2mand s; = s, = 0.5. The parameters of the beam are: length L = 20 m, moment of inertia
I =0.0647 m*, Young’s modulus E = 3.0x10'° Pa, mass per unit length m = 948 kg.

The first three natural frequencies for cases 1 and 2 are calculated by the proposed method and
FEM, respectively. The results are listed in Tables 1-2.

Table 1. Calculation results of natural frequencies for case 1

Methods Ist 2nd 3rd
Present (rad/s) 38.4155 | 142.7383 | 318.2813
FEM (rad/s) 38.3898 142.6731 317.6233

Relative error (%) 0.0671 0.0457 0.2067

Table 2. Calculation results of natural frequencies for case 2

Methods 1st 2nd 3rd
Present (rad/s) 38.8867 | 1459531 | 319.2813
FEM (rad/s) 38.8237 | 145.9751 318.8869

Relative error (%) 0.1619 -0.0150 0.1235

As can be seen from the calculation results, relative errors for the first three natural frequencies
for cases 1 and 2 are lower than 0.21 %. It reveals that the proposed method possesses favorable
accuracy for vibration analysis of simply supported beams with vehicle.

5.2. Numerical simulation for simply supported multi-girder bridge
5.2.1. Simply supported bridge model

A simply supported bridge with uniform cross-section and 30 m span is adopted for numerical
simulation and the bridge is composed of 4 girders (shown in Fig. 6(a)). According to the
equivalent principle listed in section 2.1, cross section for this model can be simplified as a
rectangular with width 0.8 m, height 1.5 m (shown in Fig. 6(b)). Elastic modulus is 3x10'° Pa,

material density is 2500 kg/m®. The first three natural frequencies are calculated by the proposed
method and listed in Table 3.

L L 18 ., 18 18
r 1 T I 1
[ 7] 7] E 7]
VEL U QL U QL U VE‘L U
— — — =
02 0.2 02 0.2

a) Sketch of cross section for simply supported bridge

1.5

30

\ |

| -

! | =

0.8
b) Simply supported bridge model and cross section

Fig. 6. Simply supported bridge for numerical simulation (unit: m)
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Table 3. Natural frequencies for simply supported bridge without vehicle
W Ist 2nd 3rd
Frequencies (rad/s) | 16.4493 | 65.7974 | 148.0441

5.2.2. Cracked simply supported bridge without vehicle

Cracked simply supported bridge without vehicle is shown in Fig. 7. Its cross section is
consistent with Fig. 6(b) and crack locations are 2, 4, ..., 28 m from the left end of bridge,
respectively. In order to demonstrate the effects of crack depth, crack position and crack number
on natural frequencies of cracked simply supported bridge without vehicle, change ratio of natural
frequencies considering cracks (Aw,) is used, which can be calculated by:

We —

Wo
Aw, = —x 100 %, (61)
Wo

where w. and w, are natural frequencies calculated by the proposed method for cracked and intact
simply supported bridge without vehicle, respectively.

| eee | 1 1 ] | cee |
14)Y12) @ OMmae6 (13)(15);;
30m

Fig. 7. Cracked simply supported bridge without vehicle

In order to demonstrate the effect of crack depth, the case of crack at position (1) (mid-span)
with ratio of crack depth (c) to cross section height (h) (c/h) varying from 10 % to 70 % (shown
in Fig. 7) is adopted. The first three natural frequencies of bridge are calculated by the proposed
method. Corresponding results are shown in Fig. 8.

In order to demonstrate the effect of crack position, the cases of crack with c/h = 15 % located
at2m,4 m, ..., 26 m, 28 m from the left end of the bridge are used, respectively. Corresponding
results are shown in Fig. 9.

As for the effect of crack number, c/h = 15 %, number of crack is 1 to 15, respectively. The
results are shown in Fig. 10.

As can be seen from Fig. 8, Aw, of the first and third frequencies decrease nonlinearly with
the increasing of crack depth. The greater crack depth is, the larger Aw, presents. However, crack
depth has little influence on the second order frequency because crack is located at zero point for
this mode.

In Fig. 9, Aw, is the largest if crack position is closer to the antinodal points of corresponding
mode shape. Meanwhile, when the crack is located at the zero point of a certain mode, Aw, of
corresponding frequencies are close to zero, which indicates that the crack has little influence.

Crack depth (%)

we (%)

Ist-without vehicle ====< 2nd-without vehicle ~— - — - 3rd-without vehicle

Fig. 8. Relationships between Aw, and crack depths for the first three natural frequencies
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y LN
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—e— Ist-without vehicle ------2nd-without vehicle —— ®— - 3rd-without vehicle

Fig. 9. Relationships between Aw, and crack positions for the first three natural frequencies

In Fig. 10, Aw, decreases with the increasing of crack number. It indicates that the variation
in frequency becomes larger as the number of crack increases and the influence of crack number
on frequency is obvious.

Crack numbers

(%)

we

6 F

Fig. 10. Relationships between Aw, and crack numbers for the first natural frequency
5.2.3. Cracked simply supported bridge with one vehicle

Cracked simply supported bridge with one vehicle is shown in Fig. 11, in which cross section
is consistent with Fig. 6(b). For the parameters of vehicle model, wheel masses
my = My, = 1500 kg, sprung mass m, = 1.7735x10* kg, rotatory mass I, = 2.4x10° kg-m?,
suspension spring constants ky = ki = 2.0x10° N/m, tire stiffness coefficients
kg1 = kgp = 1.4x10° N/m, wheel distance a = 4.2 m and s; = s, = 0.5. Crack positions are
shown in Fig. 11, and crack depth is the same, c/h = 30 %. The first three natural frequencies for
intact bridge without vehicle and cracked bridge with vehicle are calculated by the proposed
method and listed in Table 4. Corresponding normalized modal shapes are shown in Fig. 12.

[

| |
A 11 g a2 200 0
30

] -

Fig. 11. Cracked simply supported bridge with single vehicle (unit: m)

As can be seen from Fig. 12, mode shapes of cracked bridge have significant changes at the
crack positions, which is because the slopes of mode shapes at crack positions are discontinuous.
Mode shapes calculated by the proposed method are coincident with the factual data, and it can
be used for damage detection of bridge.
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Table 4. The first three natural frequencies for intact bridge without vehicle
and cracked bridge with vehicle
Case Ist 2nd 3rd
Intact bridge without vehicle (rad/s) 16.4493 | 65.7974 | 148.0441
Cracked bridge with vehicle (rad/s) 17.0996 | 62.9297 | 147.7051

10
08
06
0.4
02

0.0
02 2 4 6 8 10 12 14 X6 18 20 22 24 26 28 /30

Length (m)

1st normalized mode shape

—— Cracked bridge with vehicle 0.4

-0.6

°
=
2nd normalized mode shape

, Cracked bridge with vehicle
------- Intact bridge without vehicle

00 Length (m) 0.8 [ = Intact bridge without vehicle

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 -1.0

a) 1st normalized mode shape b) 2nd normalized mode shape

08
2 06

Length (m)

2 4 6 8 1 12 14 16 18 J20 22 24 26 28 30

Cracked bridge with vehicle

------- Intact bridge without vehicle

¢) 3rd normalized mode shape
Fig. 12. The first three normalized mode shapes (a: crack position)

5.2.4. Simply supported bridge with one vehicle at different positions

Different vehicle parameters are determined and listed in Table 5. For these vehicles, each has
four freedoms. Therefore, four natural frequencies (w2, w?2,, w3, and w,) can be calculated for
each vehicle model. Calculation results of natural frequencies for vehicles are listed in Table 6.

Table 5. Four different vehicle parameters

; Myy (M) mp Iy ke (ke2) | kar (Kaz) a
Vehicle parameters (ke) (ke) | (keg'm?) (N/m) (N/m) (m) 51 (S2)
Vehicle 1 1500 17735 | 2.4x10% | 2x10° 1.4x10° | 4.2 0.5
Vehicle 2 1500 17735 | 2.4x10° 1x109 0.6x10° | 4.2 0.5
Vehicle 3 1500 17735 | 2.4x10° | 0.2x10° 0.3x10% | 4.2 0.5
Vehicle 4 1500 17735 | 2.4x10° | 0.1x10° 0.4x10° | 4.2 0.5
Table 6. First four natural frequencies of vehicle models
~ W | Wp | Wp | Wy
Vehicle parameters (rad’s) | (rad/s) | (radls) | (radis)
Vehicle 1 5.48 9.50 | 47.83 | 48.32
Vehicle 2 3.70 642 | 32.79 | 33.06
Vehicle 3 2.08 3.57 18.44 | 18.83
Vehicle 4 1.68 2.85 18.58 | 19.24

As for bridge model, it is consistent with Fig. 6(b) (shown in Fig. 13). The first natural
frequencies are calculated by the proposed method for cases that the centerline of vehicle moves
from support A to B (shown in Fig. 13). Change ratio of the first natural frequency considering
vehicle (Awy) is used to demonstrate the effect of vehicle, which can be calculated by:

1 1

wy — W
Awl = % x 100 %, (62)

0
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where w; is the first natural frequency of simply supported bridge with one vehicle calculated by
the proposed method, w} is the first natural frequency of intact bridge without vehicle calculated
by the proposed method.

Results of Aw? for vehicle moving from A to B are shown in Fig. 14.

centerline

L

% —m= change direction of vehicle position
i

% 30m i

§0>>

Fig. 13. Simply supported bridge under one vehicle

Wy (%)

Vehicle centerline's position (m)

vehiclel ~——-vehicle2 ----- vehicle3 ~—-—-vehicle 4

Fig. 14. Relationship between Aw} and position of vehicle centerline

As can be seen from Fig. 14, Aw} > 0, when vehicle 1 or 2 is used. It indicates that the first
natural frequency of simply supported bridge under vehicle 1 or 2 is higher than that without
vehicle. However, Aw} < 0, when vehicle 3 or 4 is adopted. For all vehicle parameters,
w} = 16.4493 rad/s, which is between w2, and w3,. When parameters of vehicle 1 or 2 is adopted,
(w§ — w3,) < (w3, — w}); while (w} — w2,) > (w3, — w}) for vehicle 3 or 4. Based on above
analysis, one conclusion can be obtained for assessing relative size of wg and w}. The closest
vehicle frequency (w/,) with w} should be determined firstly. Then, w, and w} are compared. If
wl, > 0§, oy < wd; if wh, < Wy, v > w§. Other cases are also simulated to verify above
results and that is effective. Moreover, the influence of vehicle on natural frequency decreases
with the increasing of distance between the vehicle centerline and mid-span.

5.2.5. Cracked simply supported bridge with one vehicle at different positions

Model for cracked simply supported bridge with one vehicle at different positions is shown in
Fig. 15. The first natural frequencies are calculated for cracked simply supported bridge with one
vehicle in which the crack is located at mid-span and centerline of vehicle moves from A to B. In
order to demonstrate the effect of bridge-vehicle interaction, change ratio of natural frequency
considering crack and vehicle (Aw?,) is calculated by:

1 1
Awl, = % x 100%, (63)
0

where w}, is the first natural frequency of cracked simply supported bridge with one vehicle
calculated by the proposed method.

In this paper, vehicle 1 and vehicle 3 (as listed in Table 6) are used, while crack depths (c/h)
are 0 %, 15 %, 20 %, 25 %. Awl, for 8 cases are calculated and shown in Fig. 16.
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In Fig. 16, coupled effects of vehicle and crack are presented for Aw}, of simply supported
bridge. Increasing of crack depth leads to the reduction of Aw}, regardless of vehicle 1 or 3. If
vehicle 3 is used, Aw! < 0, Aw} < 0 and Aw}, < 0. If vehicle 1 is adopted, Aw! < 0, Awl > 0
and Aw}, (> or <) 0. As can be seen from Fig. 16, there are specific points for Aw}, = 0 when
crack depth c¢/h = 15 %, 20 % and 25 %, respectively. Therefore, vehicle effect must be
considered for crack identification of bridge.

In order to demonstrate the effect of vehicle on crack identification, change ratio of the first
natural frequency (Aw?) for simply supported bridge under vehicle 1 at mid-span, under vehicle
1 and with crack depth ¢/h = 15 % at mid-span, only with crack depth c/h = 15 % at mid-span
are calculated by the proposed method, respectively. Corresponding results are shown in Fig. 17.

As shown in Fig. 17, difference of Aw? caused by (1) and (2) ((1)-(2)) is equal to that of 15 %
crack depth without vehicle. Therefore, bridge-vehicle vibration system can be considered as a
linear one, and crack-induced Aw?! is comparable for bridge identification under the same
parameters of vehicle.

centerline

—= change direction of vehicle position

I B
it

S
¥

30m

Fig. 15. Simply supported bridge with crack and vehicle

vehicle 1 (No damage)
------- vehicle 1 (15% crack depth)
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— — —vehicle 1 (25% crack depth)
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---%---vehicle 3 (15% crack depth)

—— vehicle 3 (20% crack depth)

-6 ot <0/ ol
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Fig. 16. Aw}, under different vehicle parameters and crack depths
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Fig. 17. Change ratio of the first natural frequency due to bridge-vehicle interaction.
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5.3. Numerical simulation for simply supported box-girder bridge
5.3.1. Simply supported box-girder bridge model

In order to verify the applicability of proposed method in integral bridge, a practical simply
supported box-girder bridge is used for discussion. Geometrical parameters for this bridge are
(shown in Fig. 18): L =30 m, by =65 m, by =75 m hy =15 m,t =0.18 m, s = 0.20 m,
e = 0.08 m, and c denotes the penetration depth of a sectional crack. The material parameters are:
E =3x10'"Pa, p = 2500 kg/m?>. The first three natural frequencies are calculated by the proposed
method and listed in Table 7.

b1 !

| | E4;_ B B 7 G 1‘a =
j;; ;.:i% 7 EF 7 (o] FS::I:
| 30m ‘ o

a) T b) 1
Fig. 18. Simply supported box-girder bridge: a) longitudinal section; b) cross section

Table 7. Natural frequencies for simply supported box-girder bridge without vehicle
Wg Ist 2nd 3rd
Frequencies (rad/s) | 23.5925 | 94.3699 | 212.3323

The local flexibility 6 due to a sectional crack can be calculated according to reference [33].
For a shallow open crack, the penetration depth ‘c’ is contained within the bottom solid-sectional
region [0 < ¢ < s]:

6mr,hy €/ho
= . 64
f [rb—(rb—zm(l—zmjo xFdx (64

3 )

For a deeper open crack, depth ‘¢’ goes into the middle hollow-sectional region

[s<c<(hy—9):

67‘[}10 Ts C/hO
0 = g [rbfo xF?%dx + Zrtf szdx], (65)

[y — (np — 2r) (1 — 215
where r, = by/hqy , 1 = t/hg, 1. = s/hy, and F is a function of the relative depth x:

2/mxtanmx/2[0.923 4+ 0.199(1 — sinmx/2)*] (66)

cosmx /2

Substituting the local flexibility coefficient ‘0’ into Eq. (10), transfer matrix can be calculated
by the proposed method in this paper. Therefore, natural frequency and modal shape can be further
obtained.

5.3.2. Cracked simply supported box-girder bridge without vehicle

Cases of various crack depths, positions and numbers are studied. Changes of crack depths,
positions and numbers are the same as Section 5.2.2 and the results of Aw, are shown in
Figs. 19-21.

As can be seen from Figs. 19-21, relationships between Aw. and crack depths, positions,
numbers are similar with the conclusions obtained in Section 5.2.2. It reveals that the proposed
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method is general for different bridge type. For Aw, in Fig. 19, mutation point can be found due

to crack going into the middle hollow-sectional region.

Crack depth (%)

I

e (%)
/

Ist-without vehicle ====< 2nd-without vehicle ~—-— - 3rd-without vehicle

Fig. 19. Relationship between Aw, and crack depth for box-girder bridge

Crack position (m)

"\. T = T T 7Y T T T
Joy 2 AR s, 0% 2
N/ U

.
AN SN
.-

—e— Ist-without vehicle ---®--- 2nd-without vehicle ~— #— - 3rd-without vehicle

Fig. 20. Relationship between Aw, and crack position for box-girder bridge

Crack numbers

-10 L

Fig. 21. Relationship between Aw, and crack numbers for box-girder bridge

5.3.3. Cracked simply supported box-girder bridge with one vehicle

The parameters of vehicle are the same with Section 5.1.2. The depths of cracks are 30 %.
Layouts of vehicle and cracks are shown in Figs. 22-23. The first three natural frequencies
calculated by the proposed method are listed in Table 8, and normalized modal shapes are shown

in Fig. 24.
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Table 8. Natural frequencies for box-

girder bridge with and without vehicle

w (rad/s) Ist 2nd 3rd
Intact bridge without vehicle | 23.5925 | 94.3699 | 212.3323
Cracked bridge without vehicle | 22.9241 | 92.1462 | 211.9678
Intact bridge with vehicle 24.4643 | 94.4995 | 212.4756
Cracked bridge with vehicle | 23.8520 | 92.2852 | 212.0898
-
i 12.9 aa | 129 Z
30

11

10

i

Case 5

------- Intact bridge without vehicle

Length (m)

0 2 4 6

a) 1st normalized mode shape

8 10 12 14 16 18 20 22 24 26 28 30

10 ¢
08 t
06
04 t
02 t
0.0

02 ¢
04 |
06 F
08 }
a0 L

2nd normalized mode shape

6 18 20 22 24 26 28 /30

b) 2nd normalized mode shape

Case 5

Intact bridge without vehicle

16

22 24 26 28

0

¢) 3rd normalized mode shape
Fig. 24. The first three order normalized mode shapes (a: crack position)

Length (m)

) Length (m)

As shown in Fig. 24, the variation laws of normalized mode shapes are similar to that in
Section 5.2.3 and there are also significant changes at crack positions.

5.3.4. Diagnosis of crack for a cracked simply supported box-girder with one vehicle

As discussed above, presence of cracks changes the characteristic equation and has influences
on mode shapes and natural frequencies of the beam. In an inverse problem, crack positions and
depths are unknown parameters, however, natural frequencies and mode shapes of damaged beam
could be obtained through various testing techniques, and the 1st natural frequency and
corresponding normalized mode shape can easily be determined experimentally. Because no
experiment is carried out in this paper, a numerical example shown in Fig. 25 is used to identify

3630
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the crack positions and depths. The 1st natural frequency ‘w,’ and corresponding normalized
mode shape ‘D’ in Section 5.3.3 are adopted as input data for crack identification. wippye = w4,
Dinput = D1 (1 + ao X randn). randn is the random generator function in MATLAB with a
zero mean and a standard deviation of o, « is error lever.

According to the matrix equation of all undetermined coefficients in Eq. (53),p = s =1, one
can obtain the assembly matrix [H] with dimension of 16x16. The undetermined coefficients
correspond to bi, R;, b} and vehicle, respectively. Finally, there are 16 equations and 16
undetermined coefficients. Assuming crack positions and depths are known and A},l is a constant
‘c’, other undetermined coefficients could be solved by using any other fifteen equations. The
undetermined coefficients of b? and b2 are obtained by Eq. (21), the substitution of the
undetermined coefficients and ‘Wjpnpy;” into Eq. (5) will determine the normalized mode shape of
the bridge ‘d’. The iterative algorithm is used to obtain the crack positions and depths by
comparing normalized ‘Dj,,,;” and ‘d’, and calculation process for this algorithm is as follows.

S S S

B! B R b b
Fig. 25. Simply supported box-girder bridge with vehicle and double cracks

(a) Assume initial values of crack positions ‘X’ and depths ‘@’, which is a column vector with
two elements respectively;

(b) According t0 ‘@ippy’s ‘X° and ‘@°, the normalized mode shape ‘d’ can be obtained,
Ad = Djppye — d, note that all normalized mode shapes ‘Djypy,:” and ‘d’ are consist of g fixed
position points;

(c) Sensitivity matrix [S] can be calculated by Perturbation method [34]:

od, ad, ad, ad;
ox, 0x, 08, 00,
od, ad, ad, ad,
[S]=|ox, ox, a6, a6,} (67)

od, od, od, od,
l0x, 0Jx, 00, 0d0,]

where:

ad; _ di(winput'xl +£,X,,0,,0;) — di(winput:XDXZt 0,,0,)

0x, £ ’

ad; _ d; (Winpue X1, X2 + €,01,0;) — d;(Winput, X1,X2,01,07)

0x, £ ’

ad; _ di(winputtxlﬂxb 0, +¢0,)— di(winput'xlixb 0,,0,)

00, £ ’

Zgi _ d; (Winpue» X1,X2, 04,0, + 52 = d; (Winpuer X1, X2, 04, 92)’ el <1, i=12..q.
2

(d) Solve the residuals Ax and AB:
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{ﬁg} = [S]" - Ad, (68)

where [S]™ is the generalized inverse matrix of [S] using singular value decomposition.
[S] = [U] [g 8] [VI", [U] and [V] are unitary matrices, £ = diag(oy, 0y, *,0,), 0; is

singular value of [S], o; > 0, r = rank([S]). So [S]* = [V] [Z; 8] [U]".

(e) Update the crack parameters:
Xnew = Xold TP - A%, Opey, =040 +p - AH, (69)

where p is an underrelaxation parameter and can be used to avoid overshoots and increase
reliability of the algorithm in early steps of iterations.

(f) Iterate the procedures (b)-(e) until the residuals of Ax and A@ become sufficiently small and
satisfactorily.

The actual and predicted crack parameters calculated from the proposed identification
algorithm are listed in Table 9.

Table 9. Crack identification of a simply supported bridge with vehicle and double cracks

a Crack parameters | Actual | Initial value | Predicted | Relative error (%)
i 11.00 9.00 10.967 20.30
Crack position (m) =555 23.00 20.090 0.45
0% . . . .
30.00 20.00 30.117 0.39
0,
Crack depth (%) =507 20.00 29.877 —0.41
N 11.00 9.00 10.769 2.10
Crack position (m) =555 23.00 20.380 1.90
5o, . . . .
30.00 20.00 29.070 3.10
0,
Crack depth (%) - =575 20.00 31.140 3.80
» 11.00 9.00 11.473 43
Crack position (m) =575, 23.00 19.160 42
0% . . . .
30.00 20.00 28.470 5.1
Crack depth (%) - 4759 20.00 28.530 49

From Table 9, the maximum relative error for crack position identification is 0.45 %, and it is
0.41 % for crack depth identification when & = 0 %. Relative error increases with increasing of
a, and it is within 5.5 % for both position and depth identifications when & = 10 %. The results
reveal that the proposed algorithm for crack identification possesses favorable accuracy and
robustness to noise.

6. Conclusions

In this paper, free vibration analysis of cracked simply supported bridge under arbitrary
number of vehicles is presented. The exact solutions for natural frequencies and mode shapes of
cracked bridge considering bridge-vehicle interaction are derived based on Euler-Bernoulli beam
theory and numerical assembly method. Numerical simulation on simply supported bridge is used
to verify its feasibility. Following conclusions can be obtained:

1) The first two natural frequencies of simply supported bridge with different crack depths are
calculated by the proposed method. Reduction coefficients for natural frequencies are consistent
with the present study. The first three natural frequencies of simply supported bridge under one
and two vehicles are analyzed, respectively. The results are in good agreement with FEM. It
reveals that the proposed method possesses favorable reliability.

2) Simply supported multi-girder bridge is adopted and simplified. Change ratio of natural
frequencies considering cracks (Aw,) is presented to investigate the influences of crack depth,
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position and number, respectively. For crack depth, the greater depth is, the larger Aw, presents
for the first and third frequencies. However, it has little influence on the second order frequency.
For crack position, Aw, is the largest if crack position is closer to the antinodal points of
corresponding mode shape. For crack numbers, Aw, decreases with the increasing of crack
number. Moreover, significant changes of modal shapes occur at the crack positions.

3) The influences of vehicle parameters on modal properties are also investigated. For intact
bridge under one vehicle with four different parameters, the first natural frequencies present
different change rules, which are closely associated with vehicles parameters. Corresponding
judgment method is also proposed based on frequencies of vehicle and bridge without vehicle.
Moreover, the influence of vehicle on natural frequency decreases with the increasing of distance
between the vehicle centerline and mid-span. For cracked simply supported bridge with one
vehicle at different positions, coupled effects of vehicle and crack are presented for frequency
changes, and vehicle effect must be considered for crack identification of bridge. Meanwhile,
bridge-vehicle vibration system can be considered as a linear one, and crack-induced frequency
changes are comparable for bridge identification under the same parameters of vehicle.

4) The proposed method is applicable for simply supported box-girder bridge. An effective
approach for crack identification is proposed, which presents favorable accuracy.
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