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unexpectedly at ݁௥ = 1.2×10-5 m. Increasing the error amplitude even further, the amplitude of ௥݂ 
keeps approximately the same magnitude, and the amplitude of ௠݂ increasing gradually. 

 
a) 

 
b) 

Fig. 10. Bifurcation diagram using ݁௥ as control parameter: a) lateral direction, b) torsional direction 

For a better understanding the trend of motion with the error fluctuation, Fig. 10(a) presents 
the bifurcation diagram using the fluctuation ݁௥ as control parameter in lateral direction. As ݁௥ 
increases from 0 to 0.9×10-5 m, the spur gear system presents quasi-periodic motion. However, as ݁௥  is increased from 1.05×10-5m to 1.8×10-5 m, the spur gear system exhibits chaotic motion 
through quasi-periodic motion, which is mainly due to the effect of the backlash. Finally, as the 
fluctuation ݁௥  is further increased, i.e., ݁௥ > 1.95×10-5 m, the chaotic motion is replaced by 
quasi-periodic motion. 

In torsional direction, the effect of the parameter ݁௥ is illustrated in the bifurcation diagram as 
shown in Fig. 10(b). It can be observed that the gear system exhibits quasi-periodic motion at low 
values of the fluctuation, i.e., ݁௥ < 0.9×10-5 m and then the chaotic motion can be found as the 
fluctuation is increased over ݁௥ = 1.05×10-5 m. At higher values of the fluctuation, i.e.,  ݁௥ > 1.95×10-5 m, the dynamic behaviors of spur gear show quasi-periodic motion. 

 
a) ݁௥ = 0 b) ݁௥ = 1.05×10-5 m c) ݁௥ = 1.8×10-5 m 

 
d) ݁௥ = 5.1×10-5 m 

Fig. 11. Tooth impact of the spur gear system with changing ݁௥ 

From the results, under different error fluctuation ݁௥  conditions, as show in Fig. 11, the 
dynamic responses show that no tooth impact, single-sided tooth impact and double-sided tooth 
impact are demonstrated in the spur gear. There is obviously no tooth impact at lower fluctuation 
values. As ݁௥  increases to 1.05×10-5 m, this type of characteristic indicates the effect of 
transmission error fluctuation causing single-sided tooth impact. The tooth impact continues as 
the fluctuation increases until double-sided tooth impact begins to show up. When ݁௥ increases to 
5.1×10-5 m, the double-sided tooth impact behavior remains dominant response. These results 
implicate that the fluctuation of the transmission error ݁௥  tends to worse the degree of the 
nonlinearity. 
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4. Conclusions 

The proposed 4-DOF generalized lumped parameter model is established by considering the 
more realistic situation with backlash, gravity, eccentricity, transmission error and lateral-torsional 
coupling. Therefore, the model in this paper can produce a more accurate dynamic response than 
does the previous models. The influences of rotational speed, backlash and error amplitude on the 
dynamic responses are analyzed. The results of this paper are concluded as follows: 

1) The rotational speed ߱ is a key parameters affecting the dynamic characteristics of the 
coupled lateral-torsional spur gear. The amplitude of ௥݂ reaches higher levels closing to natural 
frequency and the spur gear system undergoes a loss a stability with the increasing rotational speed. 
In addition, the no tooth impact, single-sided tooth impact, double-sided tooth impact of the 
coupled lateral-torsional spur gear can be obviously observed in the corresponding 3-D frequency 
spectrum and bifurcation diagram.  

2) Due to exist backlash, the coupled system presents strong nonlinear characteristics. With 
the increasing of backlash, it can be found that the meshing frequency amplitude increases firstly 
and then decreases with jump phenomena. The nonlinear dynamical behaviors are corresponding 
with no tooth impact, single-sided tooth impact, and double-sided tooth impact. Whereas the 
increase backlash could no longer control the nonlinear dynamical vibration of the spur gear. The 
error fluctuant amplitude has significant effect on the nonlinear dynamic behaviors and the 
increases of the error fluctuant amplitude could reinforce the nonlinear vibration of the spur gear 
system.  

3) Furthermore, the results also show that designing a spur gear system to operate at high 
rotational speed, a large backlash and a large error fluctuant amplitude should be avoided 
especially when the rotational speed is close to the system’s natural frequencies. Therefore, the 
conclusion of this paper can confirm the importance of taking the nonlinear factors effect into 
account when predicting the dynamical behaviors of the practical spur gear system. 
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