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Abstract. Rolling mill is the core equipment in modern iron and steel industry, and the reliability
of its mill roll system (MRS) is the key to ensure the rolling process with high precision, high
speed, continuity and stability. However, the MRS possesses some features such as high
nonlinearity, time variability and strong coupling. The vertical vibration easily happens in its
working process. Nevertheless, the mathematical model of MRS is difficult to be established and
hard to be solved. In this paper, the nonlinear dynamics theory and modern signal processing
method were introduced to solve this difficult problem. A two degree of freedom (DOF) nonlinear
vertical vibration model of MRS was established. And the model was analytically solved by using
complexification averaging (CA) method. The solution error of CA method was thoroughly
analyzed. Moreover, the CA method was improved by combining the fast empirical mode
decomposition (FEMD) method. Research results indicate that the improved CA method presents
a significant advantage in improving the solution precision, and can be used to solve strong
nonlinear vibration system (NVS) with two DOF.

Keywords: mill roll system, nonlinear vibration, complexification averaging, fast empirical mode
decomposition.

1. Introduction

Rolling is a metal forming process in which a metal strip is laminated through a pair of rolls.
In modern iron and steel industry, rolling mill is the core equipment in rolling process. And the
operational reliability of MRS is the key to guarantee the rolling process with high precision, high
speed, continuity and stability [1]. In steady rolling process, the force balance relation will be
destroyed when MRS is disturbed by interference force, and the vertical vibration will be produced
[2, 3]. The vertical vibration of MRS has a significant effect on rolling precision and product
quality. So, the vertical vibration of MRS is worthy of attention. In addition, MRS is a complex
dynamics system composed of many parts. It possesses some special characteristics such as high
nonlinearity, time-variability and strong coupling. Hence, it is difficult to precisely establish a
mathematical model [4]. At present, the nonlinear factors are not taken into consideration in most
of modeling, or linearized by the small deviation theory. The linearized model is frequently used
to replace the actual nonlinear system [5, 6]. In sometimes, however, it will cause a large error if
some small nonlinear factors are ignored in the actual calculation and analysis. With the
development of nonlinear science, researchers pay high attention to nonlinear factors, and begin
to explore in this field [7, 8]. Therefore, it is worth further research about introducing the nonlinear
dynamics theory and method for the modeling of MRS.

The traditional quantitative analysis methods for nonlinear system mainly include
Lindstedt-Poincaré method [9], multi-scale method [10], average method [11] and KBM method
[12]. The common point of these methods is to treat the nonlinear factors as a small perturbation
attached to linear system [13]. These traditional analysis methods require that the nonlinear terms
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must be very small. They only apply to solve the weak NVS [14,15]. In 1999, the
complex-variable quantization thought was applied to nonlinear coupling vibration by
Manevitch L. I. [16]. And a method named complexification averaging (CA) was proposed, which
was gradually evolved into a kind of analytical method for NVS. The CA method is not limited to
weak NVS. It not only can be utilized to solve the system with strong nonlinear terms, but also
can be used to solve the system with multiple degree of freedom (MDOF) [17]. However, the CA
method still has some errors when it is used to solve the strong NVS with MDOF. Therefore, the
solution accuracy still needs to be further improved.

In recent years, an adaptive signal processing method named empirical mode decomposition
(EMD) was proposed by professor Huang etc. [18]. The method changed the helpless predicament
for dealing with nonlinear and non-stationary signal. It can decompose the non-stationary signal
into a set of steady data series. So, it has aroused great attention in the international academic
circles. Since EMD was put forward, it has been applied to many researches such as physics [19],
biomedicine [20], machinery fault diagnosis [21], image analysis [22], pattern recognition [23]
and so on. A series of valuable research results were obtained. However, in the process of
researches, it was found that although EMD was very suitable for processing non-stationary signal,
the mode mixing phenomenon exists [24]. In order to overcome the defects of EMD, a novel
method called fast empirical mode decomposition (FEMD) was put forward by professor Wang
etc. [25]. And it was proved that FEMD could significantly improve computation speed and
effectively restrain mode mixing.

In this work, we attempt to utilize the nonlinear dynamics theory and modern signal processing
method to explore the analytical solution for nonlinear vertical vibration model of MRS. In
Section 2, the nonlinear vertical vibration model of MRS is established. In Section 3, the model is
analytically solved by CA method. In Section 4, in order to improve the solution accuracy, an
improved CA method is proposed by combining FEMD method, so that the improved CA method
can be used to solve strong NVS. Finally, some conclusions are provided in Section 5.

2. Nonlinear vertical vibration model of mill roll system

MRS is a distributed mass system with MDOF. So, the analysis for the system are very
complicated. At present, in order to facilitate the analysis, MRS is mainly divided into two load
models: the lumped load model with single DOF and the distributed load model with MDOF.
Moreover, researches show that the performance of the asymmetric distribution model with two
DOF more correspond with the actual working condition [26, 27].

In this paper, the four rollers mill is employed as a research object, and the distributed mass
model with two DOF is adopted as foundation. Then, the upper backup roll and work roll are seen
as a mass system, and the lower backup roll and work roll are served as another mass system.
Moreover, the nonlinear elastic force and nonlinear damping force are considered. The structural
form of Duffing oscillator and Van der pol oscillator are respectively defined as the nonlinear
stiffness term and nonlinear damping term [28, 29]. Furthermore, a nonlinear vertical vibration
model of MRS is established, as shown in Fig. 1.

The dynamic equilibrium equation of MRS at vertical vibration can be expressed by:

My + ey + e’y + kiy + k3y? + e (v = 2) + ki (v — 2) = 0, (M
mzz + CzZ + C4ZZZ + kzZ + k423 - Clz(y - Z) - k]_z(y - Z) = 0; (2)

where m; and m, are the equivalent quality of moving parts of the upper roll system (URS) and
lower roll system (LRS); ¢; and c, are the linear damping coefficient (DC) of moving parts of the
URS and LRS; ¢5 and c, are the nonlinear DC; k; and k, are the linear stiffness coefficient (SC)
between the frame beam and the moving parts of URS or LRS; k3 and k, are the nonlinear SC;
1, 1s the DC between work roll and rolled piece; k;, is the SC between work roll and rolled piece;
y and z are the vibration displacement of the URS and LRS.
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Fig. 1. Structure of four rollers mill and its nonlinear mechanics model
3. Solve the model of mill roll system based on CA method
3.1. Basic principle of CA method

In 1999, a pair of conjugate complex variables and some slow-varying parameters were
introduced to solve vibration equation by Manevitch L. I. Therefrom, the CA method was
gradually evolved into a kind of analytical method for NVS [16]. The basic steps of CA method
are as follows [17]:

(1) Complexification of the nonlinear vibration equation;

(2) Partition the vibration equation into fast and slow components;

(3) Eliminate the fast-varying components by removing secular terms;

(4) Extract the slow-varying components as the approximate solution of system equation.

3.2. Solve the nonlinear model by using CA method

(1) Complexification of the nonlinear vibration equation.
Suppose the vertical vibration responses of MRS are:

y(©) =y, (8) +y2(1),  z(t) = z,(t) + z,(0). (©)
Four complex variables are introduced as:
Y1 =y Hiwys, Yo =Y, Hiwyy,, Y3 =21 Hiwizi, Yy = Z; + w2y, “)

where w; and w, are the natural angular frequencies of system response.
Then, a complex change is performed to the vibration responses y(t) and z(t), there are:

Y=Y Y- ity Y+
- . + . ) y - + )
2iwq 2iw, 2 2 (5)
. + Y3 . + 3
5= b0, 2 Vi i, Y2t
_Ws—Ys WYa—n . Wsty3 Yatiy
- . + . ’ zZ = + ’
2iw, 2iw, 2 2 (6)
s Ysty Pty
Z=1Y3— lw1T+¢4 - lsz.
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where * denotes conjugation.
The Egs. (5) and (6) are substituted into Egs. (1) and (2), there are:

+C3<”"z;£” "";-;2"5) (“’13 At g, (Bt b )

* * * * * (7)
R s Y+ Y+ YUl Y+
+k3(¢2iw1¢* ¢2lw2¢> ;Clzgp* le +¢* 2 2 2 )
+k12( 1'_ 1+ 2' 2_ 3'_ 3_ 4-'_ 4)20'
2iw 2iw 2iw 2iw
. $3+¢3 L wf PN el
m2<1p3—uu +1[)4 > >+cz( > + > )
Y3 — Y3 1/)4 Y 1113+1/J§ Yy + Py Y3 —P3 1P4 Y
+C4( 20, | 2Ziw, ) ( 2 T2 )+k2< 20, | 2iw, ) ®
Vs — 5 Y —Pi\° Y +Y; Yot YstHYs Y+ Yy
+k4( Zio, | Ziw, ) _C“( 2 T2 T 2 T 2 )
SO P 7 e
2\ 2iw, 2iw, 2iw, 2iw, )

(2) Partition the vibration equation into fast and slow components.
The complex variable y(t) is decomposed into two parts: @ (t) represents the slow-varying
component and e'®* represents the fast-varying component:

Y, (t) = ‘Pl(t)ei.wlt’ Y,(t) = ‘Pz(ﬂ?iwﬁ, )
P3(t) = @3(0)e'rt, P, (t) = pa(t)e' 2",

The Eq. (9) is substituted into Eqs. (7) and (8), after being further trimmed, there are:

my [<¢1 + —iwl(pl) elwtt — to9i eTiwrt 4 <<,b2 + _iw2<p2) elwat — tw203 g lwat
2 2 2 2
& iwqt QD_I —iwqt & iwyt <p_£ —im2t>
+c1(ze +ze +2e +Ze

(pleimlt _ (pie_imlt (pzei(uzt _ (p;e—imzt 2
+c3 - + -
2iw, 2iw,

<(pleiw1t + (pie—l'w1t + (pzeiwzt + q);e_iwzt)
X

2 2
+k1< elwlt_ (PI e—iw1t+ ?2 eiwzt_ 90; e—iw2t> (10)
2iwq 2iwq 2iw, 2iw,
el(ult _ *e—i(ult eia)zt _ *e—imzt 3
s P1 : P1 _I_(Pz : P2
2iw, 2iw,

+ey, [((Pl ; (P3) plot | <(P1 - ‘Ps) oot 4 (‘Pz - (P4) plwat 4 <(P2 - (P4) e—iwzf]

thyy [(w <pg) iyt (4)1 - <p3> p-iont 4 (‘Pz - 904> pitoat _ (<p£ - <p2) e—iwzt]
2iw, 2iw,
=0,
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iw . iw sz _, lw . iw,pp .
m, [(¢3+ 1(p3)elw1t+ ;¢3e—lw1t+(¢4+ ;¢4> elwat 4 2¢4e—lw2t

2 2
+C2 <¢;3 ela)lt +%e—iw1t +%eiw2t +%e—iw2t)
. <(p3ei(u1t _ ¢§e—iw1t N §04€iw2t _ goj{e‘i“’zt)z
4 . B
2iw, 2iw,
y <(p3eim1t + ¢§e—im1t N (p4eia)2t + (pze—im2t>
2 2
+k, ( plwit _ Ps3 e-lwit 4 P4 plwzt _ P4 e—iwzt)
2iwq 2iwq 2iw, 2iw,

(p3el(u1t _ ¢§e—iw1t §04€iw2t _ q)ze—iwzt 3
+k, - + -
2iw, 2iw,

_ (pl 4)3 lwt <¢1 (p3) —lOJt' (Pz §04 la)t (472 (p‘l—) —iw t]
612[(2)1 2 1(2)2 2 )¢

=0.

~P3\ iwgt 01— Q3
) i, 2iw,

03— @,

—iwqt +
)e ( 2iw,

i [ 2= Pypiunt — ($2—Thy ity

2 Za)

(3) Eliminate the fast-varying components by removing secular terms.

an

The fast-varying components are eliminated by removing the secular terms e®1 and e!®2t,

The coefficients of ei®1t

e B85
PSS S Do
o B i
e 7 e g L e BN 7 R
my (@3 + 1<p3) + Zq; +Cy (|<P83£12§03 |<P:(|j22<l)3>
R N e T
2 2
my (¢4 + 2904)"‘ 2%"‘ (l‘ﬂgl);‘; |<P43(L12<P4>
T I SRR

(4) Extract the slow-varying components as the approximate solution of system equation.

and e'®2t derived from Eqs. (10) and (11) are set to zero, there are:

The slow-varying components @(t) of the nonlinear equations are expressed in the form of

amplitude a and phase angle 8:

00 = @O0, g,(0) = ay e,
P3() = az(0)e®O, @, (t) = a,(t)e!f+®,

Then, the Eq. (16) is respectively substituted into Eqs. (12)-(15), there are:
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- . wiage a,e'® aje®r  aZa e
my| q,e'* +a0,e"ti+——i |+ ¢ > +c3 +

2 Bw? 4w?
k a et wme™ 3ajeits N 3a3a,e'® e a,e%1 — q,eifs a7
' 20, *\ 8w} 4w, w2 12 2
alelel _ a36193 .
_klz —_— |l = 0,
2w,
i0 i0 3,0 2, ,i6
L . Wpayett? a,e'”2 ase'”2  aja,e'”z
m,(a,e%2 + a,0,e%2i + ————i) + ¢, +c3 —+ >
2 2 8w; 4w;
aeifz 3a3e!®2  3ala,el®2)\ ae'¥z — q,ei0s
S e G P (et (18)
2w, 8wy 4wiw, 2
azelez _ a4eze4 '
_k12 —_— |1l = 0,
2w,
i . .. w1aze™® a,e'?s ael®s aZa,e'fs
my | aze'”3 + az0ze'B3i +———i |+ c;———+ ¢4 + 5
2 2 8w; 4w
L B ase'fs . 3ajeifs N 3aZazei®s a,e'®1 — q,eifs (19)
2w, 8w} 4w, w3 2
K alelel _ a36193 . 0
_— =
12 2w, ’
i s g, | Waase® a,eifs aje®s aZa,eifs
m, | a,et” + a,0,et i + ———i |+ c,—— > 5
2 2 8w; 4wy
asetfs 3aje!%+ 3ala,el®t\ a,et?z — q,eifs
D L i LG L L PR e A 20)
2w, 8w; 4wiw, 2
a,e’?z — q, e\
2w,

The real parts and imaginary parts of Eqgs. (17)-(20) are respectively set to zero. The
mathematical transformation e‘® = cos@ + isin@ is also substituted. Then, the slow-varying
model of the original system can be obtained as:

3 2 .
. a, a; asa a, — az cos(6; — 6;) as sin(6; — 6;)
mya; + ¢ 2 +C3 (8—(012 T%) 12 ) — ki, 20, =0, (21)
3a1 3a2 a3(l)1 Sin(93 - 01)
m1(2w191+w1) k1 _k3 <4 2 +_22>_C12
wi 2w a;
(22)
a, — az cos(6; — 6;)
_klz = 0,
a
3 2 .
a; aia, a, —a, cos(6, —6,) a,sin(6, — 6,)
mlaz + Cl 2 + C3 (@ + m) + C12 2 - klZ sz = 0, (23)
. 3a3 3a? a,w, sin(6, — 6
m1(2w292 + (1)2) k1 k3 <4—22 + 2—12> — (12 42 ( 4 2)
w3 1 az
(24)
a, —a, cos(6, — 6,)
_k12 - O!
a;
3 2 :
a; azag a; —a, cos(6; — 63) a, sin(6; — 05)
S A - =0, (25
m2a3+c22 +C4<8 12+4w22>+c12 > ki, 20, 0, (25
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. 3a2 3a? a;w, sin(6; — 6
m2(2w193+0)%)_k2_k4( 3 4)_6'12 11 (1 3)

2 2
4dwi 2w az

as; —a, cos(6, — 63) (26)
_k12 = ’
as
) a a: aia a, —a,cos(6, —6,) a, sin(6, — 6,)
m2a4 + C2 74 + C4_ <8£§ + 43;)124> + (:12 4 z 2 z 4 - k12 z 20)22 2 = 0, (27)
. 3aZ 3a? a,w, sin(6, — 6,)
m2(2w294+(1)%)_k2_k4 (ré‘}'ﬁ)_clz a4 4
(28)

a, —azcos(6, —0,) 0

—ky,
ay

According to Egs. (21)-(28), the slow-varying amplitude a and slow-varying phase angle
can be acquired. Furthermore, the responses of the original system can be obtained by:

a a
() = y1(t) +y,(t) = w_lsm((lht +6;) + w_ZSin(wzt +6,), (29)
1 2
a a
2(0) = z,(t) + 2,(t) = w—351n(w1t +65) + w—45in(w2t +6,). (30)
1 2

3.3. Numerical experiment of CA method

The numerical experiment is performed by taking the actual structure parameters of a rolling
mill. The parameters are: m; = 150.9x10° kg, m, = 120.7x10° kg, k; = 10.1x10'° N/m,
¢, = 2.6x10° N-s/m, k, = 6.9x10"° N/m, ¢, = 1.5x10° N-s/m, k;, = 5.6x10!° N/m,
€15 =5%10* N-s/m.

The initial vibration displacement is taken as y(0) = 1 mm, z(0) = 0. The initial vibration
velocity is taken as y(0) = 0, Z(0) = 0. The nonlinear stiffness coefficients k5, k, and the
nonlinear damping coefficients c3, ¢, are taken different values. Then, the theoretical solution and
CA analytical solution (CAAS) of Eqgs. (1) and (2) are calculated by using MATLAB, the results
are displayed in Fig. 2.

It can be seen from Fig. 2, for the linear vibration system shown in Fig. 2(a) and the weak NVS
displayed in Fig. 2(b), the CAAS well coincides with the theoretical solution. And, for the strong
NVS represented in Fig. 2(c), the CAAS also shows good agreement with the theoretical solution.
However, as for the strong NVS revealed in Fig. 2(d), because of the nonlinear elastic force ky3,
kz3, and the nonlinear damping force cy?y, cz%Z containing high-order terms, so the nonlinear
factors will have a dominant effect on vibration response. Hence, for the strong NVS which
troubled by dominant nonlinear factors, there is a large error exist.

3.4. Error analysis of CA method

In order to evaluate the calculation accuracy of the CA method, it is necessary to search proper
evaluation indices. Based on the previous study [30], this paper takes the average peak error, the
average maximum relative error and the error of square sum as evaluation indices.

The average peak error presents the correlation degree of waveform maximum range
between the CAAS and the theoretical solution, which is expressed as follows:

l{ max[X(t)] — max[S(t)] min[X(t)] — min[S(t)] |}

Eap = 2 max[S(t)] min[S(t)]

(31)

The average maximum relative error presents the local maximum error of calculation results,
which is represented as follows:
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h']
Q
3

=

max[S(t)]

[max[X(t) — S(t)]| min[X(t) — S(t)]

min[S(t)]

}
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Fig. 2. Comparison between theoretical solution and CA analytical solution

The error of square sum can describe the energy error between the CAAS and the theoretical

solution, which is depicted as follows:
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_ILIXOP - SISO
" LBOP ¢

In Egs. (31)-(33), X(t) denotes the sampling value of CAAS, S(t) is the sampling value
of theoretical solution, and N is the number of the sampling points.

The accuracy of the CAAS displayed in Fig. 2 is evaluated by using the above indices, and the
results are depicted in table 1. Seen from table 1, as for the linear vibration system displayed in
Fig. 2(a) and the weak NVS shown in Fig. 2(b), the CAAS have a high accuracy. Moreover, for
the strong NVS described in Fig. 2(c), the results still have high precision. But for the strong NVS
represented in Fig. 2(d), which troubled by dominant nonlinear factors, a large deviation appears.
Especially, the values of Ej,. and E are large, and they need to be amended.

Table 1. Errors of CAAS
Vibration displacement y | Vibration displacement z

Error value Eap Eqr Egs Eqp Eqr Eqs
(o) | (%) (o) | (%) | (%) (%)
ks =0,k, =0,c3=0,c, =0 1.11 8.39 9.58 | 091 8.36 9.60

ks =0.01ky, ky = 0.01k,,
o =001c,. cr = 0.01c. 0.80 | 826 | 9.66 | 0.86 | 825 | 9.68

k3 =0.1ky, ky = 0.1ky, c3 =0.1¢c1, ¢4 = 0.1c, | 0.22 8.44 10.30 | 1.14 8.62 10.33
ks =k, ky=ky,c3=ci,co=0¢y 0.79 | 35.34 1222 | 497 | 37.02 | 1243

4. Improvement of CA method
4.1. Basic principle of FEMD method

EMD can decompose non-stationary signals into a set of steady data series named intrinsic
mode function (IMF). And IMF components must satisfy the following conditions [18]:

(1) Among the entire data set, the number of extrema and the number of zero-crossings must
be equal or the difference is no more than one.

(2) At any moment, the mean value of the upper envelope formed by the local maxima and the
lower envelope formed by the local minima is zero.

The purpose of the first condition is to remove the superimposed wave. The second condition
changes the traditional global limit into the localized limit so that the waveform can be more
symmetrical. Virtually, EMD is a screening process. Its detailed steps are as follows:

(1) All of the extreme points of the original signal s(t) are confirmed. Then, the upper and
lower envelopes are calculated according to the extreme points. These two envelopes should
envelop all data points.

(2) The mean of the two envelopes is denoted as fi. Ideally, the first IMF component of s(t)
is achieved as follows:

L) =s(t) -4 (34)

(3) If I, (t) does not meet the IMF conditions, it will be viewed as new s(t). And the above
steps (1)-(2) are repeated until I; (t) corresponds with the IMF conditions.

(4) I,(t) is separated from s(t), and the remaining portion is a differential signal 1y (t)
obtained by removing the high-frequency component from s(t). The expression is as follows:

i (t) = s(t) — L (0). (35)

(5) The 1, (t) will be treated as a new input signal s(t). The above steps (1)-(4) are repeated,
and the second IMF component I, (t) can be obtained.
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(6) When the above steps (1)-(5) are repeated, then the functions from I5(t) to I,,(t) can be
gained. This process cannot be stopped until 1, (t) fulfils a given termination condition when 7, (t)
is a monotonic function. Then, the decomposition formula of s(t) can be described as follows:

S = ) O +70), (36)
j=1

among them, I, (t),..., I,(t) are IMF components; 7;,(t) is the residual component.

The above steps indicate that original signal can be decomposed by EMD to finite IMF
components and a residual component. Each IMF component has different frequency-band
features, and the residual component is an average trend of original signal. Meanwhile, the IMFs
depend on the signal itself. Thus, EMD is a self-adaptive method.

The basic idea of FEMD method is [25]: the number of decomposition mode is beforehand
defined; moreover, the data series is divided by partition windows W,,;,; then, each sub-series
thus generated would be sequentially processed by EMD from left to right, as demonstrated in
Fig. 3. To ensure the continuity of the decomposed IMFs, the computation window W4y, is thus
defined by extending W,,;, on both sides with an overlap percentage OP (0 < OP < 1), as
described in Eq. (37). FEMD can preset the number of decomposition mode so that it can improve
the calculation speed and effectively suppress the mode mixing phenomenon:

VVcomp = (1 + 2OP)VVwin- (37)
...... ,k fon - -

datal ! !4— Win —>! |
blocke. [ ] | | | |
T | |
blocky, : |0P|<—: Wi —>|op :
| W ooy '

blocksss : : ||

: | |

| |
Fig. 3. The diagram of FEMD method

4.2. Relation between FEMD and CA

Firstly, the theoretical solutions exhibited in Fig. 2(a) are calculated by fast Fourier transform
(FFT), the results are shown in Fig. 4. The results indicate that the natural frequencies of system
are f; = 126 Hz, f, = 192 Hz, and the corresponding natural angular frequencies are
w1 =2nf; =791.6813 rad/s, w, = 2mf, = 1206.3716 rad/s.

Secondly, the theoretical solutions revealed in Fig. 2(a) are decomposed by FEMD method,
and some IMF components are acquired. Then, the phase information ¢;(t) of each IMF is
obtained by using Hilbert transform method. Furthermore, the instantaneous frequency f;(t) of
each IMF is achieved according to Eq. (38), and the results are displayed in Fig. 5.

1 d¢;(t)

fi(®) ==

38
2m  dt (38)

After calculation, the mean instantaneous frequencies of IMF1, IMF2 decomposed from y are
191.5904 Hz and 125.5786 Hz. The mean instantaneous frequencies of IMF1, IMF2 decomposed
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from z are 191.9599 Hz and 125.6273 Hz. Compared with the natural frequencies obtained by
FFT, the mean instantaneous frequency of IMF1 corresponds to the natural frequency f,, and the
mean instantaneous frequency of IMF2 is corresponding to the natural frequency f;. So, IMF1
and IMF2 are the inherent mode components of system.

0.08 0.08
£ 0.06 £ 0.06
= N
g < 0.04
E 0.04 2 0.
£ £
g 0.02 = 0.02
0 - . 0 - -
0 100 200 300 400 0 100 200 300 400
Frequency f/Hz Frequency f/Hz
a) Vibration displacement y b) Vibration displacement z
Fig. 4. Amplitude spectrum of vibration displacement signal
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a) Vibration displacement y b) Vibration displacement z

Fig. 5. Time-frequency spectrum of vibration displacement signal

In order to further explore the connection between FEMD and CA, the IMF components
acquired by FEMD are compared with the analytical solutions obtained by CA. The results are
represented in Fig. 6 and Fig. 7.

e
n
e
n

o
W

)
4
o

Vibration displacementy1 /mm
(=]

Vibration displacementy2 /mm
(=)

005 01 015 02 005 01 015 02
Time ¢ /s Time ¢ /s

Fig. 6. Comparison between IMF component and CAAS derived from y

It can be seen from Fig. 6 and Fig. 7, the CAAS are consistent with the IMF component. So,
the amplitude and phase of them should have one-to-one relationship. Hence, when deviation
appears in CA method influenced by nonlinear factors, the amplitude and phase of CAAS can be
modified by FEMD method.
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Fig. 7. Comparison between IMF component and CAAS derived from z

The theoretical connection between FEMD method and CA method is further derived. If the
IMF components obtained by FEMD are processed by Hilbert transform, there are:

1r®I
Hiyo] =+ m%m. (39)

Then, the analytic signal of IMF component can be constructed by I;(t) and H [Ij (t)]. Its
expression is as follows:

Z;(t) = [;(©) + iH[[;()] = 4;(t)e'i®, (40)

where amplitude 4;(t) = \/112 (t) + H2[I;(t)], phase ¢;(t) = arctan H[I;(t)]/1;(t).

According to the above analysis, the relationship between the IMF component and the CAAS
can be acquired from Eq. (40), Eq. (29) and Eq. (30). Its expression can be depicted by:

A(D)e® = %sin(wt +0). (41)

Moreover, according to Eq. 410 and mathematical transformation
e®® = cosd(t) + isind(t), the modified expressions of the slow-varying amplitude a and
slow-varying phase angle 8 derived from CAAS can be further obtained. Their expressions can
be given by:

a = wA(t), (42)

0~ ¢p(t) — wt + g (43)

4.3. Correction for CA analytical solution

Based on the above analysis and theoretical derivation, the detailed steps of the correction for
CAAS can be described as follows:

(1) The vibration response of the system is tested to obtain a set of vibration displacement
signals.

(2) The vibration displacement signals are individually processed by FFT to acquire the natural
frequency f and natural angular frequency w.

(3) The vibration displacement signals are also individually decomposed by FEMD to achieve
a number of IMF components.

(4) The instantaneous frequency of each IMF component is computed and further compared
with the natural frequency acquired by FFT. Then, the IMF components which can represent the
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natural frequency of system are selected.

(5) The selected IMF components are processed by Hilbert transform to obtain the
slow-varying amplitude A(t) and slow-varying phase ¢ (t).
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(6) The parameters of the slow-varying amplitude a and slow-varying phase angle 8 are
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corrected by utilizing the modified expressions Egs. (42) and (43). Afterwards, the corrected a, 6
and the natural angular frequency w are substituted into the Eqs. (29) and (30). Then, an accurate
CAAS can be acquired.

By using the above method, the CAAS described in Fig. 2 are modified, and the corrected
results are shown in Fig. 8.

Similarly, the accuracy of the CA corrected solutions depicted in Fig. 8 is evaluated by using
the error indices, and the results are displayed in Table 2.

Table 2. Errors of CA corrected solution
Vibration displacement y Vibration displacement z
Eap (%) | Eqr (%) | Eqs (%) | Eap (%) | Ear (%) | Egs (0)

1.81x1071¢|3.07x10°14|3.61x1071¢| 3.34x1071¢ | 3.20x10°'4|2.91x10°1¢

Error value

k3 =0,k, =0,
c;=0,c, =0
k3 =0.01kq, kg =0.01k,,
c3; =0.01¢cq, ¢, =0.01c,
k3 =0.1kq, ky = 0.1k,
c3 =0.1cq, ¢y =0.1c,
ks =ky, ky = ko,
€3 =C1,C4 = C

0 3.12x10714| 1.98x107% | 6.14x10°17 [ 3.25x10°14{ 2.18x 10713

1.11x10716| 3.14x10°1# | 1.81x10°1¢| 2.50x 1016 | 3.23x10-1#| 2.91x10°1

1.89x1071013.27x10°14| 1.68x1071% | 1.64x1071¢ | 3.43x10°14| 1.51x1071¢

Comparing Table 2 and Table 1, whether for weak NVS or strong NVS, the CA corrected
solutions have high precision. The errors between the theoretical solutions and CA corrected
solutions are small. Especially, as for the strong NVS (k5 = kq, k, = k4, ¢35 = ¢4, ¢4 = ¢;) which
is troubled by dominant nonlinear factors, the errors are significantly reduced. The results indicate
that the CAAS can be effectively corrected by utilizing FEMD method, and the accuracy of the
solution can be significantly improved.

5. Conclusions

On the basis of theoretical research, the nonlinear vertical vibration model of MRS is
established. And the analytical solution of the model is explored. Through theoretical research and
numerical experiment analysis, the following conclusions are obtained:

(1) The CA method has a high accuracy in solving linear vibration system and weak NVS. As
for strong NVS, because of the nonlinear elastic force and the nonlinear damping force containing
high-order terms, the nonlinear factors have a dominant effect on system vibration response. So,
the CAAS will have a large error while system is troubled by dominant nonlinear factors, which
needs to be modified.

(2) The FEMD can decompose non-stationary signals into some IMF components. The
amplitude and phase between CAAS and the selected IMF component have specific relationship.
Hence, when deviation appears in CA method influenced by nonlinear factors, the amplitude and
phase of CAAS can be modified by FEMD method. Results indicate that CAAS can be effectively
corrected by utilizing FEMD method, and the accuracy can be significantly improved. The
improved CA method can be used to solve strong NVS with two DOF.
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