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Abstract. U-shape nanoelectromechanical systems (NEMS) are potential for developing
miniature sensors. While the electro-mechanical performance of conventional beam-type NEMS
has been exclusively addressed in the literature, few works have considered this phenomenon in
U-shaped systems. Herein, the static and dynamic pull-in instability of the U-shaped NEMS is
investigated under the presence of vdW force. Based on the recently developed consistent couple
stress theory (CCST), the size-dependent constitutive equation is derived. Two types of the beam
cross-sections including rectangular and circular geometries are considered. The nonlinear
equations are solved by employing Ray-leigh-Ritz solution method. The developed model is
validated by comparison with the results presented in literature. The effect of various parameters
on the static and dynamic pull-in parameters, phase plans and stability threshold of the system is
discussed. The obtained results reveal that the vdW attraction decreases the pull-in voltage while
the size dependency enhances the instability voltage. On the other hand, the presented model
demonstrates that characteristics of the tip-plate can change the pull-in parameters significantly.

Keywords: U-shaped NEMS, consistent couple stress theory (CCST), vdW attraction,
Rayleigh-Ritz method, dynamic pull-in instability.

1. Introduction

A true understanding of the electromechanical stable behavior of NEMS is crucial for reliable
design, fabrication and operation of these devices. Many investigators have studied the mechanical
characteristics of these miniature structures [1-4]. The pull-in instability of conventional NEMS
with simple beam-type electrode is studied in many articles [4-6]. It can be seen that few articles
analyzed pull-in instability of U-shaped NEMS. In this regard, the present work is devoted to
study of the pull-in behavior of the U-shaped NEMS. The U-shaped NEMS are made of two
parallel cantilever micro/nano-beams with a rigid plate attached to theirs free ends. The U-shaped
MEMS/NEMS are used for developing new generation of miniature sensors, actuators and
switches [7-10]. Qian et al. applied a U-shaped NEMS consist of a capacitive rigid plate supported
by two silicon nanowires. Thay proved repeatable switching behavior and low actuation voltage
for U-shaped NEMS [9]. The U-shaped actuator for capacitive applications with adjustable tuning
range is studied by Yan and coworkers [8]. They showed that U-shaped structures provide
enhanced electrical performance. They showed that the U-shaped structures provide enhanced
electrical performance. Koukharenko et al. applied ANSY'S software and surveyed the mechanical
characteristics of the silicon U-shaped micro-generator [10].

In order to precise modeling of the mentioned nanostructures, incorporation of the nano-scale
phenomena such as van der Waals (vdW) force is crucial. It is well proved that the presence of
vdW force substantially affects the pull-in instability of NEMS at the nano-scale separations.
Many researchers have been demonstrated the impact of vdW force on adhesion and stability
characteristics of ultra-small devices [11-13]. Experiments show a hardening trend in elastic
response of some materials such as conductive metals as the dimensions approaches to the material
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length scale [14, 15]. This size-dependency of material characteristics, i.e. size effect, cannot be
modeled via classic continuum mechanics. In order to overcome this shortcoming, the
non-classical theories such as non-local elasticity [16], couple-stress theory [17], strain gradient
theory [14], modified couple-stress theory [18], consistent couple stress theory (CCST) [19] etc.
have been applied to consider the size effect in theoretical continuum models.

To the best knowledge of the authors, the electromechanical performance of U-shaped
structures in the vdW regime has not been addressed yet. Herein, the effect of vdW force is
incorporated in theoretical modeling of the U-shaped NEMS. Besides the vdW force, the size
effect is another crucial small-scale phenomenon that might affect the performance of NEMS,
hence should be incorporated in theoretical models. The equivalent boundary condition technique
is applied to obtain the governing equation. The size dependency of material is modeled based on
recently developed non-classical theory i.e. CCST in conjunction with the Euler-Bernoulli beam
model. Two different cross sections (i.e. rectangle and circle) are simulated using the proposed
model. The Rayleigh-Ritz method (RRM) is applied to solve the obtained equations.

2. Theory

Figs. 1(a) and 1(b) depict the schematic diagram of typical U-shaped element fabricated from
two cantilever nanobeam or nanowire -depending on the fabrication method- attached to a rigid
plate. The DC voltage difference and initial gap between the U-shaped element and the plane are
V and D, respectively. For beam-made device the length of L, width of h and thickness of t is
considered. For wire-made device the length of L and radius of r is considered. The free-body
diagram of the beam/wire cross-section is shown in Fig. 1(c) that F and M denote the force and
moment at the non-supported end of the nanobeam/wire (x = L), respectively.
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Fig. 1. The schematic representation of a) U-shaped NEMS made of nanobeam, b) U-shaped NEMS made
of nanowire, c) internal resultants in arbitrary cross-section

Based on the CCST, the strain energy (U) can be explained as [19]:

1 L
UB = Ef f(o-ijgij + [.ll]KU)dAdx (l)
0 Ja
The strain tensor (¢;;) and stress tensor (0;;) can explain as:

1
&ij =5 (Wi + w0, (@)
0ij = AemmOi; + 21€;, (3)
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where A and p are the Lame’s constants and u is the displacement field. The curvature tensor (x;;)
and the couple-stress tensor (u;;) are defined as:

1
Kij = Eejklul,ki' “)

Hij = _8lekij' (5)

where | is the material length scale parameter. For an Euler-Bernoulli beam/wire, the
displacement field can be expressed as [20]:

ow(X,t
__wn

u; = 9% u, =0, uz;=wlX1t), (6)

where w is the centerline deflection of the beam/wire in the z direction and u4, u, and u; are the
displacement components in the X, Y and Z directions, respectively. Considering small
deformation, and substituting relations Eq. (6) in Egs. (2-5) one obtains:

10%w(X,t)
Kxy = Kyx = 27 oxz Kxx = Kyy = Kzz = Kyz = Kzy = Kzx = Kxz = 0,
,0%w(X,t)
Pxy = —lyx = 4ul ~oxz Uxx = Hyy = Hzz = Pyz = fzy = Hzx = Uxz =0,
92w(X, ) @
Exx = — “oxz €27 =&y =&y =&z = &5 =0,
2*w(X,t)

oxx = —EZ Oz7 = Oyy = Oxy = Oyz = 0zx = 0.

oxz '’

By substituting Eq. (7) in Eq. (1) after some elaboration and integrating over the beam/wire
volume, the bending strain energy is obtained as the following:

f { 2°w(X,t) (1 2°w(X, t)) 2°w(X, t) ( 10°w(X, t))
4ul? = — 4ul? —=
A

axz \2 ox axz \"2 ox?
w0 (WO 1JL 14ty (2 | ®)
Taxr \TF T axe ~2), HATI\ ax2 '

For each beam/wire element, the work done by external forces, V¢, ,, can be determined as:

L rw
Ve = f f fexedwdX, Q)
0 Yo

where the external forces, f,,;, is the summation of the electrostatic and vdW forces per unit length
of the beam/wire.

Based on capacitive model, the electrical attraction per unit length of the beam, f,,., in the
case of nanobeam is expressed as [21, 22]:

£o& hV? (

D
o (1+0655), (10)

fetec = A

where &y, &, h, D, and V are the permittivity of vacuum, dielectric constant, the beam width, the
gap distance, and applied voltage, respectively. Also, the vdW attraction per unit length of the
beam, f,41, is derived as [23]:
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Hh
foaw = ¢35 (11)

where H, h, and D, are the Hamaker constant, the beam width, and the gap distance, respectively.
Similarly, for the U-shaped element made of nanowire (Fig. (1b)), the electrostatic force terms in
relation Eq. (9) can be determined from the capacitive model as the following [23]:

TEYE, V2

felec = )
l V(D + 2r)(D)arccosh? (1 + g) (12)

where 7 is radius of the nanowire. Also, the vdW attraction between a cylinder and flat plane can
be evaluated as [24]:

H T
foaw = 3 /ﬁ (13)

For the U-shaped system, the stress resultants are induced by the electrostatic and vdW
attractions between the rigid plate and the ground. The work done by the moment traction, V), is
obtained as:

ow(L)

Vy = f Y (W(L),ag)((L)> X d av;)((L)_ (14)
0

The work done by the force traction, Vg, is determined as:

v aw(L)

In Egs. (14) and (15), the force (F) and moment (M) are the summation of the force and
moment due to electrostatic and vdW forces which are calculated by integrating over the rigid
plate area which consided as a typical rigid plate with the length a and width b. The electrostatic
and vdW forces and moments can be determined as:

a gV?2b
j 5 dx
o 2(D —w(L) — xsin(p))
_ &ofy abV?

2 ’
/ w'?(L)
D — W(L) —a 1+W—’2(L) (D - W(L))

F = J ‘ Hb dx (16)
o 61(D —w(L) — xsin(¢))

Hab|2D — 2w(L) — a /#(ZL()L)

12
12| D-w(l) —a f#% (D — w(L))?
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j“ goV2bxcos(gp)dx
elec = 2
o 2(D —w(L) — xsin(p))

/ 1 [(p-ww | w?w \|
14+ w'3(L) a 14+ w'2(L)
() — f w'?(L)
D W(L) a 1+ WIZ(L) W'(L) /

_ goerabV? K In D—w(L) 17 w'2(L)
2 2 2 ’ (17)
_wr@) [, _ | aePw )
T+w2\ P w(l) ’1 Fwi(l)
a Hb
Mygw = d
w fo 67T(D —w(L) — xsin(<p))3 xcos(p)dx

1
He*b [Ty
12
12z D—w(l)—a /% (D — w(L))

It should be noted that half of the forces and momentum resultants should be considered as the
contribution of each wire/beam. The kinetic energy of the beam and tip plate can be expressed as:

1 (L ow (X, )\*
_—fo LP(T> dAdX, (18)
1 (w1 (92w’
TP‘E’””(T) +z“<m>' (15

and finally the virtual work W, performed by damping effects can be expressed as:
L rw
W, = f f caw dwdX, (20)
0 Jo

where c, is the damping coefficient. The total energy of system can be summarized as:

f . f aW(X t)) axdc+ [ Lu, (—aW(L' t)>2dt

o 2 at
+f I RO t) ftlr Xt owX,t) dx dt
27\ axar o Jy V& DT,
ts ?w(X, 0)\°
I 2y~ 7
ft f (EI + 4uAl )( 7 ) dxdt @n

+ft1f f fexe (X, t)deth+ft1fa‘%(§ ( L), i, t)> av(;)((L)d
jt o j v (W(L 0,2 (L )>dW(L,t)dt.
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Now, by substituting Eqs. (10)-(13) and (16)-(20) in Eq. (21) and some mathematical

elaboration the dimensionless total energy can be explained as:
3 X B 1w am 1k ow(1,1)
e G e [ [ eSawana [ () a
2 J; ot

A (EE0Y [ M(ZA)]ZW

[ﬁ [(1—W)\/1+T w2 A,]lnll_
1-w

2

1+ 2w’

jfl jW(l)
to Jo [ 22 (1 P &tw’ )

W —tw
V14 2w'?

An
L4 oW dwdt

2
2 1—@—57—‘”) -
V1+12w? szl

_f:lfolfow( [(1 3+ 065 kw)]+(1_aw)3)dwdxdf

~ & W' BY
ff ( PO )(1—@

1-w——2
V1+12w'?
Etw’ ]
20912
i+l AW’ di.

For nanobeam-made sensor and:

_ 1t aw t voow 1 aw(1 H\°
H:_f f(— dxdt+f ff dwdxdt+—f at
2, Jo \ot 2
+1J-fli aZW(l,f) 2d£+1ff1f1 62,\
2);,, T\ oxot 2Jz, Jo
£ 1

L1 —
t Jo Jo \\/(1 =W)[1 + k(1 — Ww)]arccosh?(1 + 2k(1 — W))

at [2 2w —
+

x=1

(‘F)

1
3kza .
= |dwdxdt

8(1— W)z
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1-wWV1+20? T’
9 z —Ttw'|In|1— =
(1 —W)V1+ 20

S [,BT
£, W)
- -LO jo i 222 (1 - Erw’ )

V1 + 2'?

+ T’

1

aTfd(—=) ]
+ V S}T;if w | dwdi
201 - - =L 21~ W)J
1+ 72w’ 1
ffl f\?vl(l) 519
fo 0 kl—A— i )a_w)
1+ 2w’
9 [2 P 117/ ] ]I
¥ LR N RPN
Etw’ |

For nanobeam-made sensor. In Egs. (22), the dimensionless parameters are defined as:

X w _a D _ pAl?
=p =R fTp T * Eepsl
i_ B | L D

= |pphir” T |pbhEIT P T pbhL® .

HhL* D ab

| 6mE,ID", nanobeam, . o beam, s hL’ beam,

“=1 Hrrt . =\p =\ ab _
Py 1re, - .
3 Eeff D%’ nanowire, o WIre AL wire

3. Solving methods

In this section, the Rayleigh-Ritz method in conjunction with the total energy of the system
(Eq. (22)) are employed to obtain the deflection of the beam/wire. The displacement is expressed
as a combination of a complete set of independent basis functions ¢;(x) in the form of:

P = ) aul) $:00), 4

i=1

where the index i refers to the number of modes included in the simulation. We use the linear
mode shapes of the cantilever nanobeam (based on the classic continuum theory) as basic
functions in the Rayleigh-Ritz procedure:

cosh(w;) — cos(w;)

$:(§) = cosh(w;§) — cos(w;$) — (sinh(w;$) = sin(w;$)), (25)

sinh(w;) — sin(w;)

where w; is the ith root of characteristic equation of the cantilever beams in the classical theory.
For minimize the total energy of the system we must have:
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ol
=0

—=0, i=12,..,N. (26)
0q;

This leads to a system of time-dependent equations which can be solved numerically.
Substituting Egs. (23) and (24) into Eq. (26), assuming the orthogonality of ¢;(x) and then
following some straightforward mathematical operations, a system of governing equations can be
fined as:

N N
Gi + 6q; + [1 + 8lwfq; — Mpg; Z Gib; — Ip; Z Gid;
= =

1 1 k a
— . 0.65 d
fJ”L(‘* [(1_ et 00 (1—27=1q,-¢>j)]+<1— 7=1q,-¢>j>3) *

1=3Y q;¢:(D)Q
Brd [( Zf‘lg’(p’( e _ 21 q;0; (1)]
_ Y9 ) ,
|- ] T )
- &t YN q;9; (1) $i(1)
TZ(Z?]=1 q;¢; (1))? (1 - 9’:1 q;$;(1) - J_T”>
) argoi(1) @7
N oo (1))
20 (1 3N q;¢;(D) - M) 1 -2Y,q;¢;(1)
) B9, (1)
N_1 ' (1
(1 — X q;9;(1) - &Zj_—gj(pj()) (1 =X q;9;(1)
N ’
{ ad [2 _ 22?;1 q]¢](1) — ETZLSM] ]
- (1) =0,
N q.) (DY
2 <1 —X514;4(D - M) (1 -XF.q;0;(D)?
i=12,..,N.
For nanobeam-made sensor and:
Gi +¢q; + [1 + Slwfq; — Mpd)iz G;; — ip¢iz Gjd;
j=1 j=1
1 2k2p
—J- (oh —
0 ((1 -3iq6,W)[1+ k(1 -2}, qj¢>,-(1))]) (28)
arccosh?(1 + 2k(1 — 1q;9;(1))

1
S5kzy

16(1 = X, ;b (1)7

dx
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D)
ﬁw [( = 1q’¢’( D8 a0 (1)] \

¢t Z,-:1 q;j¢’; (1)
k'ln[l_(l‘ 7=1qj¢;(1))ﬂ]+rz 1qj<¢>1(1))

. N 7 $:(1)
14 (1

oz 1q1¢,<1>>2(1 S a8 (1) - M)

arfﬁd) (1)

Q<1 _Zﬁyﬂ Qj¢j(1) - (1 _Zﬂyﬂ de’j(l))
ﬂﬁ¢-(1)

§r Xy 1q1</>,( ))

(1 —2jt1q;9;(D) - 1 -2YV,q;¢;(1)

I( 52— 25 g0 - S22 LA (1)] |
_1 $:i(1) =0,
i |
|2 (1 -2V q;0,(1) - M) -3, Clj¢j(1))2J
i=12,..,N
For nanowire-made sensor. In Eq. (27) we have:
2
N
Q= [1+72 quqb]’.(l) . (29)
j=1

Finally, the MAPLE commercial
software is used to numerically solve the system of equations.

4. Results and discussion

The asymptotic cases (9 — 0) of the U-shaped NEMS are compared with that of conventional
systems (a cantilever nanobeam suspended over a ground plane) studied in Refs. [25, 26]. Fig. 2(a)
shows the variation of the instability voltage of the nanobeam versus the parameter a for the
conventional [25] and the asymptotic U-shaped (9 — 0) systems. Also, Fig. 2(b) shows the
variation of pull-in voltage of the nanowire versus the size effect parameter [26]. As shown, if
Y — 0 the results of the presented model approaches to those of conventional systems.

Furthermore, the accuracy of the present model is examined by comparing the obtained
theoretical results with the experiment and COMSOL simulation reported in the literature [9].
Qian et al. studied the instability voltage of the U-type switches made of silicon-nanobeams with
2 um length and 4 um width supported by two silicon nanobeams with 5 pm length. This U-shaped
structure suspended on top of the substrate with a gap of 145 nm. A comparison between our
model and those of experiments and COMSOL simulation is summarized in table 1. It can be seen
an acceptable agreement between the proposed model and those of experiments and simulation.

Fig. 3 shows the variation of the beam/wire tip displacement (W,;,,) versus the dimensionless
voltage (f) for different values of parameter J. As seen, for any applied voltage, where § < fSp;,
one can find a solution for W;,. On the other hand, when 8 > B, no solution exists for Wy;,,.
This implies the occurrence of the instability and the beam/wire adheres to the fixed plane. At the
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instability threshold, the slope of the curves approaches to infinity (dW;;,/df — o) that implies
the feasibility of further increase in the beam/wire deflection even in the absence of electrical/vdW
force(s). Also, Fig. 3 demonstrates that enhancing the parameter ¥ decreases the maximum tip
displacement (Wy;;,) of the sensors.

Table 1. Pull-in voltage comparison between the proposed solutions
and experimental reports [9]. (E =202 GPa and [ =2 nm)

Case Experiment [9] | COMSOL [9] | RRM
Pull-in voltage (V) 1.12 1.04 1.03
Error (%) - 7.1 8.0
15 =
By " Conventional NEMS 8,k Conventional NEMS
............... U-shaped (9 —0) — — — — U-shaped(9 —0)

0.9~

0.6

1 1 1
0 0.3 0.6 0.9 12 o 05 U 0.25 0.5 0.75 s 1

a) b)
Fig. 2. Comparison between the conventional and the asymptotic U-shaped (9 — 0) systems; a) variation
of the pull-in voltage of nanobeam vs. vdW parameter (D/h = 1.0, and § = 0), b) effect of the size
dependency on the pull-in characteristics of nanowire (D /r = 100, and a = 0)

04 0.5

Wip Wip

04

0.1

e P
coo
V=0

a) Nanobeam b) Nanowire
Fig. 3. The W;;, versus f for various values of 9 (k =0.5,§ =0.2,7 =0.02, « =0.5,Q2 = 0.5,and § =0)

To demonstrate the impact of the rigid plate geometry on the stability of the sensor, the
variation of the instability characteristics as a function of the geometrical parameter 9 for various
vdW parameter («) is plotted in Fig. 4. The dimensionless parameter ¥ represents the ratio
between rigid plate surface area and beams/wires surface area. By increasing 9, the pull-in voltage
(Bp;) and pull-in deflection (Wp;(x = 1)) decrease. This implies that increase in the rigid plate
surface increases the external forces and reduces the stability threshold of the sensor. Furthermore,
the Bp; and Wp;(x = 1) approach to an asymptotic value by decrease in ¥ value. These
asymptotic values equal to Bp; and Wp; (x = 1) of conventional sensor (without rigid plate). Fig. 5
illustrates the impact of the size dependency on the pull-in of the sensor. The zero value of §
corresponds to the classic continuum theory i.e. the beam diameter is highly larger than the
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intrinsic material length scale (1). According to the results of this figure, increase in the size
parameter (§) enhances the instability characteristics of the actuator. Furthermore, this figure
shows that the impact of size phenomenon on the instability of the U-shaped is more pronounced
for higher values of 9 (large rigid plates).

0.6
Wyx=1) a=0
— — — oa=0.1
0.5
L
04 N
-
~L T |
03
0 1 1 1 | 0.2 L L L L
0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
9 9
a) Nanobeam, Bp; b) Nanobeam, Wp;(x = 1)
0.6
B i
6 a=0 o=0
- === 0a=01 Sia = = aa=0:1
5X 05
\
1—5‘
\ 04
-\ \
\ Sie
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Fig. 4. The variation of the pull-in characteristics versus 9 for different values of a
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The dynamic pull-in corresponds to the influence of the beam inertia on the instability
threshold of the system. It is well-known that the dynamic instability threshold is lower than the
static instability threshold due to the presence of the inertia effect. The time history and phase
plane of the U-shaped nanostructures for various applied voltages is shown in Fig. 6. This figure
reveals that maximum amplitude of the beam/wire tip deflection increases by increasing the DC
voltage. When the applied voltage exceeds its critical value, Sp;, then the tip deflection increase
rapidly and instability occurs. Fig. 6 reveals that the phase plane has two fixed points; the stable
center point and the unstable saddle node. The homoclinic orbit originates from the unstable
branch saddle node and returns to it with the stable one. Beyond the unstable saddle node, the
beam/wire collapses to fixed plane and become structurally unstable. The influence of the
damping on the dynamic behavior of vibrating nanoactuators is illustrated in Fig. 7. The obtained
results show that the stable center equilibrium point becomes a stable focus point when the
damping parameter is taken into account. It can be concluded that the beam/wire makes
convergent oscillations near the focus point because of the damping, and makes periodic
oscillations if the damping is neglected. On the other hand, the second equilibrium point is
unstable saddle point for any values of damping parameter. When the actuation voltage reaches
the pull-in voltage, the trajectories which are attracted to the stable focus due to the damping effect,
diverge and system becomes unstable.
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This paper has been done on the supervision of N. Abadian. The paper has been wrote by
A. Koochi and N. Abadian. M. Abadyan and E. Ghahremani have developed the mechanical and
mathematical models for considering the size dependency. J. Mokhtari has developed the physical
model for considering vdW and electrical forces. J. Mokhtari and A. Koochi solved the nonlinear
governing equation and plot the figures. The paper has been revised by M. Keivani and
E. Ghahremani.

5. Conclusions

In this research, the CCST was applied for modeling the size-dependent pull-in instability of
U-shaped sensors in the vdW regime. A general continuum model was developed and the
governing equation was derived and solved using Rayleigh-Ritz method. It is found that the vdW
attraction decreases while the size effect increases the pull-in voltage of the sensors. The pull-in
characteristics and the critical value of vdW force was significantly affected by geometrical
characteristics of the tip-plate. The good agreement between the present model and those in
literature corroborated the reliability of the present approach. The U-shaped sensors showed
convergent oscillations near the focus point in the presence of damping and periodic oscillations
in the absence of damping. The obtained results are beneficial to design and fabrication of
U-shaped systems.
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