2455. Bifurcation characteristics of torsional-horizontal
coupled vibration of rolling mill system

Shuang Liu!, Yatao Shi?, Yunpeng Zhang’, Meng Zong*

12,3, 4K ey Laboratory of Industrial Computer Control Engineering of Hebei Province,

Yanshan University, Qinhuangdao, China

I-4National Engineering Research Center for Equipment and Technology of Cold Strip Rolling,
Yanshan University, Qinhuangdao, China

2Corresponding author

E-mail: 'shliu@ysu.edu.cn, 2sytysu@l63.com, 3812983372@qq.com, *mzysu@ysu.edu.cn

Received 1 August 2016, received in revised form 27 December 2016; accepted 29 December 2016 ’ W) Check for updates
DOI https://doi.org/10.21595/jve.2016.17493

Abstract. In this paper, the static bifurcation and dynamic bifurcation of rolling mill system with
torsional-horizontal coupling vibration are studied. Firstly, the dynamic equation of
torsional-horizontal coupled vibration of rolling mill main drive system is established. Rolling
mill is driven by the gear pair, so the torsional vibration of the gear pair, the horizontal vibration
and the friction factor are considered in the dynamic equation. Then the equivalent
low-dimensional bifurcation equation, which can reveal the system nonlinear characteristics, is
obtained using Lyapunov-Schmidt method, and the system static bifurcation characteristics are
studied using singularity theory. Lastly, the bifurcation condition and stability of the system with
dynamic Hopf bifurcation are studied using Hopf bifurcation theorem. Numerical simulation of
the actual parameter values confirms the analytical results.

Keywords: rolling mill, lubrication friction, Lyapunov-Schmidt method, singularity theory,
bifurcation.

1. Introduction

With the development of modern steel rolling industry, rolling mill is required to have high
precision and high dynamic performance. However, unstable vibration has been recognized as a
major restriction in rolling productivity [1], so many scholars have been devoted to the study of
rolling mill vibration. A large number of researchers have studied rolling mill system from the
perspective of the torsional vibration. Liu H. [2] established a dynamic torsional vibration equation
of a rotary nonlinear dynamic system and discussed the dynamic stability by the Hopf bifurcation
theory. Scholars have made great achievements in the study of the mechanical systems dynamics.
Shen Y. J. [3, 4] used singularity theory to analyze the dynamic response of a semi-active control
system. Yang S. P. [5, 6] analyzed a vehicle suspension system’s singularity completely and
studied the effects of system parameters on the bifurcation parameters and unfold parameters in
detail. By theoretical analysis, it is shown that the design of parameters has a close relation with
the system’s stability. According to the situation of bifurcation parameters, the reasonable
parameters can achieve system stability [7, 8]. Li X. [9] studied the bursting phenomenon in a
piecewise mechanical system with different time scales and provided important theoretical basis
on the mechanical manufacturing and engineering practice. Shi P. [10], Liu G. [11] and Liu S. [12]
established a nonlinear torsional vibration model of rolling mill system, respectively.

At the same time, some scholars have studied the dynamic behavior of rolling mill from the
perspective of vertical and horizontal vibration. Yang X. [13] presented a vertical vibration model
based on lubrication and friction theory. Hou D. [14, 15] established a vertical-horizontal coupling
vibration dynamic model of rolling mill. It was found that the reasonable parameters can
effectively restrain the bifurcation of system. Xu Y. [16] established a dynamic coupling model
of the four-roll mill in horizontal and vertical. The stability of cold rolling mill system is discussed
under different working conditions. Considering the friction between the roller and the workpiece,
Zhang R. [17] derived a horizontal motion non-linear equation of the single-roll driving mill and
analyzed the effect of the stiffness fluctuation on the horizontal nonlinear resonance of rolling mill.
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The purpose of this paper is to study horizontal-torsional coupled vibration characteristics of
rolling mill system. As far as we know, rolling mill vibration is influenced by several coupling
factors, which should be taken into account as much as possible. It was found that the rolling
speed, the nonlinear friction and the thickness of the strip have strong influences on the stability
of rolling mill [18-20]. The research also found that there are a lot of horizontal-torsional coupling
vibration phenomena in rolling mill [21]. In the actual rolling process, the horizontal vibration and
torsional vibration are closely related to the change of friction force. Under certain conditions,
these vibrations are coupled with each other. Therefore, it is necessary to study these two kinds of
coupling vibration characteristics of rolling mill. In this paper, the influence of variable friction
factors is considered and a horizontal-torsional coupled vibration model of rolling mill is
established. Based on this model, dynamic behavior of system is researched and simulated.
Besides, it reveals the characteristics and rules in instability of vibration system, and promotes the
development of the research on rolling mill coupled vibration system.

The paper is organized as follows. Section 2 establishes a torsional-horizontal coupling
vibration dynamic model of rolling mill system. The static bifurcation of the system is studied,
and the topological structure of the static bifurcation is obtained in Sections 3. Section 4 studies
the system dynamic Hopf bifurcation, and verifies dynamic behavior by numerical simulation.
Section 5 concludes this paper.

2. The coupling vibration model with friction of rolling mill

In the study of rolling mill driven by the motor, in order to simplify the model and conform to
actual physical meaning, rolling mill drive system is usually abstracted into two parts, which are
the motor terminal and the roller terminal according to lumped mass method. In rolling mill drive
system, the motor and the roller are connected through the driving system, which consist of
gearwheel box, universal couplings, arc-gear synchronous belt and so on. For reflecting main
influencing factors of the actual process, the connecting part can be regarded as a gear pair system,
which is composed of the active gear and the passive gear. Because the motor and the driving gear,
the roller and the passive gear are connected through a rigid shaft, the motor and the driving gear,
the roller and the passive gear can be regarded as a concentrated mass, respectively. The model of
rolling mill main drive system with the gear pair is as follows.

. Gear pair transmission inal
roller terminal motor termina

Fig. 1. The model of rolling mill main drive system with the gear pair

I, 1, are the rotational inertia of the input and the load after centralized mass, respectively. T,
T, are the input torque and the load torque, respectively. Since the input torque is volatile, its
general form is T, = T, + Tjcos(wt). 6y, 6, are the vibratory angular displacements of the input
and the load, respectively. ¢,,, k,,, are the meshing damping coefficient, the meshing stiffness,
respectively. R,,, Ry are the base radius of the input and the load, respectively. ¢, kj, are the
bearing damping and the bearing stiffness on the driven shaft, respectively. Fj, is the force between
the bearing and the driven gear on the drive shaft mg, x, are the mass of driven gear, the horizontal
displacement of the load center, respectively v,, v, are the roller linear speed, the stable
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workpiece speed, respectively. Fy is the friction between the roller and the workpiece.

In the actual working process of rolling mill, the roller is not often in contact with the
workpiece directly, and it is necessary to do some lubrication. So, there is a lubricant film between
the roller and the workpiece, and the friction force is a kind of lubrication friction force. Studies
have shown that there is a correspondence between the friction coefficient and the thickness of the
oil film. It can be affected by a variety of factors, such as the rolling speed, cold reduction ratio,
the rolling out entry tension and so on. Base on the theory of fluid mechanics and Hill's formula,
simplified the dynamics process and emphasized the influence of the lubricant viscosity
coefficient 7 and the speed of the roll line v,, the model of oil film thickness under certain
conditions can be simplified as:

& = bynv, + cy. (1)

Among them, by, ¢, are the corresponding coefficients.

In the rolling process, the corresponding data of film thickness and friction factor can be
obtained through appropriate measuring and calculating, and the expression of the friction factor
can be acquired by fitting the data. Expressing the friction coefficient in the form of index, the
friction coefficient can be described as:

U= a, + ae bmvrte )
where, ay, a, b are the liquid friction coefficient, the dry friction coefficient, the corresponding
coefficient of the friction, respectively. When the roller is in horizontal vibration, the linear speed
of the roller v, can be expressed as:

U = Vg + Xg, (3)

where v, is the stable workpiece speed; %, is the horizontal vibration speed. Substituting Eq. (3)
into Eq. (2) and performing Taylor expansion, expanding retention in first several items have:

1 1
w=ag + g (1 — diy + 5 %y gd3xg3>, )

where d = bn, and p, = ae~%0*¢ is the coefficient of friction when the rolling speed is v,. At

this point the friction between the roller and the workpiece is:
Fr = uF, )

where F; represents the rolling force.
According to the Newton’s law, the dynamic equation of the system is:

L0, + RycmZ + Rpkmz = Ty,
1,6, — Rycmz — Rykmz = =T, ©)
MmyXy + CpXy + kpXxg + CmZ + kypz = Fp — Fy,

The transmission error of the linear displacement is defined as:
z=Ry0, — Ry0, + x,. @)

Substituting Eq. (6) with the linear displacement transfer error z, and considering the friction
force Fy in the formula, further simplified results can be expressed as:

2190 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2017, VOL. 19, ISSUE 3. ISSN 1392-8716



2455. BIFURCATION CHARACTERISTICS OF TORSIONAL-HORIZONTAL COUPLED VIBRATION OF ROLLING MILL SYSTEM.
SHUANG LIU, YATAO SHI, YUNPENG ZHANG, MENG ZONG

MeZ —meiy + Cz + kyyz = F; + Fycos(wt),

. . . _ . 1 2. 2 3. (8)
MmgXy + CpXg + kpXg + CnZ + kipz = Fy — Fy|ag + 1o 1—dxg+§d Xg ——d

where m, = I,1;/(I,R% + I;R2), Fy = T,/R, = Ty/Ry, F; = MR, T /1,

Eq. (8) is the dynamics equation of rolling mill main drive system, which takes horizontal-
torsional coupled vibration, lubrication friction and other factors into account. The dynamic
behavior of rolling mill is very complex. The research shows that there is obvious horizontal
chatter in the rolling process, and source of horizontal vibration is a tribological behavior between
the coexistence of fluid lubrication and dry friction motion in rolling interface. Thus, taking the
roller horizontal vibration and torsion vibration coupling effect into account, the model is built.
Then the friction factor between roller and workpiece is analyzed in detail. Regarding the friction
as the main factor, the coupling vibration of rolling mill is analyzed and the influence of parameter
variation on vibration buckling is given. It can provide relative guidance for the design of actual
system. In the following, the friction coefficient d would be taken as the main research parameter
to analyze dynamic behavior of rolling mill.

3. Static bifurcation analysis of high dimensional nonlinear rolling mill system

Selecting z, as the nominal scale, and letting:

k., _ W z Xg ky Cm
= [—, t= t, Q=—, =—, =—, = |—, =—
wq m, wq w; Y1 Zo Y2 Zo w3 m, € (Zm,w,)
Fl FZ Cp Cm
k=1 Pp=———7, Po=——7, (, = , &= )
' P @mewd) P (omewd) P (2mgw,) P (2mgwy)
w3 ko, F, Fi(a, +
k, = 2 P, = b = 1(ag + 1o)

w_lz’ ’ (mg 1)’ (mgzowf),'

— 15 143 3
(Xl—dwl, az—zd (1)1, 0(3—gd (1)1.

(mgzowt)”

Thus, the dimensionless system model can be expressed as:

{y = V2 + 241 + kiy1 = Py + Pycos(Qt),

. . )]
Vo + 205, + koy, + 20391 + ksyy = Py — Py(1 — oy, + .95 — azy3).

Lettingx; = y;, X, = V1, X3 = Y, X4, = Y,, and the state equation of the system can be
expressed as:

x = f(t,x)
X2
—(ky + k3)xy — 2(41 + {3)x, — kaxs — (20, — ay Py)xy 10
= —ayPyxZ + azPyxi + Py + Py cos(Qt) + P; — Py ) (10)

X4
K_1‘73951 — 203x5 — kyxz — (20, — 1 P)xy — @y Pyxi + asPyx3 + Py — P4/

where x = (X1, X5, X3, X4).
3.1. Lyapunov-Schmidt reduction

Ignoring the influence of the external excitation, Eq. (10) becomes autonomous system.
Let:
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Py =P, =0, ay=—(ky +ks), by =-2({4+33), c1 =—ky dy =—(20 —1Py),
ll = _a2P4, lz = CZ3P4, l3 = P3 _P4, az = —k3, bz = —2(3

The equation of motion can be expressed as follows:

(5(1 = xZ,
5(2 = aiXxXq + ble + C1X3 + d1x4 + lle + lzxz + l3, 11
5C3 = X4_, ( )
.7.(4_ = axXq + bzxz + 61X3 + d1x4 + lle + lzxz + l3.
Then Eq. (11) can be expressed as:
X =fX), 12)

where X = (xy,x,,%3,%,)7 are the state variables of the dynamic system and
f(X) = (f1, f2 fa, fo)T are the corresponding nonlinear vector functions.
At the equilibrium point X, Eq. (12) satisfies:

fX) =o. (13)

Letting Df (X) represent the Jacobian matrix of f(X) at the equilibrium point, the Lyapunov
stability is dependent on the eigenvalues of the Jacobian matrix. The Jacobian matrix Df (X) can
be expressed as:

0 1 0 0
- a; by ¢ dy+2lx, + 3lxf
Df(X) — 01 01 01 1 1 14- 244 . (14)

a, b, c¢; di+2lixs+ 3l,x2
The value of the determinant is:

det(L) = 2* — (by + d; + 21;x4 + 31,x3)23
+(bydy + 2bylixs + 3by1,x2 — bydy — 2bylix, — 3bylx2 — ay — ¢q)A?
+(byc; — bycy + ayd; + 2a,lx, + 3a,1,x3)A
ta,d;, + 2a;l,x, + 3a,l,x% + a;c; — ayc; = 0.

(15)

There is a zero eigenvalue when a;d; + 2a,l,x, + 3a,1,x% + a;c; —a,c; =0, and L is a
singular matrix.

It can be known that dimN(L) = 1. Letting v, represent a basis vector of null space N(L),
through calculating, vy = (—c;/a4,0,1,0). The adjoint operator of L is the conjugate transpose
matrix L*. Since L is a real matrix, the conjugate transpose matrix L is also a real matrix, and
satisfies L* = LT, we can obtain that dimN(L*) = 1 since L is a Fredholm operator with zero
index. One basis vector v; = (a;b,/a, — by, 1,a,e/a, —aze/a,, —a,/a,) of N(L*) is obtained
by calculating, where e = d; + 21;x, + 31,x2. So, the four-dimensional Euclid space R* can be
decomposed as follows:

R*=N(L)DM=R(L) D NL). (16)
Defining the projection operator and the complementary projection operator as:

P:R* - R(L), A7)
I — P:R* > N(L*) = span{v, }. (18)
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Then the equation can be expressed as:
fx, 1) =0. 19)
Eq. (19) is equivalent to:

pfv+w,l) =0,
{(1 - P)f(v2+ w, 1) = 0. (20)

where v € N(L) = span(v,), w € M. According to the definition of inner product in Euclid
space, (I — P)f(v + w, ;) = 0 is equivalent to:

(fw+w,1p),v)=0. 1)
Then, the following equation is obtained:

a?b, 2a.cie 2a.e a
L 1+ Lt - L __1_a1b1+a1b2_azbl_cle+b1+b2+1+6lg+F=0. (22)
a; a; a; a;

Sincea;d; + 2a,l;x4 + 3a;1,x? + a;c; — ayc; = 0, rewriting this equation and substituting
it into Eq. (22), we have:

Ax} + Bx2+ Cx,+ D =0, (23)
where
az(aé —ay) a;—a;’ a,(a, — ay) a; —a; a, ’
8a‘d,l 4a,l
_ 1014 11+8C1l1,
a,(a, —ay) a;
a, aib,
D =F+b1+b2+6l3_a1b1+a1b2_azbl__
a; a;

2a,d? . 2a,d, 2a2d? ‘1
_ , -

a; a; a(a; —ay) .

Eq. (23) is a quartic algebraic equation and any univariate equation with a higher order can
eliminate the second highest item by a proper transformation.

3.2. Singularity analysis
Define a new state variable m = x,, then the bifurcation equation can be written as:
Gm,n,a,pB) =m*+pm?+am+n, 24)

where a, f are the open fold parameters of the bifurcation equation, m, n are the physical
parameters of the system, respectively.

Selecting go(m,n) = m*+n as the Golubitsky-Schaeffer normal form, according to
recognition condition, the necessary and sufficient condition for G(m,n,a, 8) to be a versal
unfolding of go(m,n) = m* + n is:

detA(0,0,0,0) # 0, (25)
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where A is, a matrix constructed by some partial derivatives of g and G, it can be expressed as:

gn gnm gnmm
(Ga Gam Gamm). (26)

Gg Ggm  Ggmm

Thus:
1 0 0
detd(0,000)=|m 1 o =2=%0,
m? 2m 2

m=0
0 go(m,n) = m* + n is a 2-parameter unfolding and @, 8 are the unfolding parameter.
The topology of Eq. (24) and the effects of the open fold parameters on the bifurcation behavior
will be studied by singularity theory.
The following point sets are obtained based on the definition of the transition set:
I: Bifurcation point set:
B = {(a,P)IG = G = G, = 0} = &.
II: Lag point sets:
Hl = {(a,B)lG = Gm = Gmm = 0} = {(a,,B)la = 0}'

Hy = {@B)IG = G = G = 0} = (a.ﬁ)la+§ﬁj—7§=0, p=or.

III: Double limits point set:

_ —r o—ge 2p* B _
D ={(a,p)IG =G, =0} = (a,ﬁ)|—T+a —5—0, B<0,.

IV: Transition set:
Z = H1 U H2 U D.

The transition set X is shown in Fig. 2.

3

Fig. 2. Transition set

It can be seen that the unfolding parametric space a — f is divided into four sub regions by X.

2194 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2017, VOL. 19, ISSUE 3. ISSN 1392-8716



2455. BIFURCATION CHARACTERISTICS OF TORSIONAL-HORIZONTAL COUPLED VIBRATION OF ROLLING MILL SYSTEM.
SHUANG LIU, YATAO SHI, YUNPENG ZHANG, MENG ZONG

The bifurcation diagrams of each subregion and its boundary are shown in Fig. 3, a total of nine
parts with Fig. 3(a)-(i) including the boundary. Among them, Fig. 3(a)-(d) are four different
bifurcation regions divided by the transition set and Fig. 3(e)-(i) are bifurcation curves in the
transition set. The topology of each sub region and its boundary are shown in Fig. 3. It can be seen
from Fig. 3 that each sub region and its boundary have different bifurcation forms, and the system
vibration mode will change when the unfolding parameters pass by the transition set.

1

1 1
f
0.5 0.5 ] / 0.5 —)—
£ 0 g 0 g 0
0.5 g b g . K
[0 ) ®)
2 01 0 0.1 02 b2 o1 0 01 02 2 o1 0 o1 02
a) b) C)
1 1 1
-' |
0 o5 i / os ' K
g0 g0 / & f
05 \ 0.5 g v g
@ @ ©
2 o1 0 01 02 202 0.1 0 0.1 02 b2 0.1 0 0.1 0.2
d) e) f)
1 1 1
_ {
05 ) 0.5 / 0.5 . /
E g 0 g 0
@ ® ©)
b2 0.1 0 0.1 02 32 ol 0 o 02 b2 0.1 0 0.1 02
g h) i)
Fig. 3. Bifurcation diagram
4. Hopf bifurcation analysis of high dimensional nonlinear rolling mill system
4.1. The equilibrium point analysis
In last section, the main drive system of rolling mill can be expressed as:
x = f(x,d). 27

The equilibrium point of the Eq. (27) can be transferred to the coordinate origin by simple
linear transformation. Coordinate translation does not change the dynamic characteristics, so it is
of significance to study the dynamic characteristics of the system equilibrium point at the origin
point. When the equilibrium point is transformed to the coordinate origin, the Eq. (13) can be
turned into the following equation:

2195
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(551 = X2,

ixz =a;x; + byxy + ¢ x3 +dixg + X2 + Lx3,
X3 = Xy,
X4 = ApXx1 + byx, + ¢ x5 + dyxy + Lix3 + Lx3.

After linearizing, the Jacobian matrix at the origin can be expressed as

0 1 0 0
a, by ¢ dy

/(x0; b) = 0 0 0 1
a; b, ¢ dy
The characteristic equation of the J(x,, ;) is:
A4+ p 2+ p 2%+ psd+p, =0,

where:

p1 = —dy — bip; = —c1 + bydy — bydy — a1p3 = bicy — by
+a,d; — a,dip, = a;¢4 — aycy.

It is easy to verify that the characteristic polynomial of Eq. (30) is equivalent to:

(AZ + T1/1 + Sl)(lz + Tzl + 52) = O,

where:
_ p1++/8uy +pi —4p, _ p1—+/8uo +pi —4p,
7"1— ) Tz— 2 y
Piug —P; Piuy — P;
51=u0+ Szzuo_

J8u, + P — 4P, J8u, + P2 — 4P,
3 2 3

P, °* 2 3
=l e T - ),

_PiPs =4y D3 DiPaPs +8Paps — 3pips — 305 b3
4 12 1 24 54

Therefore, the Eq. (31) can be written as the following two equations:

lz+r1/1+51=0,
/’{2+Tzl+52=0.

Further, letting:

A1 = le - 451, Az = T22 - 4‘52.

(28)

29

(30)

€2))

(32)

(33)

(34

(35)

(36)
(37

(3%

Fixing other system parameters as constants, when the friction coefficient d changes, the

characteristic root of Eq. (30) has two important distributions:

Situation 1: when A; < 0,7y > 0,7, =0, s, > 0, Eq. (36) has a pair of conjugate complex

roots with negative real parts, and Eq. (37) has a pair of pure imaginary roots.

Situation 2: when A, < 0,1, > 0,7, = 0, s; > 0, Eq. (36) has a pair of pure imaginary roots,
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and Eq. (37) has a pair of conjugate complex roots with negative real parts.
4.2. Hopf bifurcation analysis

The friction condition has great influence on the dynamic behavior of rolling mill system. So,
friction coefficient d is selected as a major parameter to analyze dynamic characteristics. The
Situation 1 and Situation 2 all show that characteristic Eq. (30) has a pair of pure imaginary roots
and a pair of conjugate complex roots with negative real parts. When the roots satisfy the two
situations mentioned above, Hopf bifurcation is very likely to occur.

In order to find the Hopf bifurcation point and prove the existence of limit cycles, in general,
we can calculate all the eigenvalues of Jacobian matrix J(x,,d), and then judge whether
characteristic roots pass through the imaginary axis with the change of parameters. But the amount
of calculations is very large and it is difficult to write the analytic expression of characteristic
roots. Thus, the Hurwitz determinant is used to determine the existence of the Hopf bifurcation.

The characteristic equation of matrix J(x,, d) is:

2.4 + p113 + pzlz + pgl + p4 = 0, (39)
where:
p 1 i 1 0
Ay =py, A= p; p,| Ba=|ps P2 P (40)
0 ps ps

where A’i are the Hurwitz determinants. Select d = d* as a Hopf bifurcation point, the conditions
of Hopf bifurcation are:

pl(d*) > Ol i = (11 21 3) 4)’
(A’i(d*) >0, i=(1,2),

Ay (d*) =0, @1
d(A5(d)) 20
@ | T

Take ky =1, k, =1, k3=0.6,{; =038, {, =038, {(3=0.09, P;=1, P, =1. Hopf
bifurcation occurs at d* = 1.2324.

Supposing that the pure imaginary roots are +wyi, U and W are left and right normalized
characteristic vectors of w,i, respectively:

UA = woil, AW = wyiW, UW = 1. 42)
Letting:

p = Re(=Uf,(x WWW* + 2Uf WA™L(0) f, WW* 43)
+foxW*[A(0) - Ziwol]_lfxxWW):

where W* is conjugate complex of W, A(0) = A(xy, d)| =g~
wwwe = 2 (L (XD w ) s

fexx "~ 0x \0x 0x (44)

d=d*x=xq

The stability of bifurcating periodic solutions is decided by the sign of p. With d* = 1.2324,
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p =—0.0900 < 0 can be obtained by calculation. Bifurcating periodic solutions aren’t
asymptotical stable when p < 0. The results show that it is a subcritical bifurcation point.

4.3. Numerical simulation

Numerical Simulation of the dynamical behavior is made near the bifurcation point. For
subcritical bifurcation, when d = 1.2100 < d*. It can be known that the equilibrium point is
asymptotically stable from Fig. 4. The unstable periodic motion may occur in the region of
d = 1.2280.
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Fig. 4. Asymptotic stability of the equilibrium point
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Fig. 5. Time history responses and phase diagram with d = 1.2280 and
initial values are a) [0.01 0.01 0.01 0.01],b) [0.12 0.12 0.12 0.12]

Initial values have a certain influence on the trajectory. When initial point is
[0.01 0.01 0.01 0.01], which is close to the equilibrium point, Fig. 5(al), (a2) show that time
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history responses are stable and phase diagram is stable focus. When initial point is
[0.12 0.12 0.12 0.12], which is far away from the equilibrium point, Fig. 5(b1), (b2) show that
time history responses are unstable and phase diagram gradually expands away from a certain
limit cycle. Region of attraction on initial point can be obtained by numerical simulation. In the
current parameter system, when initial point exceeds [0.09 0.09 0.09 0.09], the time history
responses will be unstable.

When d = 1.2432 > d*, the equilibrium point of the system is unstable as shown in Fig. 6, in
which case the roller loses its stability and self-oscillation can be generated.
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Fig. 6. Asymptotic stability of the equilibrium point

In summary, the system shows a complex dynamic behavior. It can be known that the friction
coefficient d and the initial condition of the system are directly related to the stability of the
system. When the value of friction coefficient d is much smaller than the bifurcation point, the
system is asymptotically stable; when the friction coefficient d near the bifurcation point
d* = 1.2324, the stability of the system is mainly affected by the initial values. When the initial
values are close to the equilibrium point, the system is stable; and the stability becomes worse
when the initial value is far away from the equilibrium point. When the value of friction coefficient
d is larger than the value of bifurcation parameter, the system is divergent, and the phenomenon
of the self-excitation oscillation may occur. In the vicinity of the bifurcation point, the system may
have a violent shock and even lead to complex dynamic phenomena. These phenomena should be
avoided in the actual production process, so as to ensure the smooth running of the whole rolling
mill system.

5. Conclusions

In this paper, a torsional-horizontal coupling vibration dynamic equation of rolling mill system
is established to analyze the bifurcation characteristics. For the four-dimensional dynamic
equation, firstly, the dimension is reduced by Lyapunov-Schmidt reduction method, the
topological structure of the system static bifurcation is obtained by singularity analysis, and the
parameter condition, which makes the system stable, is given. Then the friction coefficient d is
selected as the bifurcation parameter, the dynamic Hopf bifurcation of the system is studied, and
the dynamic behavior of the system is verified by numerical simulation. The results show that the
system may be unstable when the friction coefficient d changes around the bifurcation point.
These phenomena should be avoided in the actual production process to ensure the safe operation
of the whole system. It provides a theoretical guide for the study of the horizontal-rotational
coupling mechanical vibration.
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