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Abstract. Free vibration analysis of electric-magneto-elastic functionally graded plate with
uncertain parameters is studied in this paper. The elastic, electric and magnetic parameters are
regarded as interval variables. Interval analysis of electric-magneto-elastic functionally graded
plate are carried out by introducing the interval algorithm into the dynamic equations. A simply
supported electric-magneto-elastic functionally graded plate as a numerical example are provided
to the validity of the method.
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1. Introduction

Electric-magneto material is a new intelligent material transforming energy from one to the
other (among magnetic, electric and mechanical energy). Applied in ultrasonic imaging devices,
sensors, actuators, transducers and many other emerging components, they have attracted wide
and increasing attention to their static and dynamic behaviors in recent decades [1-7]. However,
parameters of the studied electric-magneto-elastic structures used to consider as deterministic ones
[8-10]. Indeed, it is very difficult to determine accurately the magnetic and electric parameters
because errors will arise when they are manufactured or measured, specially the magneto-electric
coefficient of mutual induction.

There are a lot of researches on interval static and dynamic analysis of structure, Han and Jiang
et al. [11] dealt with the wave propagation problems in composite-laminated plates subjected to
uncertainty in load and material property combined the interval analysis method with the hybrid
numerical method (HNM). Li, Luo and Sun [12] studied the reliability-based multiobjective
optimization by using a new interval strategy to model uncertain parameters. Jiang and Han et.al
[13] proposed a method to solve the nonlinear interval number programming problem with
uncertain coefficients both in nonlinear objective function and nonlinear constraints. Based on an
order relation of interval number, the uncertain objective function is transformed into two
deterministic objective functions, in which the robustness of design is considered. Kang, Luo and
Li [14] investigated the formulation and numerical solution of reliability-based optimization of
structures exhibiting grouped uncertain-but-bounded variations. Wu, Zhao and Chen [15]
proposed an improved interval analysis method for uncertain structures.

2. Dynamic equations

The coupling physic equations for anisotropic and linear electric-magneto-elastic solids are
given by:
0ij = Cijri€ri — €ijmEm — qijnHn,
Dm = eijmeij + gmnEn + aman: (1)
By = qQijné&ij + mnEm + thpnHim, L, mn = 1,2,3,
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where 0;; denotes stress tensor, &; strain tensor, Dy, the electric displacement tensor and B,, the
magnetic induction tensor, Ciji; , gmn and U, are the elastic, dielectric and magnetic
permeability coefficient tensors. q;jn, €;j, and a,,, are piezoelectric, piezomagnetic and
magneto-electric material coefficient tensors.

Tenor forms of the generalized geometric equations are given by:

1 .
Eij = E(ui,j + uj‘i), L] = 1,2,3,
E =—0, i=123, @
Hi == _l;b,i! i= 1, 2, 3,

where u is the elastic displacement, ¢ is the electric potential, Y is the magnetic potential. The
comma in the subscript denotes partial derivative.

The governing equations of electric-magneto-elastic functionally graded plate, absent of the
body force, electric charge density, and electric current density, are given by:

0ijj = Pil,
Di,i == 0, (3)
Bi,i = 0

The functionally graded material parameters are assumed to obey exponential law across the
thickness direction (z axis):

Cijra = Ci(}klenz' 9ij = glo]_enz, iy = M?]_enz, ()
qiji = ql'ojzenz: €ij1 = eiojlenzr Qij = “?jenz’ p=p°e",
where 7 is the exponential factor characterizing the degree of the material gradient in the
z-direction, and the superscript 0 is attached to indicate the material coefficients for z = 0. It is
obvious that 7 = 0 corresponds to the homogeneous material case.

For a special case, an orthotropic transverse isotropic solid, the material coefficients in Eq. (1)
can be written as:

[C1111 Ci122 Ciass 0

0 0 0 0 e3
Cazaz Cp233 0 0 0 [ 0 0 3223]
sym C3333 0 0 0 0 0 e
cl = o e] = 333
(€] s 0 0 | =0 e o
C3131 0 €311 0 0
L Ci212 0 0 0
[ 0 0 CI113] )
0 0
0 0 3223 9. 0 0 a, 0 0
[q] = 0 U3z 3033 , [gl=10 g2 0|, [a]=|0 ay 0],
0 0 0 0
Gaa 0 0 933 as33
L 0 0 0
(11 0 0
=10 pp O
L 0 0 w33

For a simply supported and FGM rectangular plates (a X b), we adopt the solution of the
generalized displacement in the form:
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(ul (x,y,2,t) (al cos(px)sin(qy)]

u(x,y,2,t) - a,sin(px)cos(qy)

#ug,(x, y,2,t) } = e_Te“"ti assin(px)sin(qy) }, 6)
o(x,y,2,1) a,sin(px)sin(qy)

kl/)(x, v,2,t) kaSSin(px)sin(qy)

where p = mnr/a, ¢ = nn/b, with n and m are two positive integers.
Substitution of Eq. (6) into Eq. (2), the constitutive Eq. (1), and finally into the governing
Eq. (3), yields the following eigenequation:

n

[—A+E(R+RT+77

5G) - wZM] U=0, 7)

where:

U=[a1 a, a3 a, as]T,

0 0 PCiizs DPesis Pq3is [po 0 0 O 0]
0 0 qCa33  qesns qqusl 0 p° 0 0 O
R=|-pC331 —qClaos 0 0 0O | M=lo0 0 p° 0 o}
—pesin  —qeg 0 0 0 J 0 0 0 0O
| —padi —q99s 0 0 0 lo 0 0 0 OJ
'C3E)131 0 0 0 0 ]
C§323 0 0 0 )
G =|sym C3333 €333 G333 |
—-g3; —ags
L —u33
A= [Aqq 02x3] _ [_(6101111J2 +C120%)  —pq(Cliz; + Co12)
0352 Az [ 1 —pq(Cias + Co12)  —(C120% + Copaq®)Y
—(C1310% + CP323%)  —(esiip® +e35,9%)  —(q511p* + 433297
Ay, = _(33?11172 + 9332‘12) 9811‘72 + ggzqz “911‘72 + “gzqz

—(a811P* + 435297 atip? + ag,q” uhp? + 132q°
3. Interval analysis of free vibration

Let W! is an n-dimensional interval vector of uncertain material parameters or the load, if
uncertainty of the density of the plate is not considered, namely, the matrix M is independent of
W/, and Eq. (7) can be rewritten as follows:

[—A(W’) + g <R(W’) FRT(W) + gG(W’)> - sz] uwh =o. )

Interval variable W’ can also be expressed as:
W ={W|W=W°+[-1, 1] W', W € R"}, (10)
where W€ is the interval midpoint value, W™ the interval radius:

_WU+WL

TR (In

WC
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U _ L
W = u (12)

where WL denotes the lower bound, and WY the upper bound.
The uncertainty level of the interval variable is defined as:

r

w
wievel = 222 x 100 %. (13)
The modal vector U’ can be expanded into the first-order Taylor series:

U = U(W!) = U(W®) + Z ouWe) W} —wp). (14)

The midpoint and interval radius of U’ can be obtained from Eq. (14):

uc = U(WC) (15)
, auwe)
U= Z aw | (16)
j=1

where:
L U

g = LA )
L _ U

U = %} (18)

where U* denotes the lower bound, and UY the upper bound.
Vibration natural frequencies of the plate can also be expanded into the first-order Taylor
series:

Why = 0ni (W) + Z a“””(w 2wy - wp) (19)

The midpoint and interval radius of w’; can be obtained from Eq. (19):

Wy = Wri (W), (20)
0w,; (W°)
wp; = Z gle wy. 1)

In order to obtain dw*/dW;, Partial derivative both sides of Eq. (9) with respect to WW; at the
midpoint W€, we have:

[_6A(WC) n(aR(WC) ORT(WE) 1 dGWE)

dw®
— - _ c______ c
ow; 2\ ow; ow; 2 0w, ) 20 GWJ ]U(W)
ouwe)

ow;

(22)
+ [—A(WC) + % (R(WC) + RT(W°E) + g G(WC)> - a)CZM]
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The two sides of Eq. (22) multiplied by UT (W ¢) has:

L (WC) n (ORW®) IRT(W) naG(WC) L0w )
UT (W) |-AWe) + L[ RW®) + RT(W®) + 2 G(W* cop| PO _ >
+U"( )[—( )+5<( )+ RIW) +2G( ))—w ] 7
From Eq. (9), we have:
[—A(WC) + g (R(WC) FRT(WE) + gG(Wc)) - wCZM] uwe) = o. (24)
The transpose of Eq. (24) yields:
T
uT(We) [—A(Wf) + E(R(WC) +RT(W®) + zG.(WC)) - wczM]
2 2 25)

= uTWe) [—A(W”) +g<R(W”) +RT(W®) + gG(WC)> - wczM] = Oyys.

Substitution of Eq. (25) into Eq. (23), yields the following equation:

uT(we) [
= 0.

IA(W®) 1 (a(R(WC) +RT(WS)) naGWwe)

ow
— 20 ——M|UW*
ow, 2 W 2 aw) ‘”aw,-]() (26)

0w /dW; can be obtained from Eq. (26):

e [_OAW®) , n (OR(W®) . OR™(WE) , ndGW*) ]
owe VW |- oW, +3( Wt oW 3o )Jvore a7
ow; 20°UT (WMU(W <) '

dU(W€)/0W; can be obtained by substitution of Eq. (27) into Eq. (22) and then solution of
Eq. (23).

4. Numerical example and discussion

For all the subsequent numerical examples, the interval midpoint values of the uncertain
material parameters are given in Appendix A. The length of the plate is a = 0.8 m, the width
b = 0.5 m, and the thickness h = 0.05 m. The exponential factor n =-10, -5, 0.5, 10.

In the paper, the following dimensionless parameters are employed:

7= X _ Yy 5= Z g = Ciz12U1 . = Ci212Us T, = Ci212U3
YT TR T TR T TR BT TR
_ Ci2129s —  Cio1alts __ W (28)
?=Fhe, ¥ VT hng, VO
fO €s fO qs

hClZlZ’
\ Po
where g, = 107 As/Vm, e, = C/m?, u, = 10° Vs/Am, e, = Vs/m?, Cjp1, = 14.4 GPa,

Po = 7454 Kg/m?, fy = 1 Pa, h = 0.05 m.
Case L. The elastic parameters are considered as uncertain, the uncertainty level 1 % off from
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the midpoints of the elastic parameters is investigated. The numerical results shows that the
midpoint value and uncertainty level of the natural frequencies is symmetric about n = 0 for
n =-10,-5, 0.5, 10.

Therefore, Uncertainty level of the natural frequencies (m = 1, n = 1) is only shown in
Table 1 forn = 0.5, 10.

Table 1. Uncertainty level of the dimensionless natural frequencies(m =1,n =1)

1 = 0 midpoint (Hz) (level)

1 = 5 midpoint (Hz) (level)

1 = 10 midpoint (Hz) (level)

7.910 (0.50 %)

9.083 (1.19 %)

10.147 (3.41 %)

8.805 (0.08 %)

9.489 (0.73 %)

12.752 (1.57 %)

16.770 (0.07 %)

17.073 (0.33 %)

18.072 (1.31 %)

It can be seen from Table 1 that no matter how much the exponential factor is, uncertainty
level of the dimensionless natural frequencies will decrease with increase of the dimensionless
natural frequencies. For the same order dimensionless natural frequency, uncertainty level of the
dimensionless natural frequencies will increase with the exponential factor.

Case I1. The piezomagnetic coefficients are considered as uncertain, the uncertainty level +1 %
off from the midpoints of the piezomagnetic coefficients is investigated. The numerical results
show that the midpoint value and uncertainty level of the dimensionless natural frequencies is
symmetric about 7 = 0 forn =-10,-5, 0.5, 10. Therefore, Uncertainty level of the dimensionless
natural frequencies (m = 1, n = 1) is only shown in Table 2 for n = 0.5, 10.

Table 2. Uncertainty level of the dimensionless natural frequencies(m =1,n =1)

1 = 0 midpoint (Hz) (level)

1 = 5 midpoint (Hz) (level)

1 = 10 midpoint (Hz) (level)

7.910 (1.32x107 %)

9.083 (1.90x107 %)

10.147 (8.89x10% %)

8.805 (0.00 %)

9.489 (4.63x1077 %)

12.752 (1.20x10° %)

16.770 (0.00 %)

17.073 (2.89x10® %)

18.072 (8.13x10% %)

It can be seen from Table 2 that no matter how much the exponential factor is, uncertainty
level of the dimensionless natural frequencies is so small that it can be ignored. This can be
explained that the piezomagnetic coefficients does not cause a change in the mass of the plate, and
it has only a very small effect on the stiffness of the plate. Therefore, the dimensionless natural
frequencies of the plate mainly determined by elastic parameters and mass of the plate.

Case I11. The piezoelectric coefficients are considered as uncertain, the uncertainty level £1 %
off from the midpoints of the piezoelectric coefficients is investigated. The numerical results show
that the midpoint value and uncertainty level of the dimensionless natural frequencies is symmetric
aboutn =0 forn =-10, -5, 0.5, 10. Therefore, Uncertainty level of the dimensionless natural
frequencies (m = 1, n = 1) is only shown in Table 3 forn = 0,5, 10.

Table 3. Uncertainty level of the dimensionless natural frequencies(m =1,n =1)

1 = 0 midpoint (Hz) (level)

1 = 5 midpoint (Hz) (level)

1 = 10 midpoint (Hz) (level)

7.910 (1.77%10° %)

9.083 (2.54x10° %)

10.147 (1.1.9x10° %)

8.805 (0.00 %)

9.489 (6.18x10” %)

12.752 (1.60x10°8 %)

16.770 (0.00 %)

17.073 (3.86x1071° %)

18.072 (1.09x10°° %)

It can be seen from Table 3 that no matter how much the exponential factor is, uncertainty
level of the dimensionless natural frequencies is so small that it can be ignored. There is the same
explanation as the piezomagnetic coefficients.

It can also be seen from comparison between table 2 and table 3 that for the same uncertainty
level off from the midpoints, the piezomagnetic coefficients can cause much larger uncertainty
level of the dimensionless natural frequencies than the piezoelectric coefficients. This is the cause
that the piezomagnetic has a greater influence on the stiffness of the plate than the piezoelectric
coefficient.
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5. Conclusions

The elastic, electric and magnetic parameters are regarded as interval variables. Interval
analysis of electric-magneto-elastic functionally graded plate are carried out by introducing the
interval algorithm into the dynamic equations.

The numerical result shows:

1) The elastic parameters are considered as uncertain, no matter how much the exponential
factor is, uncertainty level of the dimensionless natural frequencies will decrease with increase of
the dimensionless natural frequencies. For the same order, dimensionless natural frequency,
uncertainty level of the dimensionless natural frequencies will increase with increase of the
exponential factor.

2) The piezomagnetic coefficients are considered as uncertain, no matter how much the
exponential factor is, uncertainty level of the dimensionless natural frequencies is so small that it
can be ignored. This can be explained that the piezomagnetic coefficients does not cause a change
in the mass of the plate, and it has only a very small effect on the stiffness of the plate.

3) The piezoelectric coefficients are considered as uncertain, no matter how much the
exponential factor is, uncertainty level of the dimensionless natural frequencies is so small that it
can be ignored.
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Appendix

The midpoint values of magnetic, electric and material parameters are given by:

=

142

79.7 358 358 0 0 0

358 79.7 358 0 0 0]

358 358 668 0 0 0 | cpa

0 0 0 172 0 0 '

0 0 0 0 144 0 j
L 0 0 0 0 0 144
5.4 0

0 54 0|x107°VS/AM,
[0 0 54
38 0 0

0 38 0 l X 1071%4s/Vm,
[0 0 38
[0 0 0 0 105 0

0 0 0 105 0 olc/mz,
-59 -59 152 0 0 0

0 0 0 0 1083 0

0 0 0 1083 0 0|Vs/m?
—60.9 —60.9 :1%506.80 00 0 0
7415;43kg' a = [ 0 30 0 l X 107*2Ns/Vm.

0 0 30
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