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Abstract. In this paper, comparison between G-N model of type II (without energy dissipation) 
and G-N model of type III (with energy dissipation) has been shown in a three dimensional 
thermoelastic half space with rotation subjected to time dependent heat source on the traction free 
boundary. Eigenvalue methodology has been adopted to solve the equations resulting from the 
application of the Normal mode analysis to the non-dimensional coupled equations. Variation of 
the numerically computed values of thermal stresses and temperature with and without rotation 
has been illustrated graphically. 
Keywords: anaisotropic half space, G-N model II and III, normal mode analysis, eigenvalue 
approach. 

Nomenclature ܿ௜௝ Material constant ߚ௜௝ Thermal elastic coupling tensor ߜ௜௝ Kronecker delta ݑ௜ Displacement components ݁௜௝ Strain tensor ߬௜௝ Stress components ߩ Mass density 

1. Introduction 

The inconsistency of heat conduction equation of classical uncoupled theory of 
thermoelasticity with the experimental results is due to the fact that i. no elastic term is included 
to account for elastic changes producing heat effects; ii. parabolic nature of heat conduction 
equation indicating infinite speed of propagation of heat waves means that thermal disturbances 
(with infinite speed) and elastic disturbances (with finite speed)  from the classical theory of 
thermoelasticity, are coupled together. This suggests that every solution of the equations has a part 
which extends to infinity.  

Biot [1] developed a theory of irreversible thermodynamics and gave a satisfactory derivation 
of the linear theory of coupled thermoelasticity. In order to obtain a wave type heat conduction 
equation the concept of generalized thermoelasticity was introduced modifying CCTE and later 
extended by Dhaliwal and Sherief [3] for anisotropic body, and the uniqueness of the solutions 
was proved by Ignaczak [2, 4]. Green-Naghdi proposed a generalized thermoelasticity by 
modifying the energy equation. There are three types of constitutive relations in G-N model [6-8]. 
Type-I leads to classical heat conduction equation. Type-II provides solutions for thermal waves 
propagating finite speed without energy dissipation (TEWOED) and type-III also confirms 
propagation of thermal waves of finite speed with energy dissipation (TEWED). Several 
investigations with these extensions have been studied by Abd-Alla and Abo-Dahab [11], Kar and 
Kanoria [9] and Yousef [10]. Pal et al. [5, 14] studied the effect of homogeneity of the surface 
waves in anisotropic media.  
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In this paper, the stress distributions and temperature variation has been depicted in an 
anisotropic triclinic half space for G-N model II and III both with rotation. 

2. Basic equations 

For a linear thermoelastic anisotropic body subjected to rotation the field equations are as 
follows: 

The equation of motion in the absence of inner heat source: ߬௜௝,௜ = ሷݑ]ߩ ௜ + Ωഥ×(Ωഥ×ݑത௜) + (2Ωഥ×ݑതሶ ௜)]. (1)

Heat – conduction equation in absence of body force: ݇∗ߠ,௜௝ + ݇௜௝ߠሶ,௜௝ = ሷߠ௘ܿߩ + ሷݑ௜௝ߚ଴ߠ ௜,௝. (2)

The Duhamel-Neumann stress-strain relations are: ߬௜௝ = ܿ௜௝௞௟݁௞௟ − ௜௝ , (3)ߜߠ௜௝ߚ

where ߚ௜௝ = ܿ௜௝௞௟ߙ௞௟  (݅, ݆, ݇, ݈ = 1, 2, 3). 
Strain – displacement relation: 

݁௜௝ = 12 ൫ݑ௜,௝ + ௜,௝ݑ   , ௝,௜൯ݑ = ௝ݔ௜߲ݑ߲  , (4)

where the differentiation with respect to space variable ݔ௜ is denoted by and that with respect to 
time is denoted by notation. 

3. Formulation of the problem 

Let us consider a linear anisotropic thermoelastic half space within ሼ(ݔଵ, ,ଶݔ ଷ): 0ݔ ≤ ଵݔ < ∞,0 ≤ ଶݔ < ∞, 0 ≤ ଷݔ < ∞ሽ for a time dependent heat source on the boundary plane to the surface ݔଵ = 0. The surface ݔଵ = 0 is assumed to be traction free and the body is assumed initially at rest. 
The components of displacement vectors of three dimensional plane waves in anisotropic elastic 
medium, are given as: ݑ௜ = ,ଵݔ)௜ݑ ,ଶݔ ,ଷݔ ݅    , (ݐ = 1, 2, 3, (5)

where ݐ  is the time variable and ݔ௜ , (݅ = 1, 2, 3)  denotes the respective orthogonal Cartesian  
co-ordinate axes. The elastic medium is now considered as rotating uniformly with an angular 
velocity Ω = Ω ො݊, where ො݊ is the unit vector along the direction of rotation. The equation of motion 
of the rotating frame contains two additional terms: (Ω×(Ω×ݑ ) representing the centripetal 
acceleration due to time varying motion only and (2Ω×ݑሶ ) representing the coriolis acceleration 
and ො݊  = (1, 0, 0). 

Using Hook’s law, the stress- strain- temperature relations can be written as follows: ߬ଵଵ = ܿଵଵ݁ଵଵ + ܿଵଶ݁ଶଶ + ܿଵଷ݁ଷଷ + 2(ܿଵସ݁ଶଷ + ܿଵହ݁ଵଷ + ܿଵ଺݁ଵଶ) − ଶଶ߬(6a) ,ߠଵଵߚ = ܿଶଵ݁ଵଵ + ܿଶଶ݁ଶଶ + ܿଶଷ݁ଷଷ + 2(ܿଶସ݁ଶଷ + ܿଶହ݁ଵଷ + ܿଶ଺݁ଵଶ) − ଷଷ߬(6b) ,ߠଶଶߚ = ܿଷଵ݁ଵଵ + ܿଷଶ݁ଶଶ + ܿଷଷ݁ଷଷ + 2(ܿଷସ݁ଶଷ + ܿଷହ݁ଵଷ + ܿଷ଺݁ଵଶ) − ଶଷ߬(6c) ,ߠଷଷߚ = ܿସଵ݁ଵଵ + ܿସଶ݁ଶଶ + ܿସଷ݁ଷଷ + 2(ܿସସ݁ଶଷ + ܿସହ݁ଵଷ + ܿସ଺݁ଵଶ), (6d)߬ଵଷ = ܿହଵ݁ଵଵ + ܿହଶ݁ଶଶ + ܿହଷ݁ଷଷ + 2(ܿହସ݁ଶଷ + ܿହହ݁ଵଷ + ܿହ଺݁ଵଶ), (6e)߬ଵଶ = ܿ଺ଵ݁ଵଵ + ܿ଺ଶ݁ଶଶ + ܿ଺ଷ݁ଷଷ + 2(ܿ଺ସ݁ଶଷ + ܿ଺ହ݁ଵଷ + ܿ଺଺݁ଵଶ). (6f)
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In absence of inner heat source and body force the equation of motion are given as: ߬ଵଵ,ଵ + ߬ଵଶ,ଶ + ߬ଵଷ,ଷ = ሷݑߩ ଵ, (7a)߬ଶଵ,ଵ + ߬ଶଶ,ଶ + ߬ଶଷ,ଷ = ሷݑߩ ଶ − Ωଶݑଶ − 2Ωݑሶ ଷ, (7b)߬ଷଵ,ଵ + ߬ଷଶ,ଶ + ߬ଷଷ,ଷ = ሷݑߩ ଷ − Ωଶݑଷ + 2Ωݑሶ ଶ. (7c)

With the help of Eqs. (5) and (6), the equations of motions Eq. (7) become: ൫ܿଵଵݑଵ,ଵଵ + ܿ଺଺ݑଵ,ଶଶ + ܿହହݑଵ,ଷଷ൯ + 2൫ܿଵ଺ݑଵ,ଵଶ + ܿଵହݑଵ,ଵଷ + ܿହ଺ݑଵ,ଶଷ൯+ ൫ܿଵ଺ݑଶ,ଵଵ + ܿଶ଺ݑଶ,ଶଶ + ܿସହݑଶ,ଷଷ + (ܿଵଶ + ܿ଺଺)ݑଶ,ଵଶ + (ܿଵସ + ܿହ଺)ݑଶ,ଵଷ+ (ܿସ଺ + ܿଶହ)ݑଶ,ଶଷ൯+ ൫ܿଵହݑଷ,ଵଵ + ܿସ଺ݑଷ,ଶଶ + ܿଷହݑଷ,ଷଷ + (ܿଵସ + ܿହ଺)ݑଷ,ଵଶ + (ܿଵଷ + ܿହହ)ݑଷ,ଵଷ+ (ܿଷ଺ + ܿସହ)ݑଷ,ଶଷ൯ − ଵ,ߠଵଵߚ = ሷݑߩ ଵ, (8a)

൫ܿଵ଺ݑଵ,ଵଵ + ܿଶ଺ݑଵ,ଶଶ + ܿସହݑଵ,ଷଷ + (ܿଵଶ + ܿ଺଺)ݑଵ,ଵଶ + (ܿଵସ + ܿହ଺)ݑଵ,ଵଷ + (ܿସ଺ + ܿଶହ)ݑଵ,ଶଷ൯+ ൫ܿ଺଺ݑଶ,ଵଵ + ܿଶଶݑଶ,ଶଶ + ܿସସݑଶ,ଷଷ൯ + 2൫ܿଶ଺ݑଶ,ଵଶ + ܿସ଺ݑଶ,ଵଷ + ܿଶସݑଶ,ଶଷ൯+ ൫ܿହ଺ݑଷ,ଵଵ + ܿଶସݑଷ,ଶଶ + ܿଷସݑଷ,ଷଷ + (ܿସ଺ + ܿଶହ)ݑଷ,ଵଶ + (ܿଷ଺ + ܿସହ)ݑଷ,ଵଷ+ (ܿଶଷ + ܿସସ)ݑଷ,ଶଷ൯ − ଶ,ߠଶଶߚ = ሷݑߩ ଶ − Ωଶݑଶ − 2Ωݑሶ ଷ, (8b)

൫ܿଵହݑଵ,ଵଵ + ܿସ଺ݑଵ,ଶଶ + ܿଷହݑଵ,ଷଷ + (ܿଵସ + ܿହ଺)ݑଵ,ଵଶ + (ܿଵଷ + ܿହହ)ݑଵ,ଵଷ + (ܿଷ଺ + ܿସହ)ݑଵ,ଶଷ൯+ ൫ܿହ଺ݑଶ,ଵଵ + ܿଶସݑଶ,ଶଶ + ܿଷସݑଶ,ଷଷ + (ܿସ଺ + ܿଶହ)ݑଶ,ଵଶ + (ܿଷ଺ + ܿସହ)ݑଶ,ଵଷ+ (ܿଶଷ + ܿସସ)ݑଶ,ଶଷ൯ + ൫ܿହହݑଷ,ଵଵ + ܿସସݑଷ,ଶଶ + ܿଷଷݑଷ,ଷଷ൯+ 2൫ܿସହݑଷ,ଵଶ + ܿଷହݑଷ,ଵଷ + ܿଷସݑଷ,ଶଷ൯ − ଷ,ߠଷଷߚ = ሷݑߩ ଷ − Ωଶݑଷ + 2Ωݑሶ ଶ. (8c)

The generalized heat-conduction Eq. (2) is written as: 

൬݇∗ + ݇ଵଵ ൰ݐ߲߲ ଵଵ,ߠ + ൬݇∗ + ݇ଶଶ ൰ݐ߲߲ ଶଶ,ߠ + ൬݇∗ + ݇ଷଷ ൰ݐ߲߲ =ଷଷ,ߠ ሷߠ௘ܿߩ + ሷݑଵଵߚ଴൫ߠ ଵ,ଵ + ሷݑଶଶߚ ଶ,ଶ + ሷݑଷଷߚ ଷ,ଷ൯. (9)

The following non- dimensional variables are introduced to transform the above equations in 
non-dimensional form: 

௜′ݔ = 1݈ ௜′ݑ   ,௜ݔ = ܿଵଵ݈ߚଵଵߠ଴ ᇱݐ   ,௜ݑ = ඨܿଵଵߩ  1݈ ᇱߠ   ,ݐ = ଴ߠߠ ,   ܿଵଶ = ܿଵଵߩ ,    Ω = ܿଵ݈ Ωᇱ, (10)

where ݈  is some standard length. 
Using Eq. (10), the non dimensional forms of the Eqs. (8a)-(9) reduces to (omitting primes for 

convenience): ൬ݑଵ,ଵଵ + ܿ଺଺ܿଵଵ ଵ,ଶଶݑ + ܿହହܿଵଵ ଵ,ଷଷ൰ݑ + 2 ൬ܿଵ଺ܿଵଵ ଵ,ଵଶݑ + ܿଵହܿଵଵ ଵ,ଵଷݑ + ܿହ଺ܿଵଵ +ଵ,ଶଷ൰ݑ ൬ܿଵ଺ܿଵଵ ଶ,ଵଵݑ + ܿଶ଺ܿଵଵ ଶ,ଶଶݑ + ܿସହܿଵଵ ଶ,ଷଷݑ + ൬ܿଵଶ + ܿ଺଺ܿଵଵ ൰ ଶ,ଵଶݑ + ൬ܿଵସ + ܿହ଺ܿଵଵ ൰ +ଶ,ଵଷݑ ൬ܿସ଺ + ܿଶହܿଵଵ ൰ +ଶ,ଶଷ൰ݑ ൬ܿଵହܿଵଵ ଷ,ଵଵݑ + ܿସ଺ܿଵଵ ଷ,ଶଶݑ + ܿଷହܿଵଵ ଷ,ଷଷݑ + ൬ܿଵସ + ܿହ଺ܿଵଵ ൰ ଷ,ଵଶݑ + ൬ܿଵଷ + ܿହହܿଵଵ ൰ +ଷ,ଵଷݑ ൬ܿଷ଺ + ܿସହܿଵଵ ൰ ଷ,ଶଷ൰ݑ − ଵ,ߠ = ሷݑ ଵ, 
(11a)
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൬ܿଵ଺ܿଵଵ ଵ,ଵଵݑ + ܿଶ଺ܿଵଵ ଵ,ଶଶݑ + ܿସହܿଵଵ ଵ,ଷଷݑ + ൬ܿଵଶ + ܿ଺଺ܿଵଵ ൰ ଵ,ଵଶݑ + ൬ܿଵସ + ܿହ଺ܿଵଵ ൰ +ଵ,ଵଷݑ ൬ܿସ଺ + ܿଶହܿଵଵ ൰ ଵ,ଶଷ൰ݑ + ൬ܿ଺଺ܿଵଵ ଶ,ଵଵݑ + ܿଶଶܿଵଵ ଶ,ଶଶݑ + ܿସସܿଵଵ +ଶ,ଷଷ൰ݑ 2 ൬ܿଶ଺ܿଵଵ ଶ,ଵଶݑ + ܿସ଺ܿଵଵ ଶ,ଵଷݑ + ܿଶସܿଵଵ +ଶ,ଶଷ൰ݑ ൬ܿହ଺ܿଵଵ ଷ,ଵଵݑ + ܿଶସܿଵଵ ଷ,ଶଶݑ + ܿଷସܿଵଵ ଷ,ଷଷݑ + ൬ܿସ଺ + ܿଶହܿଵଵ ൰ ଷ,ଵଶݑ + ൬ܿଷ଺ + ܿସହܿଵଵ ൰ +ଷ,ଵଷݑ ൬ܿଶଷ + ܿସସܿଵଵ ൰ ଷ,ଶଷ൰ݑ − ଶ,ߠଶߚ = ሷݑ ଶ − Ωଶݑଶ − 2Ωݑሶ ଷ, 
(11b)

൬ܿଵହܿଵଵ ଵ,ଵଵݑ + ܿସ଺ܿଵଵ ଵ,ଶଶݑ + ܿଷହܿଵଵ ଵ,ଷଷݑ + ൬ܿଵସ + ܿହ଺ܿଵଵ ൰ ଵ,ଵଶݑ + ൬ܿଵଷ + ܿହହܿଵଵ ൰ +ଵ,ଵଷݑ ൬ܿଷ଺ + ܿସହܿଵଵ ൰ +ଵ,ଶଷ൰ݑ ൬ܿହ଺ܿଵଵ ଶ,ଵଵݑ + ܿଶସܿଵଵ ଶ,ଶଶݑ + ܿଷସܿଵଵ ଶ,ଷଷݑ + ൬ܿସ଺ + ܿଶହܿଵଵ ൰ ଶ,ଵଶݑ + ൬ܿଷ଺ + ܿସହܿଵଵ ൰ +ଶ,ଵଷݑ ൬ܿଶଷ + ܿସସܿଵଵ ൰ ଶ,ଶଷ൰ݑ + ൬ܿହହܿଵଵ ଷ,ଵଵݑ + ܿସସܿଵଵ ଷ,ଶଶݑ + ܿଷଷܿଵଵ +ଷ,ଷଷ൰ݑ 2 ൬ܿସହܿଵଵ ଷ,ଵଶݑ + ܿଷହܿଵଵ ଷ,ଵଷݑ + ܿଷସܿଵଵ ଷ,ଶଷ൰ݑ − ଷ,ߠଷߚ = ሷݑ ଷ − Ωଶݑଷ + 2Ωݑሶ ଶ, 
(11c)

൬߳ଷ + ߳ସ ൰ݐ߲߲ ଵଵ,ߠ + ൬߳ଷ + ߳ସ݇ଶ ൰ݐ߲߲ ଶଶ,ߠ + ൬߳ଷ + ߳ସ݇ଷ ൰ݐ߲߲ =ଷଷ,ߠ ሷߠ + ൫߳଴ݑሷ ଵ,ଵ + ߳ଵݑሷ ଶ,ଶ + ߳ଶݑሷ ଷ,ଷ൯, (12)

where: 

[߳଴, ߳ଵ, ߳ଶ] = ௘ܿଵଵܿߩ଴ߠଵଵߚ ,ଵଵߚ] ,ଶଶߚ ,ଷଷ],    [߳ଷߚ ߳ସ] = ௘ܿߩ1 ቈ݇∗ܿଵଶ , ݇ଵଵܿଵ݈ ቉,    ݇ଶ = ݇ଶଶ݇ଵଵ ,   ݇ଷ = ݇ଷଷ݇ଵଵ ଶߚ     , = ଵଵߚଶଶߚ ଷߚ   , =  .ଵଵߚଷଷߚ
Non – dimensional stress components can be calculated as: ߬ଵଵ = 1ܿଵଵ [ܿଵଵ݁ଵଵ + ܿଵଶ݁ଶଶ + ܿଵଷ݁ଷଷ + 2(ܿଵସ݁ଶଷ + ܿଵହ݁ଵଷ + ܿଵ଺݁ଵଶ)] − ଶଶ߬(13a) ,ߠ = 1ܿଵଵ [ܿଶଵ݁ଵଵ + ܿଶଶ݁ଶଶ + ܿଶଷ݁ଷଷ + 2(ܿଶସ݁ଶଷ + ܿଶହ݁ଵଷ + ܿଶ଺݁ଵଶ)] − ଷଷ߬(13b) ,ߠଶߚ = 1ܿଵଵ [ܿଷଵ݁ଵଵ + ܿଷଶ݁ଶଶ + ܿଷଷ݁ଷଷ + 2(ܿଷସ݁ଶଷ + ܿଷହ݁ଵଷ + ܿଷ଺݁ଵଶ)] − ଶଷ߬(13c) ,ߠଷߚ = 1ܿଵଵ [ܿସଵ݁ଵଵ + ܿସଶ݁ଶଶ + ܿସଷ݁ଷଷ + 2(ܿସସ݁ଶଷ + ܿସହ݁ଵଷ + ܿସ଺݁ଵଶ)], (13d)߬ଵଷ = 1ܿଵଵ [ܿହଵ݁ଵଵ + ܿହଶ݁ଶଶ + ܿହଷ݁ଷଷ + 2(ܿହସ݁ଶଷ + ܿହହ݁ଵଷ + ܿହ଺݁ଵଶ)], (13e)߬ଵଶ = 1ܿଵଵ [ܿ଺ଵ݁ଵଵ + ܿ଺ଶ݁ଶଶ + ܿ଺ଷ݁ଷଷ + 2(ܿ଺ସ݁ଶଷ + ܿ଺ହ݁ଵଷ + ܿ଺଺݁ଵଶ)]. (13f)

4. Normal mode analysis 

The physical variables are decomposed in terms of normal modes to obtain the solution of (11) 
and (12) (Sarkar and Lahiri [13]) in the following form: 
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൫ݑ௜, ,ߠ ߬௜௝൯[ݔଵ, ,ଶݔ ,ଷݔ [ݐ = ൫ݑ௜∗ , , ∗ߠ ߬௜௝∗ ൯(ݔ௜)݁ఠ௧ା௜(௔௫మା௕௫య), (14)

where ݅ = √−1, ߱ being angular frequency and ܽ, ܾ are the wave numbers are ܽ and ܾ along ݔଶ 
and ݔଷ directions respectively. 

Using Eq. (14) in Eqs. (11)-(13), we obtained (omitting ‘*’ for convenience): ݑଵ,ଵଵ + ܽଵଵݑଵ,ଵ + ܽଵଶݑଵ + ܽଶଵݑଶ,ଵଵ + ܽଶଶݑଶ,ଵ + ܽଶଷݑଶ       +ܽଷଵݑଷ,ଵଵ + ܽଷଶݑଷ,ଵ + ܽଷଷݑଷ − ଵ,ߠ = 0, (15)ܾଵଵݑଵ,ଵଵ + ܾଵଶݑଵ,ଵ + ܾଵଷݑଵ + ଶ,ଵଵݑ + ܾଶଵݑଶ,ଵ + ܾଶଶݑଶ       +ܾଷଵݑଷ,ଵଵ + ܾଷଶݑଷ,ଵ + ܾଷଷݑଷ − ܾଷସߠ,ଵ = 0, (16)݉ଵଵݑଵ,ଵଵ + ݉ଵଶݑଵ,ଵ + ݉ଵଷݑଵ + ݉ଶଵݑଶ,ଵଵ + ݉ଶଶݑଶ,ଵ       +݉ଶଷݑଶ + ଷ,ଵଵݑ + ݉ଷଵݑଷ,ଵ + ݉ଷଶݑଷ − ݉ଷଷߠ,ଵ = 0, (17)݀ସଵݑଵ,ଵ + ݀ସସݑଶ + ݀ସ଺ݑଷ + ݀ସ଼ߠ = ଵଵ, (18)߬ଵଵ,ߠ = ଵ,ଵݑ + ℎଵଶݑଶ,ଵ + ℎଵଷݑଷ,ଵ + ℎଵସݑଵ + ℎଵହݑଶ + ℎଵ଺ℎଷ − ଶଶ߬(19) ,ߠ = ℎଶଵݑଵ,ଵ + ℎଶଶݑଶ,ଵ + ℎଶଷݑଷ,ଵ + ℎଶସݑଵ + ℎଶହݑଶ + ℎଶ଺ݑଷ − ଷଷ߬(20) ,ߠଶߚ = ℎଷଵݑଵ,ଵ + ℎଷଶݑଶ,ଵ + ℎଷଷݑଷ,ଵ + ℎଷସݑଵ + ℎଷହݑଶ + ℎଷ଺ݑଷ − ଶଷ߬(21) ,ߠଷߚ = ℎସଵݑଵ,ଵ + ℎସଶݑଶ,ଵ + ℎସଷݑଷ,ଵ + ℎସସݑଵ + ℎସହݑଶ + ℎସ଺ݑଷ, (22)߬ଵଷ = ℎହଵݑଵ,ଵ + ℎହଶݑଶ,ଵ + ℎହଷݑଷ,ଵ + ℎହସݑଵ + ℎହହݑଶ + ℎହ଺ݑଷ, (23)߬ଵଶ = ℎ଺ଵݑଵ,ଵ + ℎ଺ଶݑଶ,ଵ + ℎ଺ଷݑଷ,ଵ + ℎ଺ସݑଵ + ℎ଺ହݑଶ + ℎ଺଺ݑଷ, (24)

where ܽ௜௝, ܾ௜௝, ݉௜௝, ݀௜௝ and ℎ௜௝ (݅, ݆ = 1, 2, 3) are given in Appendix I. 
Equations (15)- (18) can be written in the vector- matrix differential equations (Sarkar and 

Lahiri [13]) as follows: ݀ܣሚ݀ݔ = ሚ ෨ܸܣ , (25)

where: ෨ܸ = ,ଵݑൣ ,ଶݑ ,ଷݑ ,ߠ ,ଵ,ଵݑ ,ଶ,ଵݑ ,ଷ,ଵݑ ሚܣ ,ଵ൧,ߠ = ൤ܮଵଵ ଶଵܮଵଶܮ  ,ଶଶ൨ܮ
where ܮଵଵ and ܮଵଶ are null matrix and identity matrix of order 4×4 and ܮଶଵ and ܮଶଶ are given in 
the Appendix I. 

5. Solution of the vector- matrix differential equation: eigenvalue approach 

Applying eigenvalue approach method as in Santra et al. [15] to solve the vector-matrix 
differential equation (25), we get the characteristic equation of the matrix ܣሚ as: หܣሚ − หܫߣ = 0. (26)

The roots of the Eq. (26) are of the form: ߣ = ݅)    ,௜ߣ± = 1,2,3,4). 
The eigenvector ෨ܺ corresponding to the eigenvalue ߣ can be calculated as: 
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෨ܺ =
ێێۏ
ێێێ
ଵߜۍێێ = ( ଶ݂ସ ଵ݂ଷ − ଵ݂ସ ଶ݂ଷ)( ଶ݂ଶ ଷ݂ଷ − ଷ݂ଶ ଶ݂ଷ) − ( ଷ݂ସ ଶ݂ଷ − ଶ݂ସ ଷ݂ଷ)( ଵ݂ଶ ଶ݂ଷ − ଶ݂ଶ ଵ݂ଷ)ߜଶ = ( ଷ݂ସ ଶ݂ଷ − ଶ݂ସ ଷ݂ଷ)( ଵ݂ଵ ଶ݂ଷ − ଶ݂ଵ ଵ݂ଷ) − ( ଶ݂ସ ଵ݂ଷ − ଵ݂ସ ଶ݂ଷ)( ଶ݂ଵ ଷ݂ଷ − ଷ݂ଵ ଶ݂ଷ)ߜଷ = ( ଵ݂ଶ ଶ݂ଵ − ଵ݂ଵ ଶ݂ଶ)( ଶ݂ଵ ଷ݂ସ − ଷ݂ଵ ଶ݂ସ) − ( ଶ݂ଶ ଷ݂ଵ − ଶ݂ଵ ଷ݂ଶ)( ଵ݂ଵ ଶ݂ସ − ଵ݂ସ ଶ݂ଵ)ߜସ = ( ଵ݂ଵ ଶ݂ଷ − ଶ݂ଵ ଵ݂ଷ)( ଶ݂ଶ ଷ݂ଷ − ଷ݂ଶ ଶ݂ଷ) − ( ଵ݂ଶ ଶ݂ଷ − ଶ݂ଶ ଵ݂ଷ)( ଶ݂ଵ ଷ݂ଷ − ଷ݂ଵ ଶ݂ଷ)ߜߣଵߜߣଶߜߣଷߜߣସ ۑۑے

ۑۑۑ
(27) ,ېۑۑ

where ௜݂௝, (݅, ݆ = 1, 2, 3) are given in the Appendix I. 
The eigenvector ෨ܺ௜ [݅ = 1(1)8] corresponding to the eigenvalue ߣ = ݅] ௜ߣ = 1(1)8] can be 

calculated from equation (27). For our further reference, we use the following notations: 

෨ܺ௜ = ቐ[ ෨ܺ]ఒୀఒ೔శభమ  ,    ݅ = 1(2)7,[ ෨ܺ]ఒୀఒష೔మ ,    ݅ = 2(2)8. (28)

As in Lahiri et al. [12], the general solution of Eq. (25) which is regular as ݔ௜ → +∞ can be 
written as: 

෨ܸ = ෍ ௜ܣ ෨ܺଶ௜݁ିఒ೔ ௫భସ
௜ୀଵ ଵݔ      , ≥ 0, (29)

where the arbitrary constants ܣ௜ are to be determined from the boundary conditions of the problem 
and because of regularity condition of the solution at +∞ the terms containing exponential of 
growing nature in the space variables ݔ௜ have been neglected. 

Thus, the field variables can be written from the Eq. (29) for ݔଵ ≥ 0 as: 

, ଵݑ] , ଶݑ , ଷݑ (௜ݔ)[ ߠ = ෍ , ଵߜ]௜ܣ , ଶߜ , ଷߜ ସ]ఒୀିఒ೔ ݁ିఒ೔ ௫భସߜ
௜ୀଵ , (30)

߬ଵଵ = ෍ൣ(ℎଵସ − + ଵ|ఒୀିఒ೔ߜ(௜ߣ (ℎଵହ − + ଶ|ఒୀିఒ೔ߜ(௜ℎଵଶߣ (ℎଵ଺ −  ଷ|ఒୀିఒ೔ߜ(௜ℎଵଷߣ
ସ

௜ୀଵ− ௜ܣସ|ఒୀିఒ೔ ൧ߜ ݁ିఒ೔ ௫భ, (31)

߬ଶଶ = ෍ൣ(ℎଶସ − + ଵ|ఒୀିఒ೔ߜ(௜ℎଶଵߣ (ℎଶହ − + ଶ|ఒୀିఒ೔ߜ(௜ℎଶଶߣ (ℎଶ଺ −  ଷ|ఒୀିఒ೔ߜ(௜ℎଶଷߣ
ସ

௜ୀଵ− ௜ܣସ|ఒୀିఒ೔ ൧ߜଶߚ ݁ିఒ೔ ௫భ, (32)

߬ଷଷ = ෍ൣ(ℎଷସ − + ଵ|ఒୀିఒ೔ߜ(௜ℎଷଵߣ (ℎଷହ − + ଶ|ఒୀିఒ೔ߜ(௜ℎଷଶߣ (ℎଷ଺ −  ଷ|ఒୀିఒ೔ߜ(௜ℎଷଷߣ
ସ

௜ୀଵ− ௜ܣସ|ఒୀିఒ೔ ൧ߜଷߚ ݁ିఒ೔ ௫భ, (33)

߬ଶଷ = ෍ൣ(ℎସସ − + ଵ|ఒୀିఒ೔ߜ(௜ℎସଵߣ (ℎସହ −  ଶ|ఒୀିఒ೔ߜ(௜ℎସଶߣ
ସ

௜ୀଵ+ (ℎସ଺ − ௜ܣଷ|ఒୀିఒ೔ ൧ߜ(௜ℎସଷߣ ݁ିఒ೔ ௫భ, (34)
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߬ଵଷ = ෍ൣ(ℎହସ − + ଵ|ఒୀିఒ೔ߜ(௜ℎହଵߣ (ℎହହ −  ଶ|ఒୀିఒ೔ߜ(௜ℎହଶߣ
ସ

௜ୀଵ+ (ℎହ଺ − ௜ܣଷ|ఒୀିఒ೔ ൧ߜ(௜ℎହଷߣ ݁ିఒ೔ ௫భ, (35)

߬ଵଶ = ෍ൣ(ℎ଺ସ − + ଵ|ఒୀିఒ೔ߜ(௜ℎ଺ଵߣ (ℎ଺ହ −  ଶ|ఒୀିఒ೔ߜ(௜ℎ଺ଶߣ
ସ

௜ୀଵ+ (ℎ଺଺ − ௜ܣଷ|ఒୀିఒ೔ ൧ߜ(௜ℎ଺ଷߣ ݁ିఒ೔ ௫భ. (36)

6. Boundary conditions 

To determine the arbitrary constants ܣ௜, boundary conditions are considered at the surface on 
the half space ݔଵ = 0 as in Sarkar and Lahiri [13]. 

Mechanical boundary condition: On the traction, free boundary of the half-space: ݔଵ = 0,    ߬ଵଵ(0, ,ଶݔ ,ଷݔ (ݐ = ߬ଶଶ(0, ,ଶݔ ,ଷݔ (ݐ = ߬ଷଷ(0, ,ଶݔ ,ଷݔ (ݐ = 0. (37)

Thermal boundary condition: ݍ௡ + ߠߥ = ,0)ݎ ,ଶݔ ,ଷݔ (38) .(ݐ

Since, ݍ௡ = − ߠ߲ ߲݊⁄ , we get ߠߥ∗ − ߠ߲ ⁄ଵݔ߲ = ∗ݎ  at ݔଵ = 0 , where ݍ௡  is the normal 
components of the heat flux vector, ߥ  is the Biot’s number, ߥ → 0  corresponding thermally 
insulated boundary, ߥ → +∞ corresponding to isothermal boundary. 0)ݎ, ,ଶݔ ,ଷݔ  is the intensity (ݐ
of the applied heat source. 

With the help of Eq. (14), Eqs. (37) and (38) become (omitting ‘*’ for convenience): ߬ଵଵ(0, ,ଶݔ ,ଷݔ (ݐ = ߬ଶଶ(0, ,ଶݔ ,ଷݔ (ݐ = ߬ଷଷ(0, ,ଶݔ ,ଷݔ (ݐ = ߠߥ ,0 − ଵݔ߲ߠ߲ = ଵݔ    ,0 = 0. 
7. Numerical analysis 

For the purpose of illustrating the problem, we now consider a numerical example for which 
computational results are presented. Since ߱ is complex, we take ߱ = ߱଴ + ݅߫, for studying the 
effect of wave propagation, we use the following physical parameters in SI units given in the 
following. 

The numerical constants are given by: ܿଵଵ = 16.248 GPa,   ܿଵସ = −1.152 GPa,   ܿଶହ = 1.608 GPa,   ܿଶଶ = 11.88 GPa, ܿଵହ = 0 GPa,   ܿଶ଺ = 1.248 GPa,   ܿଷଷ = 12.216 GPa,   ܿଵ଺ = 0.561 GPa, ܿଷଶ = 1.032 GPa,   ܿଵଶ = 1.48 GPa,   ܿଶଵ = 1.48 GPa,   ܿଷସ = 0.672 GPa, ܿଵଷ = 2.4 GPa,   ܿଶଷ = 1.032 GPa,   ܿଷହ = 0.216 GPa,   ܿସଵ = −1.152 GPa, ܿଶସ = 0.912 GPa,   ܿଷ଺ = 0.216 GPa,   ܿସଶ = 0.912 GPa,   ܿହଵ = 0 GPa, ܿ଺ଵ = 0.561 GPa,   ܿସଷ = −0.672 GPa,   ܿହଶ = 1.608 GPa,   ܿ଺ଶ = 1.248 GPa, ܿସସ = 5.64 GPa,   ܿହଷ = 0.216 GPa,   ܿ଺ଷ = −0.216 GPa,   ܿସହ = 2.16 GPa ܿହସ = 2.16 GPa,   ܿ଺ସ = 0 GPa,   ܿସ଺ = 0 GPa,   ܿହହ = 5.88 GPa,   ܿ଺ହ = 0 GPa, ܿହ଺ = 0 GPa,   ܿ଺଺ = 6.91 GPa,   ܿா = ଵଵߚ   ,0.787 = ଵଵߚ   ,7.042 = ଵଵߚ ,7.046 = 6.09,   ݇ଵଵ = 0.0921,   ݇ଵଵ = 0.0963,   ݇ଵଵ = ଴ߠ   ,0.0917 = 293. 
Variations of the stress components and temperature distribution has been graphically shown 

from Fig. 1 to Fig. 7 for G-N model of type III comparing with G-N model of type II with rotation 
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and without rotation with respect to ݔଵ for the constant values of ݐ = 0.5 and ߱ = 0.2. 
(1) The nature of the stress component ߬ଵଵ is contraction in nature for G-N model of type II 

and III with rotation Ω = 25 whereas without rotation stress is parallel to the ݔଵ axis. Stresses for  
G-N model type II and III are same and parallel in 0 < ଵݔ < 3 and then gradually decreasing. 

(2) Fig. 2 shows that the stress component ߬ଶଶ is extensive in nature. The maximum value 
occurs for G-N model of type III with rotation. Stresses are gradually increasing in 0 < ଵݔ < 0.2 
and then decreasing. 

(3) Nature of the stress ߬ଷଷ is same as ߬ଶଶ. 

 
Fig. 1. Variation of ߬ଵଵ with respect to ݔଵ with rotation and without rotation 

 
Fig. 2. Variation of ߬ଶଶ with respect to ݔଵ with rotation and without rotation 

 
Fig. 3. Variation of ߬ଷଷ with respect to ݔଵ with rotation and without rotation 
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(4) In Fig. 4 nature of the stress component ߬ଵଶ is same for G-N model II and III without 
ritation. Small variation can be seen for the case of with rotation in the range 0 < ଵݔ < 0.2. and 
then stresses are gradually decreasing for all the four cases. 

(5) In Fig. 5 nature of ߬ଵଷ is same as ߬ଵଶ for the case of without rotation. And for the case of 
with rotation the stresses are parallel to the ݔଵ  axis except for a small variation in the range  0.3 < ଵݔ < 0.5 in case of G-N model type III. 

 
Fig. 4. Variation of ߬ଵଶ with respect to ݔଵ with rotation and without rotation  

 
Fig. 5. Variation of ߬ଵଷ with respect to ݔଵ with rotation and without rotation 

 
Fig. 6. Variation of ߬ଶଷ with respect to ݔଵ with rotation and without rotation 

(6) Fig. 6 shows that initial value of ߬ଶଷ for G-N model type II and III with rotation is 0 for 
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ଵݔ = 0  whereas without rotation the initial values are 2 and 2.2 for G-N model II and III 
respectively. In the range 0 < ଵݔ < 1, the stress component ߬ଶଷ monotonically decreases without 
rotation whereas it increases initially starting from 0, attains a maximum value and then gradually 
decreases ݔଵ > 0.3 with rotation. 

(7) From Fig. 7 we can see that the temperature is gradually increasing in 0 < ଵݔ < 0.2 and 
then maximum value occurs at ݔଵ = 0.2 for the case of G-N model type III with rotation and after 
that temperature for all the four cases are gradually decreasing.  

 
Fig. 7. Variation of ߠ with respect to ݔଵ with rotation and without rotation 

8. Conclusions 

Thermal stresses and temperature on a traction free boundary in a half space for G-N model 
type II as well as type III due to time dependent heat source shows significant dependence on 
rotation as evident from the above curves. 

Various stress components deviate under rotation from their rotation less counter parts. Certain 
stress component possesses non zero initial value when subject to rotation whereas for temperature 
a converse effect has been found. 
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Appendix ܽଵଵ = 2݅ܽ ܿଵ଺ܿଵଵ + 2ܾ݅ ܿଵହܿଵଵ ,   ܽଵଶ = −ܽଶ ܿ଺଺ܿଵଵ − ܾଶ ܿହହܿଵଵ − 2ܾܽ ܿହ଺ܿଵଵ − ߱ଶ,   ܽଶଵ = ܿଵ଺ܿଵଵ, ܽଶଶ = ݅ܽ ܿଵଶ + ܿ଺଺ܿଵଵ + ܾ݅ ܿଵସ + ܿହ଺ܿଵଵ ,   ܽଶଷ = −ܽଶ ܿଶ଺ܿଵଵ − ܾଶ ܿସହܿଵଵ − ܾܽ ܿସ଺ + ܿଶହܿଵଵ ,   ܽଷଵ = ܿଵହܿଵଵ, ܽଷଶ = ݅ܽ ܿଵସ + ܿହ଺ܿଵଵ + ܾ݅ ܿଵଷ + ܿହହܿଵଵ ,   ܽଷଷ = −ܽଶ ܿସ଺ܿଵଵ − ܾଶ ܿଷହܿଵଵ − ܾܽ ܿଷ଺ + ܿସହܿଵଵ , ܾଵଵ = ܿଵ଺ܿ଺଺ ,   ܾଵଶ = ݅ܽ ܿଵଶ + ܿ଺଺ܿ଺଺ + ܾ݅ ܿଵସ + ܿହ଺ܿ଺଺ ,   ܾଵଷ = −ܽଶ ܿଶ଺ܿ଺଺ − ܾଶ ܿସହܿ଺଺ − ܾܽ ܿସ଺ + ܿଶହܿ଺଺  , ܾଶଵ = 2݅ܽ ܿଶ଺ܿ଺଺ + 2ܾ݅ ܿସ଺ܿ଺଺  ,   ܾଶଶ = −ܽଶ ܿଶଶܿ଺଺ − ܾଶ ܿସସܿ଺଺ − 2ܾܽ ܿଶସܿ଺଺ − ܿଵଵ(߱ଶ − Ωଶ)ܿ଺଺  , ܾଷଵ = ܿହ଺ܿ଺଺ ,   ܾଷଶ = ݅ܽ ܿସ଺ + ܿଶହܿ଺଺ + ܾ݅ ܿଷ଺ + ܿସହܿ଺଺ , ܾଶଶ = −ܽଶ ܿଶସܿ଺଺ − ܾଶ ܿଷସܿ଺଺ − ܾܽ ܿଶଷ + ܿସସܿ଺଺ + 2߱Ωܿ଺଺  , ݉ଵଵ = ܿଵହܿହହ ,   ݉ଵଶ = ݅ܽ ܿହ଺ + ܿଵସܿହହ + ܾ݅ ܿହହ + ܿଵଷܿହହ  , ݉ଵଷ = −ܽଶ ܿସ଺ܿହହ − ܾଶ ܿଷହܿହହ − ܾܽ ܿସହ + ܿଷ଺ܿହହ  ,   ݉ଶଵ = ܿହ଺ܿହହ, ݉ଶଶ = ݅ܽ ܿଶହ + ܿସ଺ܿହହ + ܾ݅ ܿସହ + ܿଷ଺ܿହହ  ,   ݉ଶଷ = −ܽଶ ܿଶସܿହହ − ܾଶ ܿଷସܿହହ − ܾܽ ܿସସ + ܿଶଷܿହହ  , ݉ଷଵ = 2݅ܽ ܿସହܿହହ + 2ܾ݅ ܿଷହܿହହ  ,   ݉ଷଶ = −ܽଶ ܿସସܿହହ − ܾଶ ܿଷଷܿହହ − 2ܾܽ ܿଷସܿହହ − ܿଵଵ(߱ଶ − Ωଶ)ܿହହ  , ݀ଵଵ = 1 + ܽଶଵ(ܾଷଵ݉ଵଵ − ܾଵଵ)1 − ܾଷଵ݉ଶଵ + ܽଷଵ(ܾଵଵ݉ଶଵ − ݉ଵଵ)1 − ܾଷଵ݉ଶଵ , ݀ଵଶ = ܽଵଵ + ܽଶଵ(ܾଷଵ݉ଵଶ − ܾଵଶ)1 − ܾଷଵ݉ଶଵ + ܽଷଵ(ܾଵଶ݉ଶଵ − ݉ଵଶ)1 − ܾଷଵ݉ଶଵ , ݀ଵଷ = ܽଵଶ + ܽଶଵ(ܾଷଵ݉ଵଷ − ܾଵଷ)1 − ܾଷଵ݉ଶଵ + ܽଷଵ(ܾଵଷ݉ଶଵ − ݉ଵଷ)1 − ܾଷଵ݉ଶଵ  , ݀ଵସ = ܽଶଶ + ܽଶଵ(ܾଷଵ݉ଶଶ − ܾଶଵ)1 − ܾଷଵ݉ଶଵ + ܽଷଵ(ܾଶଵ݉ଶଵ − ݉ଶଶ)1 − ܾଷଵ݉ଶଵ  , 
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݀ଵହ = ܽଶଷ + ܽଶଵ(ܾଷଵ݉ଶଷ − ܾଶଶ)1 − ܾଷଵ݉ଶଵ + ܽଷଵ(ܾଶଶ݉ଶଵ − ݉ଶଷ)1 − ܾଷଵ݉ଶଵ  , ݀ଵ଺ = ܽଷଶ + ܽଶଵ(ܾଷଵ݉ଷଵ − ܾଷଶ)1 − ܾଷଵ݉ଶଵ + ܽଷଵ(ܾଷଶ݉ଶଵ − ݉ଷଵ)1 − ܾଷଵ݉ଶଵ  , ݀ଵ଻ = ܽଷଷ + ܽଶଵ(ܾଷଵ݉ଷଶ − ܾଷଷ)1 − ܾଷଵ݉ଶଵ + ܽଷଵ(ܾଷଷ݉ଶଵ − ݉ଷଶ)1 − ܾଷଵ݉ଶଵ  , ݀ଵ଼ = − ܽଶଵ(ܾଷଵ݉ଷଷ − ܾଷସ)1 − ܾଷଵ݉ଶଵ − ܽଷଵ(ܾଷସ݉ଶଵ − ݉ଷଷ)1 − ܾଷଵ݉ଶଵ  , ݇ଵଵ = −ܾଵଵ − ܾଷଵ(݉ଶଵܾଵଵ − ݉ଵଵ)1 − ܾଷଵ݉ଶଵ ,   ݇ଵଶ = −ܾଶଵ − ܾଷଵ(݉ଶଵܾଵଶ − ݉ଵଶ)1 − ܾଷଵ݉ଶଵ  , ݇ଵଷ = −ܾଵଷ − ܾଷଵ(݉ଶଵܾଵଷ − ݉ଵଷ)1 − ܾଷଵ݉ଶଵ ,   ݇ଵସ = −ܾଶଵ − ܾଷଵ(݉ଶଵܾଶଵ − ݉ଶଶ)1 − ܾଷଵ݉ଶଵ , ݇ଵହ = −ܾଶଶ − ܾଷଵ(݉ଶଵܾଶଶ − ݉ଶଷ)1 − ܾଷଵ݉ଶଵ ,   ݇ଵ଺ = −ܾଷଶ − ܾଷଵ(݉ଶଵܾଷଶ − ݉ଷଵ)1 − ܾଷଵ݉ଶଵ  , ݇ଵ଻ = −ܾଷଷ − ܾଷଵ(݉ଶଵܾଷଷ − ݉ଷଶ)1 − ܾଷଵ݉ଶଵ ,   ݇ଵ଼ = ܾଷସ + ܾଷଵ(݉ଶଵܾଷସ − ݉ଷଷ)1 − ܾଷଵ݉ଶଵ  , ݀ଶଵ = ݇ଵଶ − ݇ଵଵ݀ଵଶ݀ଵଵ ,   ݀ଶଶ = ݇ଵଷ − ݇ଵଵ݀ଵଷ݀ଵଵ  ,   ݀ଶଷ = ݇ଵସ − ݇ଵଵ݀ଵସ݀ଵଵ  ,   ݀ଶସ = ݇ଵହ − ݇ଵଵ݀ଵହ݀ଵଵ  , ݀ଶହ = ݇ଵ଺ − ݇ଵଵ݀ଵ଺݀ଵଵ  ,   ݀ଶ଺ = ݇ଵ଻ − ݇ଵଵ݀ଵ଻݀ଵଵ  ,   ݀ଶ଻ = ݇ଵଵ݀ଵଵ , ݀ଷଵ = ݉ଵଵ݀ଵଶ݀ଵଵ − ݉ଵଶ − ݉ଶଵ݀ଶଵ,   ݀ଷଶ = ݉ଵଵ݀ଵଷ݀ଵଵ − ݉ଵଷ − ݉ଶଵ݀ଶଶ, ݀ଷଷ = ݉ଵଵ݀ଵସ݀ଵଵ − ݉ଶଶ − ݉ଶଵ݀ଶଷ,   ݀ଷସ = ݉ଵଵ݀ଵହ݀ଵଵ − ݉ଶଷ − ݉ଶଵ݀ଶସ, ݀ଷହ = ݉ଵଵ݀ଵ଺݀ଵଵ − ݉ଷଵ − ݉ଶଵ݀ଶହ,   ݀ଷ଺ = ݉ଵଵ݀ଵ଻݀ଵଵ − ݉ଷଶ − ݉ଶଵ݀ଶ଺, ݀ଷ଻ = − ݉ଵଵ݀ଵଵ + ݉ଶଵ݀ଶ଻,   ݀ଷ଼ = ݉ଵଵ݀ଵ଼݀ଵଵ + ݉ଷଷ − ݉ଶଵ݀ଶ଼, ݀ସଵ = ߳଴߱ଶ߳ଷ + ߳ସ߱,   ݀ସସ = ݅ ܽ ߳ଵ߱ଶ߳ଷ + ߳ସ߱,   ݀ସ଺ = ݅ ܾ ߳ଶ߱ଶ߳ଷ + ߳ସ߱, 
݀ସ଼ = ߳ଷ(ܽଶ + ܾଶ) + ߳ସ߱ ቀ݇ଶଶ݇ଵଵ ܽଶ + ݇ଷଷ݇ଵଵ ܾଶቁ + ߱ଶ߳ଷ + ߳ସ߱ , ℎଵଶ = ܿଵ଺ܿଵଵ ,   ℎଵଷ = ܿଵହܿଵଵ ,   ℎଵସ = ݅(ܾܿଵହ + ܽܿଵ଺)ܿଵଵ ,   ℎଵହ = ݅(ܾܿଵସ + ܽܿଵଶ)ܿଵଵ  , ℎଵ଺ = ݅(ܾܿଵଷ + ܽܿଵସ)ܿଵଵ ,   ℎଶଵ = ܿଶଵܿଵଵ ,   ℎଶଶ = ܿଶ଺ܿଵଵ ,   ℎଶଷ = ܿଶହܿଵଵ ,   ℎଶସ = ݅(ܾܿଶହ + ܽܿଶ଺)ܿଵଵ , ℎଶହ = ݅(ܾܿଶସ + ܽܿଶଶ)ܿଵଵ ,   ℎଶ଺ = ݅(ܾܿଶଷ + ܽܿଶସ)ܿଵଵ ,   ℎଷଵ = ܿଷଵܿଵଵ ,   ℎଷଶ = ܿଷ଺ܿଵଵ ,   ℎଷଷ = ܿଷହܿଵଵ, ℎଷସ = ݅(ܾܿଷହ + ܽܿଷ଺)ܿଵଵ ,   ℎଷହ = ݅(ܾܿଷସ + ܽܿଷଶ)ܿଵଵ ,   ℎଷ଺ = ݅(ܾܿଷଷ + ܽܿଷସ)ܿଵଵ ,   ℎସଵ = ܿସଵܿଵଵ, ℎସଶ = ܿସ଺ܿଵଵ ,   ℎସଷ = ܿସହܿଵଵ ,   ℎସସ = ݅(ܾܿସହ + ܽܿସ଺)ܿଵଵ ,   ℎସହ = ݅(ܾܿସସ + ܽܿସଶ)ܿଵଵ , ℎସ଺ = ݅(ܾܿସଷ + ܽܿସସ)ܿଵଵ , 

ଵ݂ଵ = ݃ହଵ + ହହ݃ ߣ − ଶ,   ଵ݂ଶߣ = ݃ହଶ + ହ଺,   ଵ݂ଷ݃ ߣ = ݃ହଷ + ହ଻,   ଵ݂ସ݃ ߣ = ݃ହସ + ହ଼, ଶ݂ଵ݃ ߣ = ݃଺ଵ + ଺ହ,   ଶ݂ଶ݃ ߣ = ݃଺ଶ + ଺଺݃ ߣ − ଶ,   ଶ݂ଷߣ = ݃଺ଷ + ଺଻,   ଶ݂ସ݃ ߣ = ݃଺ସ +  ,଺଼݃ ߣ
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ଷ݂ଵ = ݃଻ଵ + ଻ହ,   ଷ݂ଶ݃ ߣ = ݃଻ଶ + ଻଺,   ଷ݂ଷ݃ ߣ = ݃଻ଷ + ଻଻݃ ߣ − ଶ,   ଷ݂ସߣ = ݃଻ସ + ଻଼, ସ݂ଵ݃ ߣ = ହ,   ସ݂ଶ଼݃ ߣ = ଼݃ଶ,   ସ݂ଷ = ଼݃ଷ,   ସ݂ସ = ଼݃ସ, ݃ହଵ = − ݀ଵଷ݀ଵଵ ,   ݃ହଶ = − ݀ଵହ݀ଵଵ ,   ݃ହଷ = − ݀ଵ଻݀ଵଵ ,   ݃ହସ = − ݀ଵ଼݀ଵଵ ,   ݃ହହ = − ݀ଵଶ݀ଵଵ ,   ݃ହ଺ = − ݀ଵସ݀ଵଵ, ݃ହ଻ = − ݀ଵ଺݀ଵଵ ,   ݃ହ଼ = 1݀ଵଵ ,   ݃଺ଵ = ݀ଶଶ,   ݃଺ଶ = ݀ଶସ,   ݃଺ଷ = ݀ଶ଺,   ݃଺ସ = ݀ଶ଼,   ݃଺ହ = ݀ଶଵ, ݃଺଺ = ݀ଶଷ,   ݃଺଻ = ݀ଶହ,   ݃଺଼ = ݀ଶ଻,   ݃଻ଵ = ݀ଷଶ,   ݃଻ଶ = ݀ଷସ,   ݃଻ଷ = ݀ଷ଺,   ݃଻ସ = ݀ଷ଼, ݃଻ହ = ݀ଷଵ,   ݃଻଺ = ݀ଷଷ,   ݃଻଻ = ݀ଷହ,   ݃଻଼ = ݀ଷ଻,   ଼݃ଵ = 0,   ଼݃ଶ = ݀ସସ,   ଼݃ଷ = ݀ସ଺, ଼݃ସ = ݀ସ଼,   ଼݃ହ = ݀ସଵ,   ଼݃଺ = 0,   ଼݃଻ = 0,   ଼଼݃ = 0, ℎହଵ = ܿହଵܿଵଵ ,   ℎହଶ = ,   ℎହଷ = ܿହହܿଵଵ ,   ℎହସ = ݅(ܾܿହହ + ܽܿହ଺)ܿଵଵ ,   ℎହହ = ݅(ܾܿହସ + ܽܿହଶ)ܿଵଵ , ℎହ଺ = ݅(ܾܿହଷ + ܽܿହସ)ܿଵଵ ,   ℎ଺ଵ = ܿ଺ଵܿଵଵ ,   ℎ଺ଶ = ܿ଺଺ܿଵଵ ,   ℎ଺ଷ = ܿ଺ହܿଵଵ ,   ℎ଺ସ = ݅(ܾܿ଺ହ + ܽܿ଺଺)ܿଵଵ , ℎ଺ହ = ݅(ܾܿ଺ସ + ܽܿ଺ଶ)ܿଵଵ ,   ℎ଺଺ = ݅(ܾܿ଺ଷ + ܽܿ଺ସ)ܿଵଵ , 
ଵଵܮ = ቎0 0 0 00 0 0 000 00 00 00቏,     ܮଵଶ = ቎1 0 0 00 1 0 000 00 10 01቏, 
ଶଵܮ = ൦݃ହଵ ݃ହଶ ݃ହଷ ݃ହସ݃଺ଵ ݃଺ଶ ݃଺ଷ ݃଺ସ݃଻ଵ଼݃ଵ ݃଻ଶ଼݃ଶ ݃଻ଷ଼݃ଷ ݃଻ସ଼݃ସ൪,     ܮଶଶ = ൦݃ହହ ݃ହ଺ ݃ହ଻ ݃ହ଼݃଺ହ ݃଺଺ ݃଺଻ ݃଺଼݃଻ହ଼݃ହ ݃଻଺଼݃଺ ݃଻଻଼݃଻ ݃଻଼଼଼݃൪. 
 




