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Abstract. In this paper, the calculation model of the propulsion shafting structure was established 
to solve the problem of flexural vibration of the shafting system for the underwater vehicle with 
relatively small scale. By using the transfer matrix method and the finite element method, the 
vibration characteristics of the shafting system subjected to the transverse unsteady excitation 
force were calculated by MATLAB software and ABAQUS software. Two aspects of the 
displacement response and the vibration power flow were analyzed and compared. Analysis 
showed that the results of the two methods were very close to each other and all met the 
requirements of vibration engineering calculation. The influence of the mass of propeller and the 
bearing stiffness in different positions on the vibration characteristics were analyzed by using the 
transfer matrix method. Finally, based on the transfer matrix method, the parameters of the bearing 
stiffness at different supports were optimized with design optimization, and then use ABAQUS 
software to verify the effectiveness of the optimization. The analysis results showed that, after 
optimization calculation, the vibration power flow input to the bases of different bearings were 
significantly decreased. 
Keywords: propulsion shafting, flexural vibration, transfer matrix method, optimization. 

1. Introduction 

Underwater vehicle is one of the most important naval weapons in the world. With the 
improvement of underwater acoustic detection technology and the increasingly fierce underwater 
confrontation, the quiet underwater vehicle has become the goal pursued by all countries. When 
the underwater vehicle is sailing at high speed, the propeller is subjected to unsteady excitation 
force due to the non-uniformity of the flow field, which causes the vibration of the propulsion 
shafting. The vibration of the shafting can be transmitted to the shell through its supporting 
structure, which directly affects the vibration and noise performance of the vehicle. Therefore, the 
study on the vibration characteristics of the propulsion shafting and the optimization design of the 
supporting parameters are of guiding significance to the research of the low noise propulsion 
shafting and the noise control of the underwater vehicle. 

Previously, a large number of researches on shafting vibration analysis and control mainly for 
ships, submarines, etc. have been carried out. Xie Jirong established a model for analyzing the 
vibration characteristics of propeller unsteady force to ship hull, analyzed the force transmission 
characteristics of shafting system and the influence of shafting design parameters on the vibration 
characteristics based on the calculation model of the shafting. Contrast analysis of real ship 
vibration test and finite element calculation results were relatively close [1]. Li Quanchao and Yu 
Qiang studied the effects of supporting parameters on marine shaft vibration characteristics and 
put forward the shafting vibration control design principles [2]. Wu Xianjun and Zhu Shijian 
brought out a calculation method of vibration power flow based on finite element analysis. Based 
on that, an optimization was performed at a single beam isolation system and the best vibration 
isolator parameters and fixing position were found, which made the vibration isolation efficiency 
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greatly improved [3]. Li Haifeng and Lou Jingjun optimized the parameters of a large propulsion 
shafting by selecting the bearing stiffness and bearing spacing as the optimization parameters and 
selecting the sum of the power flow of each bearing of the shafting system as the optimization 
objective based on the modified Timoshenko beam theory using the transfer matrix method [4]. 
However, for the torpedo, underwater unmanned vehicle and other relatively small scale 
underwater vehicles, the vibration problem of the shafting system still exists but the current study 
is not sufficient.  

In this paper, the basic propulsion shaft structure of an relatively small scale underwater 
vehicle was selected, and the shafting system was simplified as beam elements, elastic supporting 
elements and point mass elements. Firstly, based on the modified Timoshenko beam theory, the 
field transfer matrix and the point transfer matrix were established. Then, the corresponding 
boundary conditions were introduced and the transfer matrix method was used to calculate the 
dynamic response and the vibration power flow of each bearing support with MATLAB software. 
Furthermore, the corresponding finite element model was established with ABAQUS software, 
and the correctness of the theoretical solution of the transfer matrix method is verified by 
comparison. After that, took advantage of the convenience of the transfer matrix method, the 
influence of the propeller mass and the bearing stiffness on the vibration characteristics were 
analyzed. Finally, the parameters of the bearing stiffness at different supports were optimized with 
design optimization based on the transfer matrix method and the effect of optimization was 
verified by ABAQUS software. 

2. Using transfer matrix method to calculate the vibration response of shafting 

2.1. Calculation model and theory 

According to the actual structure of the propulsion system of a certain type of underwater 
vehicle, a simplified model of the propulsion shafting is established, as shown in figure 1. The 
front end of the shaft is connected with the power output shaft through an flexible coupling, here 
the propulsion shafting system only retains the spline shaft and the tail shaft section. The 
supporting function of the power output shaft to the front end of the spline shaft is equivalent to 
the spring connection, and the working position is the spline sleeve of the node 7. The spline 
sleeve applies equivalent mass and the front end of the shaft is simply supported. This short shaft 
in the radial generally have two bearing support, tail bearings and front bearings, bearing support 
with equivalent spring treatment, respectively, node 2 and node 4. The propeller is treated with a 
mass element at node 1. The end of the shaft is free. In the whole shaft section, where there is a 
bearing, the equivalent lumped mass and material, shaft diameter changes are divided into separate 
sections of the shafting system. 

 
Fig. 1. Simplified model of propulsion shafting of underwater vehicle 

Let the state vector of the cross section of the transfer matrix be ܼ =  According .[ܳ		ܯ		ߙ		ݕ]
to the modified Timoshenko beam theory, the flexural vibration equation is: 

ܫܧ ߲ସݔ߲ݕସ + ߲݉ଶݐ߲ݕଶ − ܣܫ݉ ߲ସݔ߲ݕଶ߲ݐଶ − ܩܣᇱ݇ܫܧ݉ ߲ସݔ߲ݕଶ߲ݐଶ = 0.	 (1)
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In the formula, ݇ᇱ is the effective shear coefficient of profile, ܫܧ is the Bending stiffness, ܧ is 
the Young’s modulus, ܫ is the Moment of inertia of beam cross section, ܩ is the Shear modulus, ݉ is the mass per unit length, the cross-sectional area is A. The field transfer matrix of section I 
beam element can be obtained by Eq. (1):  

[ ௜ܶ] =
ێێۏ
ێێێ
ێێێ
ۍ ଶܥ + ଵܥଷܥߜ ଵܥହܥ௜ܮ − ଵܥܫܧଷܥ௜ଶܮ − ହܥߜ + ଵܥ௜ܮଶݏଵݏ଺ܥସܥଵܥଶߣ௜ܮ଺݉ܥଶݏଵݏ ଻ܥ − ଵܥଷܥߜ ହܥଶݏଵݏ)௜ܮ − ଵܥଶݏଵݏܫܧ(଺ܥߜ ଵܥ௜ଶܮସܥଷܥܫܧଵܥଶߣ௜ܮସ݉ܥଷܥ ହܥߜ)ܫܧ + ଵܥ௜ܮ(଼ܥ ଻ܥ − ଵܥଷܥߜ − ଺ܥߜ)ଶߣ௜ܮଵ݉ܥଶߣ௜ଷܮହ݉ܥସܥܫܧ + ଵܥଶݏଵݏ(ଽܥ − ଵܥଷܥଶߣ௜ଶܮ݉ − ଵܥଶݏଵݏܫܧ଺ܥଶߣ௜ଷܮ݉ ଷܥߜ + ଵܥଶܥ ۑۑے

ۑۑۑ
ۑۑۑ
ې
,	

ଵ,ଶݏ = ቐ൤ߚସ + 14 ߜ) + ଶ൨ଵଶ(ߪ ∓ 12 ߜ) + ଵܥ	,ቑଵଶ(ߪ = ଵଶݏ + ଶܥ					,ଶଶݏ = ଶݏଵଶcosݏ + ,ଵݏଶଶchݏ ଷܥ					 = cosݏଶ − chݏଵ,	ܥସ = ߜ) + ߜ)(ଵଶݏ − ହܥ					,(ଶଶݏ = ଵݏଵshݏ + ଺ܥ					,ଶݏଶsinݏ = ଶݏଵsinݏ − ଻ܥ	,ଵݏଶshݏ = ଵݏଵଶchݏ + ଼ܥ					,ଶݏଶଶcosݏ = ଵݏଵଷshݏ − ଽܥ					,ଶݏଶଷsinݏ = ଶݏଵଷsinݏ + 	.ଵݏଶଷshݏ

(2)

Thereinto, ߪ = ௜ଶܮଶߣ݉ ⁄ܣܧ ߜ , = ௜ଶܮଶߣ݉ ݇ᇱܩܣ⁄ ସߚ , = ௜ସܮଶߣ݉ ⁄ܫܧ .
 There is a centralized mass point at node 1, and the point transfer matrix is: 

ଵܲ = ൦ 100001000010݉ଵߣଶ001൪.	
Node 2 and node 4 have spring support, the point transfer matrix are as follows: 

ଶܲ = ൦ 100001000010−݇ଵ001൪,				 ସܲ = ൦ 100001000010−݇ଶ001൪.	
Node 7 has both concentrated mass and spring support, the point transfer matrix is: 

଻ܲ = ൦ 1 0 0 00 1 0 00 0 1 0݉଻ߣଶ − ݇ଷ 0 0 1൪.	
The left end is the free end: the shear force and the bending moment are equal to zero: ܯ଴ = ܳ଴ = 0.	 (3)

The right end is simply supported: the displacement and bending moment are equal to zero: ଼ݕ = ଼ܯ = 0.	 (4)

Transverse unit harmonic excitation force ݂(ݐ) = ଴݂sin(߱ݐ) is applied at the thruster position. 
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According to the boundary condition and the transfer matrix, the state response at each support 
position of the shafting can be solved by using the transfer matrix method. 

The vibration power flow delivered to the ݅th support of the shafting is: 

ܲ௜(߱) = (߱)௜ܨ]12ܴ݁ ⋅ ௜ܸ∗(߱)],	 (5)

where ܨ௜(߱), ௜ܸ(߱) are the force and velocity response of the propeller shafting to the ݅th support, 
respectively. 

The actual structural parameters of the propeller shafting are shown in Table 1 and Table 2. 

Table 1. Propulsion shaft parameters 

Parameter Length / m Cross section radius / m Density ߩ kg/m3 Young’s modulus ܧ / Pa Outer diameter Internal diameter 
L1 0.096 0.0324 0.0254 7780 1.91E+11 
L2 0.111 0.0324 0.0254 7780 1.91E+11 
L3 0.030 0.0324 0.0254 7780 1.91E+11 
L4 0.55 0.035 0.0290 7780 1.91E+11 
L5 0.030 0.035 0.0290 7780 1.91E+11 
L6 0.050 0.04 0.0290 7100 2.06E+11 
L7 0.550 0.04 0.0320 2750 0.7 E+11 
L8 0.010 0.04 0.0320 2750 0.7 E+11 

Table 2. Propulsion shaft parameters 
Parameter Unit Value ݉ଵ kg 7.44 ݉଻ kg 0.21 ݇ଵ N/m 8.11E+08 ݇ଶ N/m 2.00E+08 ݇ଷ N/m 1.00E+09 

2.2. Calculation results and analysis 

In order to verify the accuracy of the model calculation, the corresponding finite element model 
was established by ABAQUS software. The propulsion shaft is simulated with a 1D beam element. 
The mass unit is used to represent the propeller. The spring element is used to simulate the bearing 
support and the same constraint boundary conditions are established. Comparison of the transfer 
matrix method(TMM) and finite element method(FEM), the bearing displacement and vibration 
power flow transmission, the results are shown in Fig. 2-3, respectively. 

 
Fig. 2. Displacement response  

of tail bearing 

 
Fig. 3. The transmitted power  
flow through the tail bearing 

As can be seen from the graph, the results obtained by the two methods are in good agreement 
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with each other, especially in the middle and low frequency bands below 300 Hz. The 
corresponding peak values are close to each other, and the peak frequency error is less than 3 %, 
which proves the accuracy of the transfer matrix method. 

3. Analysis of the influence of structural parameters on the inherent characteristics of 
shafting flexural vibration 

The mass of the propeller, the stiffness of the tail bearing and the front bearing have an 
important effect on the inherent characteristics of the flexural vibration of the shafting. Under the 
condition that other parameters are invariable, one kind of structural parameters is changed, and 
the influence on the natural frequency of the flexural vibration of the shafting was analyzed by 
using the transfer matrix method. The results are shown in Table 3 and Figs. 4-7.  

Table 3. Influence of propeller mass variation on natural frequency of shaft bending vibration 
Natural frequency order First order Second order Third order ݉ଵ =	4 kg 93 414.28 653.5 ݉ଵ =	5 kg 86.94 411.84 653.1 ݉ଵ =	6 kg 81.93 409.98 652.81 ݉ଵ =	7 kg 77.69 408.53 652.58 ݉ଵ =	8 kg 74.04 407.37 652.39 ݉ଵ =	9 kg 70.87 406.4 652.2 ݉ଵ =	10 kg 68.07 405.61 652.12 

 

 
Fig. 4. Influence of stiffness of tail bearing  

on first order natural frequency 

 
Fig. 5. Influence of stiffness of tail bearing  

on second order natural frequency 
 

 
Fig. 6. Influence of stiffness of front bearing  

on first order natural frequency 

 
Fig. 7. Influence of stiffness of front bearing  

on second order natural frequency 

As can be seen from the calculation results: 
(1) The sensitivity of each mode frequency to the propeller mass change is different. The 

change of the mass of the propeller mainly affects the first two modes of the bending vibration of 
the shaft system, especially the first order. With the increase of propeller mass, the corresponding 
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modal frequency decreases gradually. 
(2) Similar to the mass change law, the sensitivity of the modal frequencies to the stiffness of 

the tail bearing and the front bearing is also different. The stiffness of the tail bearing mainly 
affects the first two natural frequencies of the shafting; The first order mode frequency does not 
change with the front bearing stiffness changes, the second order modes show the  
“rising-stabilize” rule with the change of the front bearing stiffness. 

4. Optimization design of shafting bearing parameters 

At present, the optimization design method has been widely used in the field of structural 
dynamics design. The optimization design method is based on the mathematical optimization 
theory, and is used to find the best design scheme with various optimization program. Here on the 
basis of the original shaft model, considering all the bearing support, selecting the bearing stiffness 
as the optimization parameters and selecting the sum of the power flow of each bearing of the 
shafting system as the optimization objective, use MATLAB and Isight optimization software to 
optimize and use ABAQUS software to verify the effect of optimization. The optimization 
problem is described as follows: 

(1) Optimization design variables: ݇ଵ ∈ [100000.0, 9000000.0],  ݇ଶ ∈ ,8ܧ1.0] ଷ݇  ,[9ܧ1.0 ∈ [1000000.0,  .[8ܧ1.0
(2) Optimization goal: Minimum the sum of the transmitted vibration power flow of each 

bearing support within 1-850 Hz frequency band: 

minܲ =෍නܲ௜(߱)݀߱ =෍න12ܴ݁[ܨ௜(߱) ⋅ ௜ܸ∗(߱)]݀߱ଷ
௜ୀଵ

ଷ
௜ୀଵ .	

(3) Optimization algorithm: Pointer optimizer provided by Isight software. 
The optimization results are shown in Tables 4, 5. As can be seen from the results that through 

the optimization design, the vibration power flow passing through the tail bearing is decreased by 
8.40 dB, and the total vibration power flow of each bearing support is decreased by 8.31 dB, and 
the effect is very significant. 

Table 4. Comparison of initial and optimized values 
 Initial value (N/m) Optimization value (N/m) ݇1 3000000 100000.0 ݇2 2.5E8 1.0E9 ݇3 6000000 1000000.0 

Table 5. Vibration power flow of each bearing 
 Before optimization After optimization Vibration energy change 

Tail bearing 3.5115 W 0.5071 W –8.40 dB 
Front bearing 0.0500 W 0.0186 W –4.29 dB 
Spline shaft front end support 0.00058 W 0.0002 W –4.34 dB 
Sum 3.5620 W 0.5260 W –8.31 dB 

5. Conclusions 

To study the problem of flexural vibration of the shafting system for the underwater vehicle 
with relatively small scale, the transfer matrix method is used to solve the displacement response 
and the vibration power flow of each bearing and compare with the finite element method to prove 
the accuracy of the method. With the convenience of transfer matrix method, the influence of the 
propeller mass and the bearing stiffness on the inherent characteristics of the shafting vibration 
was studied, on this basis, the total power flow transmitted to each bearing is optimized as the 
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optimization target, and the stiffness of each bearing is optimized. This method can be used as a 
reference for the design of low noise propulsion shafting. 
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