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Abstract. In this paper, the reciprocating compressor with clearance and subsidence of the 
crosshead is studied, considering the varying cylinder pressure. To investigate the nonlinear 
dynamical behaviors of the reciprocating compressor precisely, a novel dynamic model of the 
reciprocating compressor of single cylinder with clearance and subsidence for the varying cylinder 
pressure is established based on the Lagrangian approach. It is demonstrated that different 
clearance sizes, subsidence sizes and crankshaft angular velocities can affect the dynamic response 
of the crosshead in the horizontal direction, respectively. The analysis results of dynamic response 
illustrate that with the increase of clearance sizes and subsidence sizes, the influence of crosshead 
displacement, velocity and acceleration increase, but the effect of clearance is much stronger than 
subsidence. Fast Fourier transformation is also applied to analyze the frequency spectrum of the 
system response. Moreover, the stability of the motion is studied using phase trajectories, 
maximum Lyapunov exponents and Poincaré sections. Numerical solution results show that 
clearance sizes, subsidence sizes and crankshaft angular velocities change the dynamical behavior 
of the system. Through calculation of the maximum Lyapunov exponents and Poincaré portraits, 
the results reveal that the reciprocating compressor system is characterized by chaotic behavior 
with the faults of clearance and subsidence. Furthermore, with the increase of the clearance sizes 
and the crankshaft angular velocities, the shapes of chaotic phase trajectories have changed 
greatly, and varied inconspicuously with the increase of subsidence sizes in reciprocating 
compressor system. 
Keywords: reciprocating compressor, dynamics, clearance, subsidence, chaos. 

1. Introduction 

Reciprocating compressors are one of the most popular machines used in petroleum and 
chemical production processes, such as gas compression, petroleum transportation and natural gas 
transportation [1, 2]. In practice, with reciprocating compressor working on a period of time, as 
the result of manufacture tolerance, material deformation, and wear, some clearances in its joints 
and subsidence of crosshead commonly exist, which are inevitable. In the case of oversized joint 
clearances and subsidence, contact forces generate impulsive effect, which causes increased 
vibration and noise, and reduces system reliability, stability, life and precision. So, clearance and 
subsidence play a significant role in the prediction of kinematic and dynamic behavior of 
reciprocating compressor [3]. 

In the past few decades, most studies have focused on the fault diagnosis method of 
reciprocating compressor with signal processing. For example, aiming at the bearing clearance 
fault of reciprocating compressor, a series of fault detection approaches have been used 
extensively in the literatures [4-6]. In addition, there are also many other studies on the fault 
diagnosis of reciprocating compressor valves [7-10]. However, few researchers studied the failure 
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mechanism of reciprocating compressor with joint clearances fault and subsidence fault of 
crosshead, and so on. Zhao et al. [11] studied the dynamic behavior of a reciprocating compressor 
transmission mechanism with joint clearance. In their study, taking cylinder pressure, amplitude 
of clearance, crank speed and flexibility of connecting rod as influence factors, the results showed 
that these factors play a significant role in dynamic behavior of mechanisms. Zhao et al. [12] also 
presented a parameter optimization approach for planar joint clearance model and its application 
for dynamics simulation of reciprocating compressor. The dynamics response experimental test 
verified the effectiveness of this application. 

Reciprocating compressor of single cylinder is a slider-crank mechanism, which is shown in 
Fig. 1. The crankshaft rotates one revolution, driving the connecting rod, the crosshead and the 
piston to reciprocate. The cylinder can realize the four processes of expansion, suction, 
compression and exhaust. Although working environment of reciprocating compressor has its 
particularity, kinematics and dynamics analysis of slider-crank mechanism with joint clearance 
can be used for reference. There are several publications on the dynamical analysis of slider-crank 
mechanisms with clearance: with regard to continuous contact force model with clearance, Earles 
[13], Zhang [14] and Erkaya [15] introduced a model based on permanent contact condition to 
study clearances in the joints, respectively. In the model, clearance is replaced by a massless 
virtual link that connects the journal center to the bearing center. Moreover, Feng [16] et al. 
performed an optimization method to control the inertia forces by redistribution of masses of the 
moving links in planar mechanisms, in the presence of clearances at joints. In their study, clearance 
is also modeled with a virtual massless link that connects the journal center to the bearing center. 

For contact-separation model with clearance, Dubowsky and Freudenstein [17, 18] formulated 
an impact pair model to predict the dynamic response of an elastic mechanical joint with clearance. 
In fact, in the recent decades, there are a lot of researches [19-25] using the impact model with 
clearance. The contact or separation between the bushing and pin is determined by the relative 
eccentricity between joint elements. If the eccentricity distance is greater than the radial clearance 
of a joint, the bushing and pin will contact each other in the direction of the eccentricity. 
Conversely, if the eccentricity is less than the radial clearance of the joint, the bushing and pin 
will remain separated from each other [26].  

For chaotic behavior with joint clearance case, Farahan [27] analyzed the nonlinear dynamic 
behavior of a four-bar mechanism with joint clearance at the connection between the coupler and 
rocker. In their study, Numerical simulations display both periodic and chaotic motions in the 
system behavior. Wang [28] et al. carried out a study on chaotic control of a flexible multibody 
system with uncertain joint clearance. In their research, with the purpose to keep the continuous 
contact of the clearance joint, a modified extended delayed feedback control is used to stabilize 
the chaotic motion of the flexible multibody system. 

 
Fig. 1. Schematic diagrams of reciprocating compressor of single cylinder 

Based on the research results of the previous description, the main purpose of this study is to 
conduct a study based on dynamic response of single cylinder reciprocating compressor with 
clearance joints and subsidence of the crosshead. The paper is organized as follows: The dynamic 
model of single cylinder reciprocating compressor with clearance and subsidence is established in 
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Section 2. The effects of joint clearance size, subsidence size and angular velocity are discussed 
in Section 3, respectively. Phase trajectories of the reciprocating compressor crosshead are 
analyzed, and the chaotic behavior of the motion is studied using Lyapunov exponents and 
Poincaré sections with the change of clearance size, subsidence size and crankshaft angular 
velocity under varying cylinder pressure in Section 4. Dynamic response and chaotic behavior of 
the reciprocating compressor are summarized in Section 5. In addition, the conclusions of this 
paper are also given in Section 5. 

2. System model of reciprocating compressor with clearance and subsidence 

After the reciprocating compressor works for a period of time, the revolute joints clearance 
gradually increases and the crosshead may generate subsidence due to wear. In order to study the 
combined effects of clearance and subsidence on the motion of the crosshead, we build the 
dynamical mathematical model of the reciprocating compressor system. 

2.1. Model of cylinder pressure 

With the crankshaft of reciprocating compressor rotating a circle, the cylinder is accordingly 
carried out a working cycle, including expansion, suction, compression and exhaust processes, as 
shown in Fig. 2. In a circle, when the crankshaft is located at zero angle, the piston is located at 
right end with the inlet and exhaust vales closing at the same time. As the crankshaft turns 
clockwise, the crosshead and piston move from right to left, working volume that is located at the 
right side of the piston gradually increases, cavity gas gradually expands and cylinder pressure 
gradually decreases, which is expansion process. When the cylinder internal pressure decreases to 
slightly less than the external pressure of the cavity, the inlet valve is opened, until the crosshead 
and piston move to the far left, which is suction process. In the suction process, cylinder pressure 
is almost constant. The suction process is accomplished at the far left. The compression and 
exhaust processes are mostly the opposite of expansion and suction. Combining with the indicator 
diagram of reciprocating compressor, cylinder pressure can be expressed using the following 
equation: ܲ = (1) ,ߤ200000

where ܲ is the cylinder pressure, ߤ is a cylinder pressure coefficient given by: 

ߤ =
ەۖۖ
۔ۖ
sinۓۖ ቀ2ߨ − ଵቁߠ ,    0° + ߨ2݊ ≤ ଵߠ ≤ 16ߨ7 + Expansion,sin (is integer ݊)    ߨ2݊ 16ߨ7    ,16ߨ + ߨ2݊ ≤ ଵߠ ≤ ߨ + Suction,−sin (is integer ݊)    ߨ2݊ ቀߠଵ + 16ቁߨ ߨ   , + ߨ2݊ ≤ ଵߠ ≤ 16ߨ23 + 16ߨCompression,1,    23 (is integer ݊)    ߨ2݊ + ߨ2݊ ≤ ଵߠ ≤ ߨ2 +  .Exhaust  (is integer ݊)    ߨ2݊

 (2)

2.2. Equations of motion 

In this subsection, motion equations are obtained using Lagrangian approach for the 
reciprocating compressor mechanism with subsidence of the crosshead and revolute clearance 
joint between the crankshaft and the connecting rod. In normal working condition, the schematic 
of kinematic diagram of reciprocating compressor is showed in Fig. 3(a). It is assumed that there 
are both a clearance in B position between the crankshaft and the connecting rod, and a subsidence 
of the crosshead produces because of wear.  
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Fig. 2. Expansion, suction, compression and exhaust processes 

 
a) Schematic of reciprocating compressor in normal working condition 

 
b) Hypothetical rod in revolute pair with clearance 

 
c) Schematic of reciprocating compressor with clearance in B position and subsidence of the crosshead 

Fig. 3. Schematic of kinematic diagram of reciprocating compressor 

According to the positional relationship shown in Fig. 3, the displacement equations of 
crankshaft, connecting rod and crosshead in centroid position can be written as: 

൥ݔଵ        ݕଵݔଶ        ݕଶݔଷ        ݕଷ൩ = ൥ݎ௦       0       0ݎ       ݈௦       ݎ௖ݎ        ݈       ݎ௖ ൩ ൥cosߠଵ           sinߠଵcosߠଶ           sinߠଶcosߠ௖           sinߠ௖ ൩. (3)
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In which ݔ௜  and ݕ௜ (݅ = 1,2,3) are the centroid position of crankshaft, connecting rod and 
crosshead, respectively. ߠଵ ௖ߠ ,  and ߠଶ  are the angle of the crankshaft, the clearance and 
connecting rod with the ݔ -axis, respectively. ݎ  is the length of crankshaft, ݈  is the length of 
connecting rod and ݎ௖ is clearance radius in B position. ݎ௦ is the length of A joint to the centroid 
position of crankshaft and ݈௦ is the length of B joint to the centroid position of connecting rod. 

According to the geometric relationship of the crank-slider mechanism, ߠଶ can be calculated 
using: 

ଶߠ = −sinିଵ ൬݀ + ଵߠsinݎ + ௖݈ߠ௖sinݎ ൰. (4)

In this expression, ݀ is the depth of crosshead subsidence, namely, ݀ =  ଶߠ ଷ. It is clear thatݕ−
is a function of ߠଵ and ߠ௖. Therefore, ߠሶଶ is given by: 

ሶଶߠ = ଵߠଶ߲ߠ߲ ሶଵߠ + ௖ߠଶ߲ߠ߲ ሶ௖. (5)ߠ

Obviously, the Eq. (4) can become: ݎsinߠଵ + ௖ߠ௖sinݎ + ݈sinߠଶ + ݀ = 0. (6)

In Eq. (5), ߲ߠଶ ⁄ଵߠ߲  and ߲ߠଶ ⁄௖ߠ߲  are calculated by taking ߠଵ  and ߠ௖  partial derivatives of 
Eq. (6), respectively, as follows: 

ଵߠcosݎ + ݈cosߠଶ ଵߠଶ߲ߠ߲ = ௖ߠ௖cosݎ(7) ,0 + ݈cosߠଶ ௖ߠଶ߲ߠ߲ = 0. (8)

ଶߠ߲ ⁄ଵߠ߲  and ߲ߠଶ ⁄௖ߠ߲  are obtained in matrix form as: 

ێێێۏ
ۑۑۑے௖ߠଶ߲ߠଵ߲ߠଶ߲ߠ߲ۍ

ې = − 1݈cosߠଶ ൤ݎcosߠଵݎ௖cosߠ௖൨. (9)

By taking time derivatives of ݔ௜  and ݕ௜ (݅ = 1,2,3) , the velocity equations of crankshaft, 
connecting rod and crosshead in centroid position can be expressed as: 

൤ݔሶ௜ݕሶ௜൨ = ሶଵߠ ێێۏ
ۑۑےଵߠ௜߲ݕଵ߲ߠ௜߲ݔ߲ۍ

ې + ሶ௖ߠ ێێێۏ
ۑۑۑے௖ߠ௜߲ݕ௖߲ߠ௜߲ݔ߲ۍ

(10) .ې

In Eq. (10), ߲ݔ௜ ⁄ଵߠ߲ ௜ݕ߲ , ⁄ଵߠ߲ ௜ݔ߲ , ⁄௖ߠ߲  and ߲ݕ௜ ⁄௖ߠ߲  are calculated by taking ߠଵ  and ߠ௖ 
partial derivatives of Eq. (3) as follows, respectively: 

ێێۏ
ۑۑےଵߠଵ߲ݕଵ߲ߠଵ߲ݔ߲ۍ

ې = ௦ݎ ൤−sinߠଵcosߠଵ ൨, (11)
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ێێۏ
ۑۑےଵߠଶ߲ݕଵ߲ߠଶ߲ݔ߲ۍ

ې = ێێۏ
ݎۍ  ݈௦ ݎଵߠଶ߲ߠ߲ ݈௦ ଵߠଶ߲ߠ߲ ۑۑے

ې ൤−sinߠଵ cosߠଵ−sinߠଶ cosߠଶ൨, (12)

ێێۏ
ۑۑےଵߠଷ߲ݕଵ߲ߠଷ߲ݔ߲ۍ

ې = ێێۏ
ݎۍ  ݈ ݎଵߠଶ߲ߠ߲ ݈ ଵߠଶ߲ߠ߲ ۑۑے

ې ൤−sinߠଵ cosߠଵ−sinߠଶ cosߠଶ൨, (13)

ێێێۏ
ۑۑۑے௖ߠଵ߲ݕ௖߲ߠଵ߲ݔ߲ۍ

ې = ቂ00ቃ, (14)

ێێێۏ
ۑۑۑے௖ߠଶ߲ݕ௖߲ߠଶ߲ݔ߲ۍ

ې = ێێێۏ
௖ݎۍ  ݈௦ ௖ݎ௖ߠଶ߲ߠ߲ ݈௦ ௖ߠଶ߲ߠ߲ ۑۑۑے

ې ൤−sinߠ௖ cosߠ௖−sinߠଶ cosߠଶ൨, (15)

ێێێۏ
ۑۑۑے௖ߠଷ߲ݕ௖߲ߠଷ߲ݔ߲ۍ

ې = ێێێۏ
௖ݎۍ  ݈ ௖ݎ௖ߠଶ߲ߠ߲ ݈ ௖ߠଶ߲ߠ߲ ۑۑۑے

ې ൤−sinߠ௖ cosߠ௖−sinߠଶ cosߠଶ൨. (16)

These Eqs. (11) to (16) can be expressed into a matrix as follow: 

ێێۏ
ێێێ
ێێێ
ۍێێ
ଵߠଵ߲ݔ߲ ଵߠଶ߲ݔଵ߲ߠଵ߲ݕ߲ ଵߠଷ߲ݔଵ߲ߠଶ߲ݕ߲  ௖ߠଶ߲ݔଵ߲ߠଷ߲ݕ߲ ௖ߠଷ߲ݔ௖߲ߠଶ߲ݕ߲ ௖ߠଷ߲ݕ߲ ۑۑے

ۑۑۑ
ۑۑۑ
ېۑۑ

=
ێێۏ
ێێێ
ێێێ
௦ݎۍ 0 ݎ0 ݈௦ ଵߠଶ߲ߠ߲ ݎ0 ݈ ଵߠଶ߲ߠ߲ 00 ݈௦ ௖ߠଶ߲ߠ߲ ௖0ݎ ݈ ௖ߠଶ߲ߠ߲ ۑۑے௖ݎ

ۑۑۑ
ۑۑۑ
ې

൥−sinߠଵ cosߠଵ−sinߠଶ cosߠଶ−sinߠ௖ cosߠ௖൩. (17)

By taking time derivative of Eq. (5), the angular velocity equations of connecting rod can be 
given by: 

ሷଶߠ = ߲ଶߠଶ߲ߠଵଶ ሶଵଶߠ + 2 ߲ଶߠଶ߲ߠଵ߲ߠ௖ ሶ௖ߠሶଵߠ + ߲ଶߠଶ߲ߠ௖ଶ ሶଵଶߠ + ሷ௖ߠ ௖ߠଶ߲ߠ߲ + ሷଵߠ ଵ. (18)ߠଶ߲ߠ߲

In Eq. (18), ߲ଶߠଶ ⁄ଵଶߠ߲ , ߲ଶߠଶ ⁄஼ଶߠ߲  and ߲ଶߠଶ ⁄ଵߠ௖߲ߠ߲  are calculated by taking ߠଵ  and ߠ௖ 
partial derivatives of Eq. (9), respectively, as follows: 

߲ଶߠଶ߲ߠଵଶ = ଵߠsinݎ + ݈sinߠଶ ቀ߲ߠଶ߲ߠଵቁଶ
݈cosߠଶ , (19)߲ଶߠଶ߲ߠଵଶ = ݎ  ௖ ݈sinߠ௖(cosߠଶ)ଶ + ଷ(௖ߠcos)ଶ݈ଶߠଶsin(௖ߠ௖cosݎ) , (20)
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߲ଶߠଶ߲ߠ௖߲ߠଵ = .ݎ .௖ݎ sinߠଶ. cosߠଵ. cosߠ௖݈ଶ(cosߠଶ)ଶ . (21)

The acceleration equations of crankshaft, connecting rod and crosshead in centroid position 
can be solved by taking time derivative of Eq. (10) as follow: 

൤ݔሷ௜ݕሷ௜൨ = ሶଵଶߠ ێێێۏ
ۑۑۑےଵଶߠ௜߲ݕଵଶ߲ଶߠ௜߲ݔଶ߲ۍ

ې + ሶ௖ߠሶଵߠ2 ێێێۏ
ۍ ߲ଶݔ௜߲ߠଵ߲ߠ௖߲ଶݕ௜߲ߠଵ߲ߠ௖ۑۑۑے

ې + ሷ௖ߠ ێێێۏ
ۑۑۑے௖ߠ௜߲ݕ௖߲ߠ௜߲ݔ߲ۍ

ې + ሶ௖ଶߠ ێێێۏ
௖ଶߠ௜߲ݕ௖ଶ߲ଶߠ௜߲ݔଶ߲ۍ ۑۑۑے

݅)     ,ې = 1,2,3), (22)

where ߲ଶݔ௜ ⁄ଵଶߠ߲ , ߲ଶݕ௜ ⁄ଵଶߠ߲ , ߲ଶݔ௜ ⁄௖ߠଵ߲ߠ߲ , ߲ଶݕ௜ ⁄௖ߠଵ߲ߠ߲ , ߲ଶݔ௜ ⁄௖ଶߠ߲  and ߲ଶݕ௜ ⁄௖ଶߠ߲  can be 
determined using the following equations from Eqs. (23) to (31). ߲ଶݔଵ ⁄ଵଶߠ߲  and ߲ଶݕଵ ⁄ଵଶߠ߲  are calculated by taking ߠଵ derivative of Eq. (11) as follow: 

ێێێۏ
ଵଶߠଵ߲ݕଵଶ߲ଶߠଵ߲ݔଶ߲ۍ ۑۑۑے

ې = ௦ݎ ൤−cosߠଵ−sinߠଵ ൨. (23)

߲ଶݔଶ ⁄ଵଶߠ߲  and ߲ଶݕଶ ⁄ଵଶߠ߲  are computed by taking ߠଵ derivative of Eq. (12) as follow: 

ێێێۏ
ଵଶߠଶ߲ݕଵଶ߲ଶߠଶ߲ݔଶ߲ۍ ۑۑۑے

ې = − ێێێۏ
ݎۍ ݈௦ ߲ଶߠଶ߲ଶߠଵ ݈௦ ൬߲ߠଶ߲ߠଵ൰ଶ
ݎ − ݈௦ ߲ଶߠଶ߲ଶߠଵ ݈௦ ൬߲ߠଶ߲ߠଵ൰ଶۑۑۑے

ې ൥cosߠଵ sinߠଵsinߠଶ cosߠଶcosߠଶ sinߠଶ ൩. (24)

߲ଶݔଷ ⁄ଵଶߠ߲  and ߲ଶݕଷ ⁄ଵଶߠ߲  can be deduced by taking ߠଵ derivative of Eq. (13) as follow: 

ێێێۏ
ଵଶߠଷ߲ݕଵଶ߲ଶߠଷ߲ݔଶ߲ۍ ۑۑۑے

ې = − ێێێۏ
ݎۍ ݈ ߲ଶߠଶ߲ଶߠଵ ݈ ൬߲ߠଶ߲ߠଵ൰ଶ
ݎ − ݈ ߲ଶߠଶ߲ଶߠଵ  ݈ ൬߲ߠଶ߲ߠଵ൰ଶۑۑۑے

ې ൥cosߠଵ sinߠଵsinߠଶ cosߠଶcosߠଶ sinߠଶ ൩. (25)

߲ଶݔଵ ⁄௖ߠଵ߲ߠ߲  and ߲ଶݕଵ ⁄௖ߠଵ߲ߠ߲  are expressed by taking ߠ௖ derivative of Eq. (11) as follow: 

ێێێۏ
ۍ ߲ଶݔଵ߲ߠଵ߲ߠ௖߲ଶݕଵ߲ߠଵ߲ߠ௖ۑۑۑے

ې = ቂ00ቃ. (26)

߲ଶݔଶ ⁄௖ߠଵ߲ߠ߲  and ߲ଶݕଶ ⁄௖ߠଵ߲ߠ߲  are defined by taking ߠ௖ derivative of Eq. (12) as follow: 

ێێێۏ
ۍ ߲ଶݔଶ߲ߠଵ߲ߠ௖߲ଶݕଶ߲ߠଵ߲ߠ௖ۑۑۑے

ې = − ێێێۏ
ۍ ݈௦ ߲ଶߠଶ߲ߠଵ߲ߠ௖ ݈௦ ଵߠଶ߲ߠ߲ ௖− ݈௦ߠଶ߲ߠ߲ ߲ଶߠଶ߲ߠଵ߲ߠ௖ ݈௦ ଵߠଶ߲ߠ߲ ௖ߠଶ߲ߠ߲ ۑۑۑے

ې ൤sinߠଶ cosߠଶcosߠଶ sinߠଶ ൨. (27)
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߲ଶݔଷ ⁄௖ߠଵ߲ߠ߲  and ߲ଶݕଷ ⁄௖ߠଵ߲ߠ߲  are computed by taking ߠ௖ derivative of Eq. (13) as follow 

ێێێۏ
ۍ ߲ଶݔଷ߲ߠଵ߲ߠ௖߲ଶݕଷ߲ߠଵ߲ߠ௖ۑۑۑے

ې = − ێێێۏ
ۍ ݈ ߲ଶߠଶ߲ߠଵ߲ߠ௖ ݈ ଵߠଶ߲ߠ߲ ݈ −௖ߠଶ߲ߠ߲ ߲ଶߠଶ߲ߠଵ߲ߠ௖ ݈ ଵߠଶ߲ߠ߲ ௖ߠଶ߲ߠ߲ ۑۑۑے

ې ൤sinߠଶ cosߠଶcosߠଶ sinߠଶ ൨. (28)

߲ଶݔଵ ⁄௖ଶߠ߲  and ߲ଶݕଵ ⁄௖ଶߠ߲  are calculated by taking ߠ௖ derivative of Eq. (14) as follow: 

ێێێۏ
௖ଶߠଵ߲ݕ௖ଶ߲ଶߠଵ߲ݔଶ߲ۍ ۑۑۑے

ې = ቂ00ቃ. (29)

߲ଶݔଶ ⁄௖ଶߠ߲  and ߲ଶݕଶ ⁄௖ଶߠ߲  can be deduced by taking ߠ௖ derivative of Eq. (15) as follow: 

ێێێۏ
௖ଶߠଶ߲ݕ௖ଶ߲ଶߠଶ߲ݔଶ߲ۍ ۑۑۑے

ې = − ێێۏ
ۍێ ݈௦ ߲ଶߠଶ߲ଶߠ௖ ݈௦ ൬߲ߠଶ߲ߠ௖൰ଶ ௖− ݈௦ݎ ߲ଶߠଶ߲ଶߠ௖ ݈௦ ൬߲ߠଶ߲ߠ௖൰ଶ ۑۑے௖ݎ 

ېۑ ൥sinߠଶ cosߠଶcosߠଶ sinߠଶcosߠ௖ sinߠ௖ ൩. (30)

߲ଶݔଷ ⁄௖ଶߠ߲  and ߲ଶݕଷ ⁄௖ଶߠ߲  are calculated by taking ߠ௖ derivative of Eq. (16) as follow: 

ێێێۏ
௖ଶߠଷ߲ݕ௖ଶ߲ଶߠଷ߲ݔଶ߲ۍ ۑۑۑے

ې = − ێێۏ
ۍێ ݈ ߲ଶߠଶ߲ଶߠ௖ ݈ ൬߲ߠଶ߲ߠ௖൰ଶ ݈ −௖ݎ ߲ଶߠଶ߲ଶߠ௖ ݈ ൬߲ߠଶ߲ߠ௖൰ଶ ۑۑے௖ݎ 

ېۑ ൥sinߠଶ cosߠଶcosߠଶ sinߠଶcosߠ௖ sinߠ௖ ൩. (31)

These Eqs. (23) to (31) can be written into a matrix as follow: 

ێێۏ
ێێێ
ێێێ
ێێێ
ێێێ
ଵଶߠଵ߲ݔଶ߲ۍێ  ߲ଶݕଵ߲ߠଵଶ߲ଶݔଶ߲ߠଵଶ ߲ଶݕଶ߲ߠଵଶ߲ଶݔଶ߲ߠଵ߲ߠ௖ ߲ଶݕଶ߲ߠଵ߲ߠ௖߲ଶݔଶ߲ߠ௖ଶ ߲ଶݕଶ߲ߠ௖ଶ߲ଶݔଷ߲ߠଵଶ ߲ଶݕଷ߲ߠଵଶ߲ଶݔଷ߲ߠଵ߲ߠ௖ ߲ଶݕଷ߲ߠଵ߲ߠ௖߲ଶݔଷ߲ߠ௖ଶ ߲ଶݕଷ߲ߠ௖ଶ ۑۑے

ۑۑۑ
ۑۑۑ
ۑۑۑ
ۑۑۑ
ېۑ

=

ێێۏ
ێێێ
ێێێ
ێێێ
ێێێ
௦ݎۍ 0 0 ݎ0 ±݈௦ ߲ଶߠଶ߲ߠଵଶ ݈௦ ൬߲ߠଶ߲ߠଵ൰ଶ 0
0 ±݈௦ ߲ଶߠଶ߲ߠଵ߲ߠ௖ ݈௦ ଵߠଶ߲ߠ߲ ௖ߠଶ߲ߠ߲ 0
0 ±݈௦ ߲ଶߠଶ߲ߠ௖ଶ ݈௦ ൬߲ߠଶ߲ߠଵ൰ଶ ݎ௖ݎ ±݈ ߲ଶߠଶ߲ߠଵଶ ݈ ൬߲ߠଶ߲ߠଵ൰ଶ 0
0 ±݈ ߲ଶߠଶ߲ߠଵ߲ߠ௖ ݈ ଵߠଶ߲ߠ߲ ௖ߠଶ߲ߠ߲ 0
0 ±݈ ߲ଶߠଶ߲ߠ௖ଶ ݈ ൬߲ߠଶ߲ߠଵ൰ଶ ۑۑے௖ݎ

ۑۑۑ
ۑۑۑ
ۑۑۑ
ۑۑۑ
ې

× ൦cosߠଵ sinߠଵsinߠଶ cosߠଶcosߠଶ sinߠଶcosߠ௖ sinߠ௖
൪. (32)

In Eq. (32), The meaning of the “±” is that “+” and “-” represent the symbol of the first column 
and the second column of the solved matrix, respectively.  
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In addition, it is easily obtained as follows: ߲ଶݔଵ߲ߠଵ߲ߠ௖ = ߲ଶݕଵ߲ߠଵ߲ߠ௖ = ߲ଶݔଵ߲ߠ௖ଶ  =  ߲ଶݕଵ߲ߠ௖ଶ = ௖ߠభ߲ ݔ߲ = =       ௖ߠଵ߲ݕ߲ ଵߠଷ߲ݕ߲ = ௖ߠଷ߲ݕ߲ = ߲ଶݕଷ߲ߠଵଶ = ߲ଶݕଷ߲ߠଵ߲ߠ௖ = ߲ଶݕଷ߲ߠ௖ଶ = 0. (33)

2.3. Equations of dynamics  

Lagrange motion equation for an unconstrained dynamical system is as follow: ݀݀ݐ ቆ ሶ௝ቇݍ߲ܧ߲ − ௝ݍ߲ܧ߲ + ௝ݍ߲ܷ߲ = ܳ௝,     (݆ = 1,2), (34)

where ܧ  and ܷ  are the system kinetic and potential energies, respectively. ܳ௝  is the 
nonconservative generalized force corresponding to the generalized coordinate ݍ௝ , and can be 
calculated as: 

ܳ௝ = ෍ Ԧ௜∗ଷܨ
௜ୀଵ . ߲ ሬܸԦ௜߲ݍሶ௝ + .∗ሬሬԦ௜ܯ ߲ ሬ߱ሬԦ௜߲ݍሶ௝ . (35)

In Eq. (35), ܨԦ௜∗ is the resultant of external force acting at the center of mass. ܯሬሬԦ௜∗ is the external 
torque acting on body ݅. ሬܸԦ௜ and ሬ߱ሬԦ௜ are the translational and rotational velocity for the mass center 
of body ݅, respectively. 

Taking the crankshaft, connecting rod and crosshead of the reciprocating compressor as a 
system, the kinetic energy and potential energy of the system are: 

۔ۖەۖ
ܧۓ = ෍ ௜ଷܧ

௜ୀଵ = ෍ 12 ݉௜൫ݔሶ௜ଶ + ሶ௜ଶ൯ଷݕ
௜ୀଵ + ෍ 12 ሶ௜ଶଶߠ௜ܬ

௜ୀଵ ,
ܷ = ෍ ݉௜݃ଶ

௜ୀଵ .௜ݕ  (36)

Substituting Eq. (36) into Eq. (34) leads to: 

෍ ሷ௜ߠ௜ܬ ௝ݍ௜߲ߠ߲
ଶ

௜ୀଵ + ෍ ݉௜ ቆݔሷ௜ ௝ݍ௜߲ݔ߲ + ሷ௜ݕ ௝ቇଷݍ௜߲ݕ߲
௜ୀଵ + ݃ ෍ ݉௜ଷ

௜ୀଵ
௝ݍ௜߲ݕ߲ = ܳ௝. (37)

Substitute Eqs. (18) and (22) into Eq. (37). Because the crankshaft works for uniform rotation, 
the angular acceleration of crankshaft equals zero, Namely, ߠሷଵ =  0. Therefore, differential 
equation about ߠሷ௖ can be written as: ܣ ⋅ ሷ௖ߠ = ܤ ⋅ ሶ௖ߠ + ܥ ⋅ ሶ௖ଶߠ + (38) ,ܦ

where A, B, C and D are expressed as: 

ܣ = ଶܬ ൬߲ߠଶ߲ߠ௖ ൰ଶ + ෍ ݉௜ ቈ൬߲ݔ௜߲ߠ௖൰ଶ + ൬߲ݕ௜߲ߠ௖൰ଶ቉ ,ଷ
௜ୀଵ  (39)
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ܤ = −2߱ ൥ܬଶ ௖ߠଶ߲ߠ߲ ⋅ ߲ଶߠଶ߲ߠ௖߲ߠଵ + ෍ ݉௜ଷ
௜ୀଵ ቆ߲ݔ௜߲ߠ௖ ⋅ ߲ଶݔ௜߲ߠଵ߲ߠ௖ + ௖ߠ௜߲ݕ߲ ⋅ ߲ଶݕ௜߲ߠଵ߲ߠ௖ቇ൩,     (40)

ܥ = − ൥ܬଶ ௖ߠଶ߲ߠ߲ ⋅ ߲ଶߠଶ߲ߠ௖ଶ + ෍ ݉௜ଷ
௜ୀଵ ቆ߲ݔ௜߲ߠ௖ ⋅ ߲ଶݔ௜߲ߠ௖ଶ + ௖ߠ௜߲ݕ߲ ⋅ ߲ଶݕ௜߲ߠ௖ଶ ቇ൩, (41)

ܦ = ܳଶ − ൥ܬଶ ߲ଶߠଶ߲ߠଵ ⋅ ௖ߠଶ߲ߠ߲ + ෍ ݉௜ ቆ߲ݔ௜߲ߠ௖ ⋅ ߲ଶݔ௜߲ߠଵଶ + ௖ߠ௜߲ݕ߲ ⋅ ߲ଶݕ௜߲ߠଵଶ ቇଷ
௜ୀଵ ൩ ߱ଶ − ݃ ෍ ݉௜ଷ

௜ୀଵ
௖. (42)ߠ௜߲ݕ߲

Obviously, Eq. (38) is a nonlinear equation. 
It is supposed that the centroid of connecting rod is middle position, that is to say, ݈ = 2݈௦. 

Moreover, since the clearance size ݎ௖  is very small, it can be considered the expression  ݎ௖. ݔ + ݕ ≈  .are two expressions that are roughly the same order of magnitude ݕ and ݔ where ,ݕ
Substituting Eqs. (9), (17), (19)-(21) and (32) into Eqs. (39)-(42), respectively. The expressions 
of ܥ ,ܤ ,ܣ and ܦ can be expressed as follows: 

ܣ = ቀܽଵ + ܽଶ4 ቁ ൬cosߠ௖cosߠଶ൰ଶ + ܽଶ + ܽଶcosߠ௖(sinߠ௖tanߠଶ − cosߠ௖)       +ܽଷ(tanߠଶcosߠ௖ − sinߠ௖)ଶ, (43)

where ܽ௜  (݅ = 1, 2, 3) are constants, ܽଵ = ௖ݎ)ଶܬ ݈⁄ )ଶ, ܽଶ = ݉ଶݎ௖ଶ, ܽଷ = ݉ଷݎ௖ଶ: 

ܤ = cosߠଵcosߠ௖ܿݏ݋ସߠଶ ሾܾଵsinߠଶcosߠଵ + ܾଶsin(ߠଶ + (௖ߠ + (ܾଷ + ܾସ)sin(ߠ௖ − ଶ)ሿ. (44)ߠ

In which, ܾ௜ (݅ = 1, 2, 3, 4)  are constants, ܾଵ = ݎ௖ଶݎଶܬ2߱− ݈ଷ⁄ ,  ܾଶ = −݉ଶݎݎ௖ଶ߱ 4݈⁄ ,  ܾଷ = 3ܾଶ, ܾସ = −2݉ଷݎݎ௖ଶ߱: 

ܥ = ଶߠଶݏ݋1ܿ ൤ܿଵsinߠ௖ + ܿଶ ൬ 516 cos2ߠଶsin2ߠ௖ − 14 cos2ߠ௖sin2ߠଶ൰ + ܿଷsin2ߠଶ൨ − ܿଶ8 sin2ߠ௖. (45)

In which, ܿ௜ (݅ = 1,2,3)  are constants, ܿଵ = ௖ଶݎଶܬ− 2݈ଶ⁄ + 3ܿଶ 16⁄ − ܿଷ,  ܿଶ = ݉ଶݎ௖ଶ,  ܿଷ = − ݉ଷݎ௖ଶ 2⁄ : 

ܦ = ݀ଵ(−sinߠ௖ + tanߠଶcosߠ௖) − ൤݀ଶcosߠ௖ܿݏ݋ସߠଶ (݈cosଶߠଶsinߠଵ + ௖ߠ)ଵ)     +݀ଷsinߠଶcosଶߠsinݎ − (ଶߠ ⋅ cosߠଵcosߠଶ + ݀ସ ቆtanߠଶsinߠଵ + ଶߠଵ݈cosଷߠcosଶݎ ቇ     +݀ହ(sinߠ௖cosߠଵ + sin(ߠ௖ − ,ଵ))ሿߠ  (46)

where: 

݀଴ = ߱ଶݎݎ௖݀ଵ = ܲ ⋅ ௖,    ݀ଶݎ = ݀଴ܬଶ݈ଶ ,    ݀ଷ = ݀଴ ቀ݉ଶ2 + ݉ଷቁ, ݀ସ = ݀଴ ቀ݉ଶ4 + ݉ଷ + ݉ଶ4 sinߠ௖ቁ,   ݀ହ = ݀଴݉ଶ4 .     (47)

3. Numerical simulation and dynamic responses analysis 

In this previous section, the numerical solution of the clearance angle ߠ௖  is solved by the 
Runge-Kutta method according to the Eqs. (38) and (4). Subsequently, the displacement, velocity 
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and acceleration of the crosshead are also obtained accordingly in the horizontal direction. In this 
section, we discuss the influence of clearance, subsidence and rotation speed of the crankshaft. 
Taking the 2D12 model of reciprocating compressor as the research object, the simulation 
characteristics are presented in Table 1. In addition, the centroids of crankshaft and connecting 
rod are middle position. 

Table 1. Dimension for the 2D12 model of reciprocating compressor 
Parts Length (m) Mass (kg) Moment of inertia (kg.m2) 

Crankshaft 0.12 1 0.0012 
Connecting rod 0.6 5 0.15 

Crosshead – 1 – 

3.1. Dynamic response of reciprocating compressor system with different clearance sizes 

In this subsection, from the perspective of dynamic response, the effects of the reciprocating 
compressor with different clearance sizes are investigated under the conditions of without 
subsidence, crankshaft angular velocity 20 rad/s and variable cylinder load shown in Fig. 2. In this 
study, the revolute joint between the crankshaft and the linkage is used as the clearance for the 
research. The displacement, velocity, acceleration and acceleration spectrum of the crosshead 
without/with 0.1 mm, 0.5 mm and 5 mm clearance sizes are shown in Figs. 4 to 7, respectively. It 
is noteworthy that the clearance size is exaggerated to 5 mm so as to better investigate the 
dynamics response of the variational clearance sizes for the reciprocating compressor. 

 
Fig. 4. Dynamic responses of crosshead without clearance 

As can be seen from Figs. 4 to 7, with the increase of clearance sizes, the effects of 
displacement, velocity, and acceleration increase. It can be observed that the crosshead velocity 
and acceleration fluctuate more violently than the crosshead displacement. Furthermore, Fig. 4(d), 
5(d), 6(d) and 7(d) show the acceleration spectrum using FFT transformation. In Fig. 4(d), it is 
clear that 3.109 Hz which is the rotational frequency of crankshaft and 6.217 Hz which is two 
times rotational frequency of crankshaft are displayed without clearance. In Fig. 5(d), In addition 
to 3.109 Hz and 6.217 Hz, there are very weak other frequency components with 0.1 mm clearance 
size, and it is distinct that the amplitudes of the other frequency components are lower than  
6.217 Hz. In Fig. 6(d), except 3.109 Hz and 6.217 Hz, the other frequency components are obvious 
with 0.5 mm clearance size, and it is evident that the amplitudes of some other frequency 
components are higher than 6.217 Hz, but are lower than 3.109 Hz. It can be found that there are 
113.5 Hz frequency component and approximate multiplier such as 223.1 Hz and 330.3 Hz in 
other frequency components. In Fig. 7(d), apart from 3.109 Hz and 6.217 Hz, the other frequency 
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components are extremely obvious with 5mm clearance size, and appear 148.4 Hz frequency 
component and approximate multiplier such as 287.6 Hz and 448.4 Hz. It is noteworthy that the 
amplitudes of some other frequency components are higher than 3.109 Hz. Therefore, the results 
show that besides rotational frequency of crankshaft, the larger the clearance sizes are, the more 
obvious the other frequency components are, even beyond the amplitude of the rotational 
frequency components of the crankshaft. 

 
Fig. 5. Dynamic responses of crosshead with 0.1 mm clearance 

 
Fig. 6. Dynamic responses of crosshead with 0.5 mm clearance 

The comparison of response curves of displacement, velocity and acceleration is demonstrated 
in Figs. 8 to 10, respectively. It can be seen from Figs. 8 to 10 that the variational clearance does 
not influence the crosshead displacement in a remarkable way, and the crosshead displacement 
and velocity of the reciprocating compressor without clearance are generally consistent with those 
of the reciprocating compressor with a different clearance size. When the clearance sizes increase 
from 0.1 mm to 1 mm, the corresponding maximal deviation values of the displacement increase 
from the 0.1 mm to 1.0 mm at the low dead point, and the maximal deviation values of velocity 
increase from 0.002 m/s to 0.042 m/s. In vivid contrast, the crosshead acceleration is dramatically 
influenced by the clearance sizes and the maximal peak values of crosshead acceleration increase 
from 77.68 m/s2 to 402.6 m/s2. 
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When the clearance size is exaggerated to 5 mm, the corresponding maximal deviation value 
of the displacement increases to 4.9 mm at the low dead point, and the maximal deviation value 
of velocity increases to 0.959 m/s, and the maximal peak value of crosshead acceleration increases 
to 1164 m/s2. Distinctly, 5 mm clearance size creates a large vibration response to the crosshead, 
which is likely to cause the reciprocating compressor system to collapse. 

 
Fig. 7. Dynamic responses of crosshead with 5 mm clearance 

 
Fig. 8. Comparison of crosshead displacement with different clearance sizes 

 
Fig. 9. Comparison of crosshead velocity with different clearance sizes 
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Fig. 10. Comparison of crosshead acceleration with different clearance sizes 

3.2. Influence of the crosshead subsidence 

As reciprocating compressor works for a period of time, there may be wear between the 
crosshead and the side of the cylinder, which may cause the crosshead to sink. That is to say, the 
crosshead produces decentration. Obviously, the crosshead subsidence will exacerbate the 
vibration of the crosshead and transfer it to the reciprocating compressor body. In this subsection, 
the influences of subsidence sizes on the dynamic behavior of reciprocating compressor with 
subsidence of the crosshead are discussed under the conditions of clearance size 1mm, crankshaft 
angular velocity 20 rad/s and variable cylinder load shown in Fig. 2. The displacement, velocity, 
and acceleration of the crosshead without/with 0.1 mm, 1 mm and 5 mm subsidence sizes are 
shown in Figs. 11 to 13, respectively. It is noteworthy that in order to better research the dynamic 
response of the variational subsidence sizes to the reciprocating compressor, the subsidence size 
is also exaggerated to 5 mm. 

 
Fig. 11. Comparison of crosshead displacement with different subsidence sizes 

As can be seen from Figs. 11 to 13, the existence of the subsidence brings a very weak impact 
for the crosshead displacement, and does not produce strongly effect on the crosshead velocity 
and acceleration with different subsidence sizes. With the increase in subsidence sizes, as the 
subsidence sizes increase from 0 mm to 1 mm, the corresponding maximal deviation values of the 
displacement increase from 0 mm to 0.4 mm at the low dead point, and the maximal deviation 
values of velocity increase from 0 m/s to 0.059 m/s, and the maximal peak values of crosshead 
acceleration increase from 402.6 m/s2 to 548.1 m/s2.  

When the subsidence size is exaggerated to 5 mm, the corresponding maximal deviation value 
of the displacement increases to 0.7 mm at the low dead point, and the maximal deviation value 
of velocity increases to 0.312 m/s, and the maximal peak value of crosshead acceleration increases 
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to 772.4 m/s2. Compared with the dynamic response of without subsidence size, the 5 mm 
subsidence size increases the slight fluctuation. Thus, the varying subsidence sizes do not have a 
significant impact on the reciprocating compressor system. The reason may be that in this paper, 
the flexibility of the connecting rod between the crosshead and the piston is not considered. So, it 
reduces the impact of the crosshead on the reciprocating compressor. 

Distinctly, compared with the effect of the clearance sizes, the oscillating range of crosshead 
displacement, velocity and acceleration are smaller with subsidence sizes. That is to say, the 
influence of the clearance is much stronger than the subsidence of the crosshead in the horizontal 
direction. 

 
Fig. 12. Comparison of crosshead velocity with different subsidence sizes 

 
Fig. 13. Comparison of crosshead acceleration with different subsidence sizes 

3.3. Influence of the input crankshaft angular velocity 

In this subsection, the influence of the input crankshaft speed on the dynamic behavior of the 
reciprocating compressor is reported. In addition, in order to fully understand the dynamic 
behavior of the crankshaft at the low speed, medium speed and high speed, dynamic responses of 
the crosshead from 10 rad/s to 150 rad/s are analyzed under the conditions of subsidence 1 mm, 
clearance size 1 mm and variable cylinder load shown in Fig. 2, as showed in Fig. 14 to 16, 
respectively. 

It is can be seen from Figs. 14 to 16, the changes of the crankshaft angular velocity do not 
influence the crosshead displacement in a conspicuous manner, but produce evident effects for the 
crosshead velocity and acceleration. When the crankshaft angular velocities increase from 10 rad/s 
to 150 rad/s, the corresponding maximal values of the displacement increase from 480.6 mm to 
481.1 mm at the low dead point, and the maximal values of the velocity increase from 1.267 m/s 
to 20.14 m/s, and the maximal peak values of crosshead acceleration increase from 172.7 m/s2 to 
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16010 m/s2. In addition, as can be seen from Fig. 14(d), Fig. 15(d) and Fig. 16(d), with the increase 
in the crankshaft angular velocity, besides rotational frequency of crankshaft, the lower the 
crankshaft angular velocities are, the more obvious the other frequency components are, even 
beyond the amplitude of the rotational frequency components. 

 
Fig. 14. Dynamic responses of crosshead with the crankshaft speed 10 rad/s 

 
Fig. 15. Dynamic responses of crosshead with the crankshaft angular velocity 70 rad/s 

When the crankshaft angular velocity is 10 rad/s, except 1.554 Hz which is the rotational 
frequency of crankshaft and 3.109 Hz which is the double rotational frequency, there are still some 
other remarkable frequency components that almost submerge the rotational frequency of 
crankshaft. One can observe 167.9 Hz frequency component and approximate multiplier such as 
337.3 Hz in some other frequency components. When the crankshaft angular velocity is 70 rad/s, 
in addition to the rotational frequency 10.88 Hz and double rotational frequency 22.44 Hz, there 
are very weak other frequency components, and it is distinct that the amplitudes of the other 
frequency components are lower than 22.44 Hz. When the crankshaft angular velocity is 150 rad/s, 
the rotational frequency 24.04 Hz and double rotational frequency 48.04 Hz are more significant 
than the other frequency components which can be ignored. 
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Fig. 16. Dynamic responses of crosshead with the crankshaft angular velocity 150 rad/s 

4. Chaos analysis 

Data obtained from a deterministic system can be classified as either periodic or non-periodic 
data [29]. Non-periodic data may correspond to a quasi-periodic, transient or chaotic motion. 
Lyapunov exponents produce a method that can distinguish the chaotic and non-chaotic  
(periodic or quasi-periodic) behavior. Periodic attractors show only negative and zero exponents 
which indicate convergence to a predictable motion, whereas there is at least one positive exponent 
for a chaotic system [30, 31]. Hence, one needs to determine the sign of Lyapunov exponents to 
characterize the behavior of a system. In this section, nonlinear dynamic analysis of the 
reciprocating compressor crosshead is investigated. We discuss the chaotic and non-chaotic 
behavior of the crosshead using phase trajectories, Lyapunov exponents and Poincaré section 
under the different clearance sizes, subsidence sizes and crankshaft angular velocities. 

Fig. 17 shows the phase trajectories of displacement-velocity and velocity-acceleration for the 
crosshead when the reciprocating compressor has neither clearance nor subsidence. Obviously, 
under such ideal conditions reciprocating compressor has regular periodic motion. 

 
a) 

 
b) 

Fig. 17. The phase trajectories of displacement-velocity  
and velocity-acceleration without clearance and subsidence 

Fig. 18 and Fig. 19 show that the phase trajectories of displacement-velocity and  
|velocity-acceleration for the crosshead under the conditions of subsidence size 1 mm, crankshaft 
angular velocity 20 rad/s and variable cylinder load with 0.1 mm, 0.5 mm,1 mm and 5 mm 
clearance sizes, respectively. It is noteworthy that in order to better investigate the dynamic 
behavior of the varying clearance size to the reciprocating compressor, the clearance size is 
exaggerated to 5 mm. 
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It is can be seen from Fig. 18 and Fig. 19, the change of the clearance sizes produces evident 
effect for the shape of phase trajectories. With the increase of the clearance sizes, the phase 
trajectories of velocity–acceleration are more and more like the ∞-character. Fig. 24(a) shows all 
calculated Lyapunov exponents by Wolf [32] method for the crosshead acceleration with  
0.1 mm, 0.5 mm, 1 mm and 5 mm clearance sizes. The largest Lyapunov exponents ߣ௜ have been 
calculated for clearance sizes ܿݎଵ = 0.1 mm, ܿݎଶ = 0.5 mm, ܿݎଷ = 1 mm and ܿݎସ = 5 mm. The 
values of the largest Lyapunov exponents are ߣଵ = 1.57 to the corresponding ܿݎଵ = 0.1 mm,  ߣଶ = 0.68 to the corresponding ܿݎଶ = 0.5 mm, ߣଷ = 0.62 to the corresponding ܿݎଷ = 1 mm, and ߣସ = 0.59 to the corresponding ܿݎସ = 5 mm. One can see a decrease in values of the largest 
Lyapunov exponents as the clearance sizes increase, but the downward trend is gradually slowed 
down.  

 
Fig. 18. The phase trajectories of displacement-velocity with different clearance sizes:  

a) 0.1 mm, b) 0.5 mm, c) 1 mm, d) 5 mm 

 
Fig. 19. The phase trajectories of velocity-acceleration with different clearance sizes:  

a) 0.1 mm, b) 0.5 mm, c) 1 mm, d) 5 mm 

Fig. 20 and Fig. 21 show that the phase trajectories of displacement-velocity and  
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velocity-acceleration for the crosshead under the conditions of clearance size 1 mm, crankshaft 
angular velocity 20 rad/s and variable cylinder load with 0 mm, 0.1 mm, 1 mm and 5 mm 
subsidence sizes, respectively. It is noteworthy that in order to better study the dynamic behavior 
of the varying subsidence size to the reciprocating compressor, the subsidence size is also 
exaggerated to 5 mm. 

As can be seen from Fig. 20 and Fig. 21, the changes of the subsidence sizes produce weak 
influence for the shape of phase trajectory. It is visible that the phase trajectory of the crosshead 
vibration does not close for each revolution. Fig. 24(b) shows all calculated Lyapunov exponents 
for the crosshead acceleration with 0 mm, 0.1mm, 1 mm and 5 mm subsidence sizes. The largest 
Lyapunov exponents ߣ௜  have been computed for subsidence sizes ݀ଵ = 0 mm, ݀ଶ = 0.1 mm, ݀ଷ = 1 mm and ݀ସ = 5 mm. The values of the largest Lyapunov exponents are ߣଵ = 0.51 to the 
corresponding ݀ଵ =  0 mm, ߣଶ =  0.53 to the corresponding ݀ଶ =  0.1 mm, ߣଷ =  0.62 to the 
corresponding ݀ଷ = 1 mm, and ߣସ = 0.52 to the corresponding ݀ସ = 5 mm.  

 
Fig. 20. The phase trajectories of displacement-velocity with different subsidence sizes:  

a) 0 mm, b) 0.1 mm, c) 1 mm, d) 5 mm 

 
Fig. 21. The phase trajectories of velocity-acceleration with different subsidence sizes:  

a) 0 mm, b) 0.1 mm, c) 1 mm, d) 5 mm 
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Fig. 22. The phase trajectories of displacement–velocity with different angular velocities: 

a) 10 rad/s, b) 20 rad/s, c) 70 rad/s, d) 150 rad/s 

 
Fig. 23. The phase trajectories of velocity-acceleration with different angular velocities: 

a) 10 rad/s, b) 20 rad/s, c) 70 rad/s, d) 150 rad/s 

Fig. 22 and Fig. 23 show that the phase trajectories of displacement-velocity and  
velocity-acceleration for the crosshead under the conditions of clearance size 5 mm, subsidence 
size 1 mm and variable cylinder load with 10 rad/s, 20 rad/s, 70 rad/s and 150 rad/s crankshaft 
angular velocities, respectively. It is can be seen from Fig. 22 and Fig. 23, the changes of the 
crankshaft angular velocity produce remarkable effects on the shape of phase trajectories，the 
higher the crankshaft angular velocity, the more regular the trajectory. In addition, with the 
decrease of the crankshaft angular velocities, the phase trajectories of velocity-acceleration are 
more and more like the ∞-character. Fig. 24(c) shows all calculated Lyapunov exponents for the 
crosshead acceleration with 10 rad/s, 20 rad/s, 70 rad/s and 150 rad/s crankshaft angular velocities. 
The largest Lyapunov exponents ߣ௜  have been computed for crankshaft angular velocities  ߱ଵଵ = 10 rad/s, ߱ଵଶ = 20 rad/s, ߱ଵଷ = 70 rad/s and ߱ଵସ = 150 rad/s. The values of the largest 
Lyapunov exponents are ߣଵ =  0.97 to the corresponding ߱ଵଵ =  10 rad/s, ߣଶ =  0.59 to the 
corresponding ߱ଵଶ = 20 rad/s, ߣଷ = 0.23 to the corresponding ߱ଵଷ = 70 rad/s, and ߣସ = 1.5 to 
the corresponding ߱ଵସ = 150 rad/s. 
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a) Lyapunov exponents with different clearance sizes 

 
b) Lyapunov exponents with different  

subsidence sizes 

 
c) Lyapunov exponents with different  

angular velocities 
Fig. 24. Lyapunov exponents with different clearance sizes, subsidence sizes and angular velocities 

Obviously, the signs of the largest Lyapunov exponents are positive for different clearance 
sizes, subsidence sizes and angular velocities, indicating the exponential separation of nearby 
trajectories as time evolves, that is to say, the reciprocating compressor system is characterized by 
chaotic behavior with the faults of clearance and subsidence. Therefore, one can deduce at this 
point the chaotic behavior of the reciprocating compressor system. The trajectories shown in 
figure are associated with the motion around the attractor and show the classical characteristics of 
chaotic motion. 

In addition, in order to better analyze the chaos of the reciprocating compressor system, the 
Poincaré section method is applied in this study. Figs. 25 to 28 are the Poincaré portraits 
corresponding to Figs. 17, 19, 21 and 23, respectively. Whether there is chaos in a system can be 
judged by observing the intercept point on the Poincare section. When the Poincare section has 
and has only one fixed point or a few discrete points, the movement is periodic. When the Poincare 
section is a closed curve, the movement is quasi-periodic. When the Poincare section is a piece of 
dense points with a fractal structure, the movement is chaos. 

As illustrated in Fig. 25, When the reciprocating compressor system does not have clearance 
and subsidence, the Poincare sections have only one fixed point, which indicates that the 
reciprocating compressor is a periodic system in the absence of fault. However, as can be seen 
from Figs. 26 to 28, obviously, the reciprocating compressor system of the single cylinder with 
clearance and subsidence has chaotic behavior, which is consistent with the judgment result of the 
maximum Lyapunov index. 

 
a) Crosshead displacement (m) 

 
b) Crosshead velocity (m/s) 

Fig. 25. The Poincaré portraits of displacement-velocity  
and velocity-acceleration without clearance and subsidence 

0 2000 4000 6000 8000 100000

2

4

6

Evolution number
Ly

ap
un

ov
 e

xp
on

en
ts

 

 

rc=0.1mm
rc=0.5mm
rc=1mm
rc=5mm

0 2000 4000 6000 8000 100000

2

4

6

Evolution number

Ly
ap

un
ov

 e
xp

on
en

ts

 

 

d=0mm
d=0.1mm
d=1mm
d=5mm

7000 8000 9000
0

0.5

1

 

 

0 2000 4000 6000 8000 100000

2

4

6

Evolution number
Ly

ap
un

ov
 e

xp
on

en
ts

 

 

ω=10 rad/s
ω=20 rad/s
ω=70 rad/s
ω=150 rad/s



2656. DYNAMIC ANALYSIS OF RECIPROCATING COMPRESSOR WITH CLEARANCE AND SUBSIDENCE.  
SHUNGEN XIAO, SHULIN LIU, SHOUGUO CHENG, XIAOGANG XUE, MENGMENG SONG, XIN SUN 

5082 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2017, VOL. 19, ISSUE 7. ISSN 1392-8716  

 
Fig. 26. The Poincaré portraits for (velocity, acceleration) with different clearance sizes:  

a) 0.1 mm, b) 0.5 mm, c) 1 mm, d) 5 mm 

 
Fig. 27. The Poincaré portraits for (velocity, acceleration) with different subsidence sizes: 

a) 0 mm, b) 0.1 mm, c) 1 mm, d) 5 mm 

 
Fig. 28. The Poincaré portraits for (velocity, acceleration) with different angular velocities: 

a) 10 rad/s, b) 20 rad/s, c) 70 rad/s, d) 150 rad/s 
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In this paper, Shungen Xiao is responsible for the writing of the entire paper, the realization of 
the core ideas and so on. Shulin Liu is the advocate of the core idea. Shouguo Cheng helps the 
first author to debug the programs of the dynamics equation. Xiaogan Xue assists the first author 
to establish a mathematical model of cylinder pressure. Mengmeng Song helps the first author to 
analyze the influence of the clearance size. Xin Sun helps the first author to debug the programs 
of the Lyapunov exponents. 

5. Conclusions 

In this work, the nonlinear dynamics of reciprocating compressor of single cylinder with 
subsidence of the crosshead and clearance between crankshaft and connecting rod are investigated. 
Dynamics differential equations are established based on the Lagrangian approach. Runge-Kutta 
method is used to solve the dynamics differential equations by MATLAB software. 

Under the condition of the varying cylinder pressure in a cycle, the dynamics responses of 
reciprocating compressor cylinder are analyzed in the horizontal direction with the changes of 
clearance sizes, subsidence sizes and crankshaft angular velocities. The numerical simulation 
results show that the displacement, velocity and acceleration of the crosshead are slightly effected 
with the increase of the subsidence sizes, but the displacement, velocity and acceleration of the 
crosshead are significantly affected as the increase of the clearance sizes and crankshaft angular 
velocities. In addition, the response spectrums of the crosshead acceleration are drawn by using 
the fast Fourier transform. The results display that besides the rotation frequency of crankshaft, 
some other frequency components are more and more obvious and even submerge the rotation 
frequency components in the spectrum with the increase of the clearance sizes. The change in 
crankshaft angular velocities is just the opposite of the change in the clearance. That is to say, as 
the crankshaft angular velocities increase, some other frequency components are becoming 
weaker than the rotation frequency components. 

Using Lyapunov exponents and Poincaré section, the stability of the reciprocating compressor 
system with clearance and subsidence is investigated. The signs of the largest Lyapunov exponents 
calculated by Wolf method are positive, and the Poincare section is a piece of dense points with a 
fractal structure for this nonlinear system with clearance and subsidence, indicating the existence 
of strange attractors and chaos phenomena. In addition, the mechanism exhibits different chaotic 
motion trajectories with the changes of clearance, subsidence and crankshaft angular velocity, in 
which the shapes of the phase trajectories significantly change with the variation of clearance and 
the crankshaft angular velocity, and inconspicuously vary as the change of subsidence.  
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