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Abstract. A dynamical analysis of a Mathieu-van der Pol-Duffing nonlinear system with
fractional-order derivative under combined parametric and forcing excitation is studied in this
paper. The approximate analytical solution is researched for 1/2 sub harmonic resonance coupled
with primary parametric resonance based on the improved averaging approach. The steady-state
periodic solution including its stability condition is established. The equivalent linear stiffness
coefficient (ELDC) and equivalent linear damping coefficient (ELSC) for this nonlinear
fractional-order oscillator are defined. Then, the numerical simulations are presented in three
typical cases by iterative algorithms. The time history, phase portrait, FFT spectrum and Poincare
maps are shown to explain the system response. Some different responses, such as quasi-periodic,
multi-periodic and single periodic behaviors are observed and investigated. The results of
comparisons between the numerical solutions and the approximate analytical solutions in three
typical cases show the correctness of the analytical solutions. The influences of the
fractional-order parameters on the system dynamical response are researched based on the ELDC
and ELSC. Through analysis, it could be found that the increase of the fractional-order coefficient
would result in the rightward and downward movements of the amplitude-frequency curves. The
increase of the fractional-order coefficient will also move the bifurcation point rightwards and will
make the existing range of steady-state solution larger. It could also be found that the ELSC will
become larger and ELDC smaller when the fractional order is closer to zero, so that the decrease
of the fractional order would make the response amplitude larger. At last, the detailed conclusions
are summarized, which is beneficial to design and control this kind of fractional-order nonlinear
system.

Keywords: fractional-order derivative, Mathieu-van der Pol-Duffing oscillator, amplitude-
frequency curves, bifurcation, averaging approach.

1. Introduction

With the development of modern computation technology in recent years, the fractional
calculus has caused wide concerns in many fields, especially in mechanical, civil, biological and
other engineering fields. The fundamental characteristics of fractional calculus are studied, and
great progress has been made in the basic theory [1-4]. For example, Petras [1-2] studied the
modeling, analysis and simulation of the fractional-order nonlinear systems, and they also focused
on the modeling and control of the fractional-order systems. Caputo et al. [3] proposed a new
definition of the fractional derivative. Yang et al. [4] investigated the local fractional integral
transforms and the applications problem, etc.

At present, the applications of the fractional calculus in engineering fields have been attracted
much attention. Many engineering problems can be described by the fractional calculus equations
to simulate some dynamical systems accurately. So, the fractional calculus on the dynamical
system was important and interesting, which had been investigated by many researchers in some
relevant fields [5, 6]. For example, Yang et al. [7] analyzed the response of a fractional-order
Duffing system by the harmonic balance method, and concluded that the fractional-order damping
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could change the number of the steady stable states. Wang et al. [8] investigated the dynamical
characteristics of a linear oscillator with fractional-order derivative under forcing excitation, and
found that the system solution had two parts in the fractional-order linear oscillator based on the
theory of the stability switches. Shen et al. [9, 10] investigated several fractional-order oscillators
by the averaging method, and proposed the fractional-order derivative that had both the function
of damping and the function of stiffness. Many mathematical theories of the fractional calculus
were researched by Lietal. [11, 12]. They also compared the differences and connections between
three typical definitions of fractional-order derivatives, and presented some characteristics of the
Caputo fractional calculus. Chen et al. [13] studied the dynamical response of the fractional-order
stochastic oscillator based on the stochastic averaging approach, and they mainly analyzed the
influences of the fractional-order derivative on the dynamics and the control of the stochastic
system. Leung et al. [14] raised the residue harmonic balance approach to solve the
fractional-order van der Pol (VDP) system and the higher-order approximate solution could be
deduced according to this method. You et al. [15] studied the optimal control of a fractional-order
vehicle suspension system, and the viscoelastic characteristics of the vehicle suspension system
were investigated. Shen et al. [16] studied the fractional-order PID controller on a non-smooth
oscillator and found the fractional-order PID controller was better than the traditional PID
controller. Wang et al. [17] investigated the chaos behavior of the fractional-order Lorenz systems
by the active feedback approach. Then the fractional order of 0.98 was implemented and the result
demonstrated the validity of this method. Yang et al. [18, 19] studied several fractional-order
operators in the sense of Caputo definition, and discussed their characteristics based on the
Laplace transform and Fourier transform. Those results were very efficient and helpful to
investigate some complex phenomenon. Li et al. [20] investigated the stochastic bifurcations of
Duffing-VDP system under colored noise by the stochastic averaging method, and found that the
change of fractional order, noise intensity and correlation time would lead to bifurcation of this
system. Niu et al. [21] studied the Duffing oscillator with delayed fractional-order PID control
based on the KBM asymptotic method, and analyzed the influences of time delay. Giresse et al.
[22] studied the synchronization of chaotic Mathieu-VDP and chaotic Duffing-VDP systems with
the fractional-order derivative, and found fractional-order derivative would lead to faster
synchronization than the integer-order derivative.

There are many nonlinear dynamics phenomena in engineering fields, such as non-smoothness,
large deformation, backlash, and parametric excitation, etc., which will deteriorate the
performance of engineering system [23, 24]. For example, Li et al. [25-26] found the bursting
phenomenon in a mechanical system and analyzed the slow-fast effect. Belhaq et al. [27] analyzed
the resonances of VDP-Mathieu-Duffing oscillator in the frequency-locking area of 2:1 and 1:1,
and found that the fast harmonic excitation could change the spring behavior. Based on the authors
knowledge, the published papers were mainly focused on the dynamical responses of the
fractional-order system with forcing excitation and the integer-order nonlinear system. A few
researchers studied the fractional-order complex nonlinear system. For example, Wen et al. [28, 29]
investigated the dynamical characteristics of Mathieu-Duffing oscillator with the fractional-order
delayed feedback, and found that the fractional-order delayed feedback had the characteristics of
both delayed velocity feedback and displacement feedback. Xu et al. [30] analyzed the dynamical
responses of fractional-order Duffing-Rayleigh oscillator with the Gauss white noise excitation.
But the dynamical analysis of the complex fractional-order nonlinear system with combined
parametric and forcing excitation hardly has been investigated.

In this paper, the dynamical responses of Mathieu-van der Pol-Duffing nonlinear system with
the fractional-order derivative for 1/2 subharmonics resonance coupled with the primary
parametric resonance are studied. The paper is arranged as follows: In Section 2, the approximate
analytical solution of the fractional-order Mathieu-van der Pol-Duffing nonlinear system is
obtained. Then the ELDC and ELSC are also defined in this section. In Section 3, the
amplitude-frequency equation and the stability conditions of the steady-state nonzero periodic
solution are presented. Then in Section 4 the numerical solutions in three typical cases are obtained.

B
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The comparisons between the analytical results and the numerical solutions in three cases are
presented to prove the correctness of the approximate analytical solution. The effects of the
fractional-order parameters are studied in Section 5. At last, the detailed conclusions are
summarized and analyzed.

2. First-order approximate analytical solution

The considered fractional-order nonlinear system with 1/2 subharmonics resonance coupled
with primary parametric resonance is:

mi(t) + [K; + 2BcosRwt)]x(t) + a; [x(£)? — 1]x(t) 1
+a,x3(t) + K,DP[x(t)] = Fcos(Qt), (1

where m, K, a1, a,, F, Q and 2Bcos2wt are the system mass, linear stiffness coefficient,
nonlinear damping coefficient, nonlinear stiffness coefficient, forcing excitation coefficient,
forcing excitation frequency and the periodic time-varying stiffing coefficient respectively.
DP[x(t)] is the p-order derivative of x(t) to t with the fractional coefficient K, (K, > 0) and
fractional order p (0 < p < 1). Here the Caputo definition is used below:

1 tx'(w)
DP[x(t)] = fa=p ), Gowp du, (2)

where I'(x) is the Gamma function which satisfies I'(x + 1) = xI'(x).
The following transformations are used:

B aq a, Kz
, —=¢&B, —=c¢a;, —=c¢a, —=ck, —=¢f. (3)
m m m m m

Eq. (1) becomes:

%(t) + wix(t) + 2efcos(Rwt)x(t) + ea} [x(t)2 — 1]x(t) 4)
+eayx3(t) + ek, DP[x(t)] = ef cos(Qt).

Here, we focus on the 1/2 sub harmonic resonance coupled with the primary parametric
resonance. It means the parametric frequency is close to the natural frequency and the forcing
excitation frequency is close to the double of the parametric frequency, i.e. 1 = 2w, w = w,. The
formula w? = w3 + &0 is introduced to denote the approximate degree, where ¢ is the detuning
factor, so that Eq. (4) becomes:

. 5 3 ox(t) + fcos(Rwt) — 2 cos(Qwt) x(t)

*(O) + w0 = £{+a'1[1 — x(6)2]5(E) — ayx3(6) — kzD”[x(t)]}' )
Supposing the solution of Eq. (5) is:

x(t) = acosp, x(t) = —awsing, (6)

where ¢ = wt + 6. Based on the improved averaging approach [9, 10], we could integrate the
right-hand part of Eq. (5) within the time interval [0, T] and then average it. The approximate
solution of amplitude a and phase 0 are:
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1 T
a:__i[pmmm+meaﬂhmww,
Tw ),

. 1 (T (7
af = ——f [Pi(a,8) + P,(a,6,71)] cospdp,
Tw J,
where:
ajadwsin3gp  ajadwsin
P,(a,0) = e{fcos[2(p — 0)] + ogacosp — ajawsing + ! 2 ¢ + -2 2 ¢
—2fcos[2(p — )]acosp — ajaicosp},
P,(a,8) = —ek,DP[acosg].
When Eq. (7) is expanded, it will yield:
a=a+ay, (8a)
ab = ab, + aéb,. (8b)

The first part of Eq. (8a) and Eq. (8b) are the periodic function with T = 2m. Integrating the
first part of Eq. (8), one could get:

gafisin20 N saia eajad
2w 2 8 '’
saficos28 eoa 3eajad

' ! f 2ﬂP (a, 8)sinpd
a; =—-— 1 (@, 8)sinpdp =
2nw J, )

. 1 21
0p=——| P (a0 de =
@ 21ra)f0 1 (@ O)cospde 2w 2w 8w

The second part of Eq. (8a) and Eq. (8b) are the aperiodic functions, and the time terminal T
is selected as oo:

1 (T ek, (T
a, = —}Lrgom P, (a,8)sinpdp = lggo—f DP [acos(¢)]sinpde,
. 1 " ek, (10)
ab, = —%im ﬁf P, (a,8)cospdp = llm T—f DP [acos(¢)]cospde.
Considering Eq. (2), one can obtain:
. —eakz ; J‘ f sin(wu + 0) dul s g 1
a, = F(l — )TﬁwT [ =)y u] sin(wt + 0) ¢ dt. (11)

Supposing s =t — u, ds = —du, and when they are substituted into Eq. (11), it becomes:

. —cak, sin(wt + 8 — ws) )
a, = mr—»mTJ- {f [ ds] sin(wt + 9)} dt

—eak, .
“Ta- )leT {U

Ly 1fT fsmwd t+6 t+6);dt.
F(l—p)Tl—E?oTO o s| cos(w )sin(w )

Cosws
ds] sin(wt + 0)sin(wt + 9)} dt (12)

Two important formulae in Refs [9-10] are introduced:
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T'sin(wt)

lim

T—-o

dt = wPT'(1 — p)cos (pn)
o O 2 13
cos(wt)d — WP Ir(1 )Sm(PZ”)

lim
T—oo 0
In Eq. (12), defining the first part as a,; and the second part as a,,, integrating it by parts

respectively and considering Eq. (13), one can get:

. —eak, 1 (2wt —sinQRwt + 26) ft cosws !
Ay = ————lim ds
40T (1 —p) o T 0

T sP
0 (14)
cak, f 2 . 2ot 4 26 wt}d _ —eakwP! (pn)
4wl‘(1— )T—»ooT wt —sin(2w )] = > sin(=-).

Similarly, one can find the integral of the second part a,, in Eq. (12) approach 0 when T — oo,
so that:

sak,wP1 Jis
a, = —szin (p?) (15a)

When the same method is used, it will yield:

. eakywP?
ab, = % cos (p%t) (15b)

Combining Eq. (9) and Eq. (15), one can obtain:

_eaﬁsin26+sa’1a eaia®  eakjwP (pn)
T 2w 2 8 2 ’

3 o 2 (16)
4= eaficos28 eoa + 3eaja + eak,w? (pn )
@m0 20 | 8w R A
When the original parameters are substituted into Eq. (16), it will yield:
. _Basin2d  a a1a3
a=—- C.(p) -
2mw (17
4= Bacos26 4 3a2a wa + K.(p)
W e 8mw 2 | 2mw P
where:
s
C.(p) = —a; + K,wP 'sin (p—),
2 (18)

T
K.(p) = K; + K,wPcos (p?),

are defined as the equivalent linear damping coefficient (ELDC) and the equivalent linear stiffness
coefficient (ELSC) respectively.

Based on Eq. (17) and Eq. (18), it could be found that the fractional coefficient K, and the
fractional order p are all significant in system dynamics. The fractional coefficient K, is linear
with the ELDC and ELSC in this system. The fractional order p affects this system dynamical
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response with the ELDC and ELSC in the form of trigonometric function. When p # 0 and
K, # 0, the fractional-order derivative will possess both the function of stiffness and the function

of damping simultaneously.
3. Steady-state periodic solutions and stability conditions

Letting @ = 0 and = 0, Eq. (17) becomes:

3

Basin20 @ c @
2mw _ 2m () 8m
Bacos26 3a,a’ wc_l+ a K — 0
2mw 8mw 2 2mo () = 0.

19

When 8 is eliminated from Eq. (19), the amplitude-frequency equation is:

2 =2

3a,a
+

5 walaz
a 2 + wC,.(p)

2
- mw? + Ke(p)] } = B%a*.

That is:

(@12w* + 9a,2)a* — 8{w?a;,C,(p) + 3a,[K.(p) — mw?]}a*
+16{[K,(p) - mw?]* + [C,(p)w]* — B*} =0,
a=0.

(20a)

(20b)

Letting u = acosf, v = asinf, and when they are substituted into Eq. (17), it becomes:

. Ce(p) al (uZ + UZ)
u=— + u
2m 8m

2mw 8mw 2 2mw

B [3a2(u2+v2) w K,(p)
v— -+

v+

2mw 8mw 2

) C,(p) a;(W?+v?)
b =— +
2m 8m

The Jacobian matrix for Eq. (21) is:

au adu
] = ou 0dv

av avy|

Ju Jdv

The Jacobian matrix of the nonzero periodic solution is:

B [3a2 W +v?) w Ke(p)] def
u+ -5t u
2mw

]v & U(u, v),

(21
= V(u,v).

C.(p) a;(3u?+v?) 3 3a,uv B auw [K.(p) w 3a,(u?+3v?)
_ 2m 8m 4mw 2mw  4m 2Zmw 2 8mw
J= B auw N K.(p) w N 3a,(3u? + v?) C.(p) a;(u?+3v?) 1+ 3auv
[2mw  4m 2Zmw 2 8mw 2m 8m 4mw
Letting:
_C.(p) _ B c _K() o P U 3a;
! 2m’ 2 T 2mw’ )T 2me 20 YT 8sm’ T 8mo
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and using Eq. (19), the characteristic equation can be get as follows:
A2+ (2C, 4 4C,a%)A — 4(C,Cy + C3C5)a® — 4(CE + €5 —CH) = 0. (22)

From the analysis of Eq. (22), it can be found that the stability conditions for the nonzero
periodic solution are:

Cy + 2C,a% > 0, 23)
4(CE + C2 — C3) + 4(C,Cy + C5C5)a” < 0.
According to Eq. (20b), one could get the following results.
When [K,(p) — mw?]? + [C.(p)w]? < B2, Eq. (20b) has the zero solution and one nonzero
periodic solution as follows:

a, = O, 12
4w’ a, C.(p) + 3az[K,(p) — mw’]}

2,2 21R2 2 211/2 @4
0 = Hla:*0® + 92,%]B* — {a10[K,(p) — mw’] = 3a,0C.(p)}’]
2 a’w? + 9a,?
When:
[Ke(p) —mw?]? + [Cc(p)w]* > B,
and:
8w?a,C,(p) + 24a,[K.(p) — mw?] > 0.
Eq. (20b) has the zero solution and two nonzero periodic solutions as follows:
a; =0, (25)
1/2
4Hw?a, C(p) + 3a,[K, (p) — mw?]}
lar?w? + 9a,2]B? — {a;w[K. (p) — mw?] - 3ayC, @)Y] (252)
%= a2w? + 9a,? ’
1/2
4Hw?a, C(p) + 3a,[K, (p) — mw?]}
~[la?w? + 9a,2]B? ~ {a;0[K. (p) — mw?] - BayC, @)Y] (25b)
as = .

a;2w? + 9a,?
According to the stability conditions of Eq. (23), it can be found that the nonzero solution
given by Eq. (24) is stable and there is only one nonzero solution for Eq. (1) at this moment. When

Eq. (1) has two nonzero solutions, one nonzero solution given in Eq. (25a) is stable and the other
one given in Eq. (25b) is unstable.

4. Numerical simulation

Numerical simulation solutions of Eq. (1) are presented in the following part. The numerical
iteration methods introduced in [1-3] are adopted and the numerical formula is:

l
DP[x(t)] = hP Z . Clx(ti—;), (26)
j=
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P
.y,

1+p>

Ch=1 = (1 - @7

where C;-’ is the fractional binomial coefficient which satisfies the iterative relationship of Eq. (27),

t; = lh is the time sample points and h is the sample step.
Based on Eq. (26) and Eq. (27), the numerical iterative algorithm of Eq. (1) could be obtained:

1
ZORIACHIES WAACH!
Z,(t) = {FeosQwt) — ay(Zy(t;1)* — 1 Z5(t_1) — (lxzzl(tz_lf
—[k + 2bcosRwt})]Z;(t;—1) — K1Z5(t;-1)}h — Z lezz(tl—j):
j=1

l
240) = (DR T = ) €724(n)

(28)

where Z; is the displacement, Z, is the velocity, and Z; is the fractional-order derivative. Here the
sample step h is selected as 0.001. The temporary response is omitted, and the maximum steady
amplitude of the posterior steady-state response is adopted. Numerical results and subsequent
analysis of Eq. (1) are presented in three typical topology cases.

The system parameters of the first illustrative example are selected as: m =1, K; =1,
a;=01,a,=0.1,B=04,K, =0.1,p = 0.5 and F = 0.5. The numerical results are shown in
Fig. 1. As the frequency is swept forward, the amplitude-frequency curve based on the numerical
iterative algorithm is shown in Fig. 1 by small triangles and circles. From the observation of Fig. 1,
it can be found that in the amplitude-frequency curve there are three sudden change points and
four different response regions. The following parts will simulate the dynamical motions in
different regions. In order to analyze the system motion, the time history figure only shows a
partial steady state process in Figs. 2-7.

4r:

Amplitude

25

Parametric excitation frequency parameter @
Fig. 1. Amplitude-frequency curves:
(m=1,K,=1,a;,=01,a, =0.1,B=04,K, =0.1,p=05,F = 0.5)

(1) When w = 0.55, the time history, phase portrait, FFT spectrum and Poincare maps are as
shown in Fig. 2 respectively. It can be found that there is only one main frequency in the FFT
spectrum of Fig. 2(c), and there is only one point in Poincare maps of Fig. 2(d), so that the system
response is simple single-periodic motion in this case.

(2) When w = 0.75, the time history, phase portrait, FFT spectrum and Poincare maps are
shown in Fig. 3 respectively. It can be found that there are three irreducible frequency components
in the FFT spectrum of Fig. 3(c), and there is a closed loop in Poincare maps of Fig. 3(d), so that

800 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEB 2018, VOL. 20, ISSUE 1. ISSN 1392-8716



2817. DYNAMICAL RESPONSE OF FRACTIONAL-ORDER NONLINEAR SYSTEM WITH COMBINED PARAMETRIC AND FORCING EXCITATION.
HAI1JUN XING, KE SHI XI1A0, PENG SAI SONG, LIN RU LI

the system response is quasi-periodic motion in this case.

(3) When w = 0.8, the time history, phase portrait, FFT spectrum and Poincare maps are
shown in Fig. 4 respectively. There are several frequency components in the FFT spectrum of
Fig. 4(c) and several points in Poincare maps of Fig. 4(d). It can be found that the system response
is multi-periodic motion in this case which is in the midst of quasi-periodic motion and
single-periodic motion.

(4) When w = 1.0, the time history, phase portrait, FFT spectrum and Poincare maps are
shown in Fig. 5 respectively. The motion characteristics are similar to those shown in Fig. 2, so
that the system response also is single-periodic motion in this case.

(5) When w =1.5, the time history, phase portrait, FFT spectrum and Poincare maps are shown
in Fig. 6 respectively. When w = 1.55, the time history, phase portrait, FFT spectrum and
Poincare maps are shown in Fig. 7 respectively. It can be found that the motion characteristics are
similar to those shown in Fig. 4, so that the system responses are all multi-periodic motion in those
cases.

e 0 30
2 2
2 -1-
a
2 - 2
3ge wo w0 w0 w0 IR R
900 920 940 960 980 1000 .
ime /s Displacement
a) Time history b) Phase portrait
255 - S o- .
2- E 0.2 -
g s z 04
=] 2
E 2 .06- .
05- 08 -
0~ - = A= - *
0 2 3 4 5 15 2 25
Freq. /Hz Displacement
¢) FFT spectrum d) Poincare maps
Fig. 2. System response for w = 0.55
2=
155
g 1
3 05 B
& g 0
A 9
4.
05
50 550 600 650 700 2 T i ! 2
Time /s isplacement
a) Time history b) Phase portrait
05+ - - -
0.8~ e,
o
0- { \o.
0.6 - 1 R . o
2 . 3
2 3 %
g 05-
g o4 3 3
z
0.2- r
oLl . . . 1.5~ : ot
0 1 2 3 4 5 2 1.0 1 2
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¢) FFT spectrum d) Poincare maps
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Fig. 3. System response for w = 0.75
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Fig. 4. System response for w = 0.8
: 3=
2- 2l
5 1 g
§ 3
2 2 0-
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¢) FFT spectrum
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Fig. 5. System response for w = 1.0

We can find that there are quasi-periodic behaviors and multi-periodic behaviors (QMP) in
Region IT and IV denoted by small triangles, and single-periodic behaviors (SP) in Region I and
IIT denoted by small circles in Fig. 1. With the frequency increase, the SP, QMP, SP and then
QMP responses will take place in this system gradually. The SP response in Region I is the super

harmonic resonance, and the SP
The numerical results of the

response in Region III is the primary resonance.
other two cases are shown in Fig. 8 and Fig. 9. The amplitude-

frequency curves of the approximate analytical solution of Eq. (20) in three typical cases are also

shown in Fig. 1, Fig. 8 and Fig.

9 respectively, where the solid line shows the stable solution and

the dash line shows the unstable one. From the observation of Fig. 1, Fig. 8 and Fig. 9, one can

find that the analytical solutions

w =1 in three topology cases.
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are all in a good agreement with the numerical ones at the regions
Here 1/2 sub harmonic resonance coupled with the primary
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parametric resonance is focused, so that the correctness and accuracy of the analytical solutions
can be verified. Furthermore, we also find that the approximate analytical solution does not agree
very well with the numerical one near the bifurcation points on the both sides in Region III of
Fig. 1. In order to analyze the error reason, two points w = 0.87 and w = 0.875 near the
bifurcation points are selected to simulate time histories in Fig. 10(b) and Fig. 10(a) respectively.
From the comparison of Fig. 10, it can be found that the system response approaches the steady
state after 100s when w = 0.875, but the system response approaches the steady state after 500 s
when w = 0.87. Accordingly, it could be concluded that the closer w is to the bifurcation point,
the longer the system needs the convergence time. Because of the calculation and time troubles,
the fittings on both sides of the amplitude-frequency curve are not realized.
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Fig. 6. System response for w = 1.5
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Fig. 7. System response for w = 1.55
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5. Influences of fractional-order derivative parameters

In order to optimize the system design and to control the system response through choosing
the fractional-order derivative parameters, the influences of the fractional-order derivative
parameters on the system dynamical responses are investigated. When K, is changed, the system
amplitude-frequency curves of &y = 0.4 and a; = 0.8 are given in Fig. 11(a, b) respectively. The
system basic parameters are selectedasm =1, K; = 1,a, =0.1,B =04, F =0.5andp = 0.5.

o

Amplitude

0.5 -

07 08 09 11 12 13 14 15 16
Parametric excitation frequency parameter @

Fig. 8. Comparison between analytical results and numerical solutions:
(m=1,K;=1,a, =042, a, =0.01,B=04,K, =0.1,p = 0.5, F = 0.5)
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Fig. 9. Comparison between analytical results and numerical solutions:
m=1,K;=10a,=08,a,=001,B=04,K, =0.1,p=0.5,F =0.5)
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Fig. 10. System response for w = 0.875 and 0.87: Time history
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From the observation of Fig. 11, it could be found that the increase of K, would result into the
rightward and downward movements of the amplitude-frequency curves. The main reason is that
the ELSC will become larger with the increase of K,. Besides the above characteristics of the
dynamical system responses, the topological structures of the amplitude-frequency curves vary
significantly too. The increase of fractional-order coefficient K, would make the ovoid curve
disappear, the open curve gradually turn up, and push the bifurcation point rightward. The
proportion of steady-state solution in the amplitude-frequency curve is getting bigger and bigger
with the increase of K.

3 T T v . . - 25

25 -

Amplitude
~

Amplitude

o

0.5 -
05 -

Parametric excitation frequency parameter @

Parametric excitation frequency parameter @

a)a; =04 b)a; =0.8
Fig. 11. Influences of K,

When p changes from 1 to 0, the amplitude-frequency curves of the fractional coefficient
K, = 0.1 and K, = 0.5 are given in Fig. 12(a, b) respectively. The basic system parameters are
selected asm=1,K; =1,a, =0.1, B=04, F = 0.5 and a; = 0.4. Through the analysis of
Fig. 12, one can find that the decrease of p will result into the rightward and upward movements
of the amplitude-frequency curves. The open curve disappears, the ovoid curve gradually turns up,
and the bifurcation point will move rightwards with the decrease of p. Through the analysis of
Eq. (17), one can find that the reason is that the ELSC will become larger, and the ELDC will
become smaller when the fractional order p — 0. The ELSC will become smaller, and the ELDC
will become larger when the fractional order p — 1. Accordingly, the decrease of p will make the
maximum response amplitude larger.

Amplitude

Amplitude
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s 09 1 1.1 12 13 14 is
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a)K, = 0.1 b) K, =0.5
Fig. 12. Influences of the fractional order p
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6. Conclusions

The dynamical characteristics of a Mathieu-van der Pol-Duffing fractional-order nonlinear
system under 1/2 subharmonic resonance coupled with primary parametric resonance are
investigated. The approximate analytical system solution is presented by the improved averaging
approach. The numerical solutions are also studied by an iterative approach in three typical cases.
The time history, phase portrait, FFT spectrum and Poincare maps are presented to identify the
system response. There are Quasi-periodic, multi-periodic or single periodic behaviors. As the
frequency is swept forward, the QMP response, SP response and QMP response will takes place
in this system gradually, which is observed and investigated in three cases. Then the numerical
results are compared with the analytical results. From three comparisons between the numerical
and analytical results, one can find that the stable periodic solutions are in a good agreement with
the numerical solutions, which verify the correctness and high accuracy of the approximate
analytical solution. Finally, the influences of the fractional-order derivative parameters on the
system dynamical response are analyzed. Through the analysis of the fractional-order derivative
parameters, it can be found that the ELSC and ELDC both will become larger with the increase of
fractional-order coefficient K,. The ELSC will become larger, and the ELDC will become smaller
when the fractional order p — 0. The ELSC will become smaller, and the ELDC will become
larger if the fractional order p = 1. A change of the fractional-order derivative parameters would
lead to the motion of the amplitude-frequency curve and to a change of the topological structure
of the amplitude-frequency curve. Those conclusions are very useful for the system design and
control of the system dynamical response by choosing suitable fractional-order derivative
parameters.
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