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Abstract. This paper develops an efficient method to describe the evolution of the revolute joint 
wear during the process of the mechanism movement. In the framework of multibody systems 
formulation, the prediction method of the revolute joint wear in different motion time interval is 
established by considering the wear ranges between the pin and the bushing on the basis of the 
Archard’s wear model. Then a typical non-planar mechanism with unbalancing loads acting on 
single non-ideal revolute joint is used to illustrate the application of the method. Moreover, the 
corresponding experimental mechanism is tested to validate the predicting results of the proposed 
method. The analysis shows that the method proposed is of high efficiency and can guarantee 
enough predicting accuracy when the predicted wear depth is not big. Therefore, the method is 
practical to a certain degree in engineering. 
Keywords: wear, revolute joint clearance, unbalance loading, multibody systems. 

1. Introduction 

Revolute joint is the most common pair for mechanism links. In mechanism movement where 
the relative slide and applied loads always exist between the pin and bushing within a revolute 
joint, the revolute joint wear is inevitable [1-9]. As the wear increases, the clearance size of the 
revolute joint increases as well, which results in the kinematic and dynamic degradation in the 
mechanism [10-12]. Therefore, it is necessary to study the evolutionary process of revolute joint 
wear in mechanism movement.  

Studies on revolute joint wear mainly include two aspects: firstly, establishing a computational 
method for considering the immediate influence of revolute joint clearance and secondly, 
calculating gradually changes of the revolute joint clearance wear. Early studies focused on simple 
methods to obtain insight into the behavior of systems with joint clearances., including the 
spring-damper approach proposed by Dubowsky [13] and the massless link approach proposed by 
Earles and Wu [14]. Among them, the concept of a massless link has attracted the attention of 
many researchers due to its simplicity and has been used in studies like vibration and noise of 
mechanisms caused by joint clearance [8], the clearance contact loss in mechanisms [15], link size 
optimization with joint clearance accounted [16] and vibration analysis [17-19]. 

However, these methods are too simple to consider enough factors and cannot describe the 
contact-impact phenomenon in mechanism clearance. Later, more complicated clearance theories 
are developed for researching the behavior of systems with joint clearances. Overall, the 
complicated clearance theories can be divided into two types, that is, the discontinuous method 
and the continuous one [5]. The discontinuous method assumes that the period of the impact is 
very short, and the configuration of the system doesn’t change. Though adopted by many scholars 
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[20-22], the fact that the duration of the impact process is unknown has restricted its application. 
The continuous method [23] assumes that the forces and penetrations between the pin and the 
bushing vary continuously. The method adopts the continuous contact force model to calculate 
the forces during the impact and sliding process. In recent years, the idea of the continuous 
contact-impact conception has been widely applied [24-26], with various continuous contact force 
models developed successively, such as Kelvin-Voigt model [27], Hertz model [28], 
Lankarani-Nikravesh mode [24] and so on. In particular, the impact force in Lankarani-Nikravesh 
model takes both the influences of impact deformation and damping hysteresis effect; therefore, 
it provides a good description of energy dissipation in the course of contact. All in all, great 
progress has been made in this field.  

Unlike great deals of works referring to joint clearance research, there have been encountered 
only a few studies addressing the issue of the joint clearance wear. Currently, Reye’s hypothesis 
[29] and the Archard’s wear model [23, 30] are the most popular ways to calculate wear. The 
Reye’s hypothesis tells that, in the case of dry friction, the volume of removed material is 
proportional to work performed by the friction forces. As far as the Archard’s wear model is 
concerned, it correlates the wear volume with some physical and geometrical properties of the 
sliding bodies, such as applied load, sliding distance and hardness. Relatively speaking, Archard’s 
approach takes more factors into account compared to Reye's approach and the former corresponds 
with the reality to a larger extent. Researches on revolute joint wear with the Reye’s hypothesis is 
relatively less [31]. Most scholars tend to use the Archard's wear model for revolute joint wear 
researches. P. Flores developed a method for studying and quantifying the wear phenomenon in 
revolute clearance joints [32]. In his method, the surfaces of the pin and bushing are divided into 
several sectors to perform the wear analysis. Firstly, each contact sector of the pin and bushing is 
obtained by the multibody system simulation within each time step. Then by means of the contact 
conditions obtained from the simulation, the radii of the pin and bushing corresponding to each 
sector are modified as the wear results. Saad Mukras et al. incorporated the finite element analysis 
into the multi-body dynamic system [33, 34]. In their method, the finite element method is 
responsible for the joint wear analysis and the multi-body dynamic system for obtaining the 
contact condition. Then the joint wear evolved in the mechanical system can be predicted.  
Bai et al. used the similar method to study the wear phenomenon of clearance joint in the planar 
mechanical system. Their modification is that the action forces in joint contact analysis is different 
[3]. In their another work, they pointed out that their modified model for the joint action forces 
had a greater applicable scope [9]. 

However, researches mentioned previously are faced with the problem of excessive 
computation. Usually, the wear of mechanism revolute joint clear evolves slowly. 
Correspondingly, the wear of the mechanism in a single motion period is too small; therefore, the 
wear only becomes countable when thousands of motion periods of the mechanism movement are 
simulated. In each motion period of mechanism movement simulated in Ref. [33], Ref. [34] and 
Ref. [9], the finite element method has been applied to simulate the contact wear process of the 
pin and the bushing in order to calculate the wear amount. Therefore, their methods are too 
time-consuming to calculate mechanism movement of thousands of motion periods and are not 
suitable for the practical engineering applications. Adopting a more direct method rather than the 
finite element method, Ref. [32] involves less calculation load than the former. In this paper, a 
new method for calculating revolute joint wear is proposed, which is believed to be more efficient 
than the method in Ref. [32] because the wear depth only needs to be calculated once for every 
single motion period rather than calculated once for each corresponding time step in a single 
motion period. Besides, the methods adopted in the previous literatures are merely used for 
numerical simulations without being verified by experiment and their effectiveness is still 
unknown. Therefore, in this paper, the wear tests of the experimental mechanism have been further 
used to verify the presented method and discuss its effectiveness and efficiency.  

Moreover, due to the need of assemblage, the experimental mechanism is non-planar, i.e. their 
links are not coplanar. This cause unbalancing loads acting on the revolute joint in the 
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experimental mechanism. Obviously, this factor is ubiquitous in practical engineering 
mechanisms. Presently, there are no literatures on the joint wear with such factor considered. 
However, this paper will consider this important factor when using the presented method to predict 
the revolute joint wear. Further, the prediction results will compare with the experimental results 
to show practicability of the presented method for practical engineering mechanisms.  

2. The modeling of multibody dynamic system with clearance 

The modeling of multibody dynamic system with clearance can be divided into two parts: The 
model of multi-body dynamic system and the clearance contact model.  

2.1. Multibody dynamic system model 

The multi-rigid-body system refers to the complicated mechanical system composed of 
multiple rigid bodies connected by kinematic pairs. The multi-rigid-body system dynamics, 
currently a mature theoretical method, focuses on the motion law of the multi-rigid-body system. 
In Cartesian coordinate system, the unconstraint equation of motion in the multi-body system can 
be written as: 𝐌𝐪ሷ  = 𝐠, (1)

where 𝐪 = [𝐪ଵ், 𝐪ଶ். . . , 𝐪௜். . . , 𝐪௡்]்  is the generalized matrix composed by the generalized 
coordinates of all the rigid bodies. 𝐌 refers to the mass matrix composed by the mass of all the 
rigid bodies. 𝑀௜ is the mass of Rigid body 𝑖. 𝐠 is the generalized force vector composed by the 
generalized force of all the rigid bodies including the external force and the Coriolis force on the 
rigid bodies. 𝑔௜ is the generalized force acting on Rigid body 𝑖. 

For the unconstraint multi-body system, the kinematic pairs equal the following algebraic 
constraint equations: Φ(𝐪, 𝑡) = 𝟎. (2)

In the following paper, Φ(𝐪, 𝑡) is abbreviated as Φ. By use of Lagrangian Multiplier, the 
constraint equation above can be added into the equation of motion; then the equation of the 
multi-rigid-body system can be deduced: 

ቈ 𝐌 Φ௤்Φ௤ 𝟎 ቉ ቂ𝐪ሷ𝜆ቃ = ቂ𝐠𝛾ቃ, (3)

where 𝜆 refers to Lagrangian Multiplier vector. 𝛾 is the acceleration item that is only related to 
the velocity, which can be expressed as follows: 𝛾 = −(Φ𝐪𝐪ሶ )𝐪𝐪ሶ − Φ௧௧ − 2Φ𝐪௧𝐪ሶ  (4)

where Φ௧ denotes the first derivative of Φ with respect to time 𝑡. Φ௧ denotes the second derivative 
of Φ with respect to time 𝑡. Φ𝐪௧ denotes the derivative of Φ with respect to both time 𝑡 and 𝐪. 

Eq. (4) is the differential-algebra equations that need to be solved. The equation can also be 
called Euler-Lagrange Equations. Refer to [35-36] for more information. 

2.2. Clearance model 

2.2.1. Description of clearance contact model 

In Fig. 1, the pin circle connecting with Rigid body 𝑖 represents the pin, while the bushing 
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circle connecting with Rigid body 𝑗 represents the bushing. 𝑂௜ and 𝑂௝ are the axes of the pin and 
bushing, respectively. 𝑅௜ refers to the radius of the pin, while 𝑅௝ the radius of the bushing. The 
clearance size is 𝑐 = 𝑅௜ − 𝑅௝. When the pin and bushing do not contact each other, there are no 
force constraints between them; but when they are contacting each other, a contact force will be 
generated, in which case the model of force constraints must be introduced for description and 
reflected in the mechanics equation of the multi-rigid-body system.  

 
Fig. 1. Revolute joint with clearance 

 
Fig. 2. Pin and Bushing contact each other 

Fig. 2 shows that the pin and the bushing are contacting each other. 𝑂 refers to the global origin 
of coordinates. 𝑋-𝑌 represents the global coordinate system. 𝐫௜ை and 𝐫௝ை refer to the positions of 
the pin and the bushing in global coordinate system. The eccentric vector of the pin and the 
bushing is 𝐞௜௝ which can be shown as below: 𝐞௜௝ = 𝐫௝ை − 𝐫௜ை. (5)

The module of eccentric vector 𝐞௜௝ equals the eccentric distance 𝑒௜௝. The unit normal vector is 𝐧. 𝑒௜௝ and 𝐧 can be written as the below: 

𝑒௜௝ = ට𝐞௜௝்𝐞௜௝, (6)𝐧 = 𝐞௜௝𝑒௜௝ . (7)

Fig. 2 describes the collision between the pin and the bushing. The two contact points, 𝑄௜ and 𝑄௝ belong to the pin and the bushing, respectively. The positions of 𝑄௜ and 𝑄௝ can be described 
by position vectors 𝐫௜ொ and 𝐫௝ொ in global coordinate system. The penetration depth 𝛿 is the distance 
between the two contact points and it can be described as: 
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𝛿 = 𝑒௜௝ − 𝑐. (8)

In the model of the multi-body dynamic system, the velocities of the two contact points in 
global coordinate system can be figured out. The velocities can be assumed as 𝐫ሶ௜ொ and 𝐫ሶ௝ொ. The 
relative velocity of the contact points 𝑄௜  and 𝑄௝ , including the normal component and the 
tangential component, can be given by: 𝜈ே = (𝐫ሶ௝ொ − 𝐫ሶ௜ொ)்𝐧, (9)𝜈் = (𝐫ሶ௝ொ − 𝐫ሶ௜ொ)்𝐭. (10)

The unit tangential vector 𝐭 can be obtained by rotating the unit normal vector 𝐧 by 90° in the 
anti-clockwise direction. 

2.2.2. Calculation of clearance force 

Clearance force includes the normal contact force and tangential friction force. Firstly, the 
calculation of the normal contact force is the key to simulating interactions between the pin and 
bushing. Apparently, the impact velocity, physical material properties, the geometry 
characteristics of the contacting bodies and the deformation all have influence on the contact force; 
that’s why all these factors must be taken into account. Based on the work of Hunt and Crossley 
[37], Lankarani and Nikravesh [24] proposed that besides the impact deformation, the damping 
hysteresis effect must be taken into account in order to better describe the energy dissipation in 
the course of contact. The normal contact force model equation is expressed as: 𝐹ே = 𝐾ᇱ𝛿௡ + 𝐾ᇱᇱ𝛿ሶ, (11)

where the first term indicates the elastic force, while the second one refers to the energy  
dissipation. 𝐾ᇱ denotes the stiffness coefficient of the impact body. 𝛿 represents the penetration 
depth. 𝑛 is the exponent, related to the material of contact and impact. 𝛿ሶ refers to the relative 
deformation velocity. The stiffness coefficient 𝐾ᇱ depends on the material characteristics and the 
geometric characteristics of the colliding bodies. 𝐾ᇱ can be described with the following equation: 

𝐾ᇱ = 43𝜋൫ℎ௜ + ℎ௝൯ ቆ 𝑅௜𝑅௝𝑅௝ − 𝑅௜ቇଵ ଶ⁄ , (12)

ℎ௞ = 1 − 𝜈௞ଶ(𝜋𝐸௞)𝑘 = 𝑖, 𝑗, (13)

where 𝜈௞ and 𝐸௞ refer to Poisson’s coefficient and Young modulus, respectively. For general steel, 𝜈௞ and 𝐸௞ can be set as 0.3 and 207 MPa. 𝐾ᇱᇱ is the damping coefficient, and can be given as follow [38]: 

𝐾ᇱᇱ(𝛿, 𝑑୫ୟ୶, 𝐶୫ୟ୶) = ⎩⎨
⎧0, 𝛿 ≤ 0,𝐶୫ୟ୶ ൬ 𝛿𝑑୫ୟ୶൰ଶ ൬3 − 2𝛿𝑑୫ୟ୶൰ , 0 < 𝛿 < 𝑑୫ୟ୶,𝐶୫ୟ୶ 𝛿 ≥ 𝑑୫ୟ୶.  (14)

In Eq. (17), 𝑑୫ୟ୶  is the maximum penetration depth. 𝐶୫ୟ୶  is the maximum damping 
coefficient. According to the previous research [38], the value of 𝑑୫ୟ୶ is 0.01; while 𝐶୫ୟ୶ is 
generally 1 % of the stiffness coefficient 𝐾ᇱ. 

Shivawamy [39] has demonstrated, theoretically and experimentally, that in the low velocity 
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case, the damping hysteretic effect is the main factor that causes energy dissipation. If the velocity 
is high, the energy dissipation will be caused by other factors which are not included in the  
Eq. (14). Since this paper focuses on the low velocity mechanism, this model used here is suitable 
for describing the clearance contact force in the paper. 

In order to enhance the applicability of the clearance contact model, the widely used Coulomb 
friction model is also applied here, as illustrated below: 𝐹௙ = 𝜇𝐹ே𝜈்‖𝜈்‖ , (15)

where 𝜇 is the friction coefficient and it can be obtained through the experiment introduced by 
Schmitz and others [40]. 

In the analysis of the multi-body dynamics, many researchers have adopted the model of 
clearance impact force as shown in Eq. (14). The model can well describe the nonlinear 
characteristics of clearance impact.  

3. A new high efficient method for predicting revolute joint wear 

3.1. Calculation of the wear depth of revolute joint 

Currently, several methods of predicting wear have been developed, among which the 
Archard’s wear model developed on the basis of test is the most widely used [33, 41-43]. The 
model links the wear volume, sliding distance and hardness, which is shown as follows [30, 41]: 𝑉𝑆 = 𝐾𝐻 𝐹ே, (16)

where 𝑉 stands for the wear volume. 𝑆 is the sliding distance. 𝐾 is the wear coefficient. 𝐻 is the 
hardness of materials. Further, dividing Eq. (19) by 𝐴௔, the actual contact area results in: ℎ = 𝐾𝐻𝐴௔ 𝐹ே𝑆, (17)

where ℎ is the wear depth. 
As for the clearance collision model studied in this paper, when the penetration depth 

corresponding to the pin and bushing is 𝛿,  ห𝑂௝𝑄௜ห = 𝑅௝ + 𝛿,  ห𝑂௝𝑄௝ห = ห𝑂௝𝐴ห = ห𝑂௝𝐵ห = 𝑅௝, |𝑂௜𝐴| = |𝑂௜𝐵| = |𝑂௜𝑄௜| = 𝑅௜  and ห𝑂௝𝑂௜ห = 𝑅௝ + 𝛿 − 𝑅௜  are obviously tenable, as is shown in 
Fig. 3. In Δ𝑂௝𝑂௜𝐵: 

𝜃 = ∠𝑂௜𝑂௝𝐵 = arccos ൭ห𝑂௜𝑂௝หଶ + ห𝑂௝𝐵หଶ − |𝑂௜𝐵|ଶ2ห𝑂௜𝑂௝หห𝑂௝𝐵ห ൱ 
      = arccos ቈ(𝑅௝ + 𝛿 − 𝑅௜)ଶ + 𝑅௝ଶ − 𝑅௜ଶ2൫𝑅௝ + 𝛿 − 𝑅௜൯𝑅௝ ቉. (18)

In Δ𝑂௝𝐴𝐵: 

|𝐴𝐵| = ටห𝑂௝𝐴หଶ + ห𝑂௝𝐵หଶ − 2ห𝑂௝𝐴หห𝑂௝𝐵หcos(2𝜃) = ට2𝑅௝ଶ[1 − cos(2𝜃)]. (19)

Furthermore: 
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𝐴௔ = |𝐴𝐵| ∗ 𝑤, (20)

where 𝑤 is the contact width between the pin and bushing. 
By simultaneous Eqs. (17)-(20), the wear depth ℎ can be calculated. 

 
Fig. 3. Calculation of the contact length when the pin and bushing collide 

3.2. Calculation of wear depth of revolute joint with wear ranges considered 

In Fig. 4, 𝐴𝑟𝑐௜ and 𝐴𝑟𝑐௝ refer to the ranges of the pin’s and the bushing’s contact points 𝑄௜ 
and 𝑄௝, respectively. 

 
Fig. 4. The ranges that the contact point between the pin and the bushing covers  

on their verges within single motion period 

In this paper, the previously established mechanism model that involves revolute joint model 
can be used to determine the wear ranges 𝐴𝑟𝑐௜  and 𝐴𝑟𝑐௝  as well as the collision information 
corresponding to any time t within the range, including sliding velocity 𝑉(𝑡), normal collision 
force 𝐹ே (𝑡), contact arc length 𝐴𝐵(𝑡) and contact area 𝐴௔ (𝑡). For the convenience of calculation, 
the normal collision force 𝐹ே (𝑡),  contact arc length 𝐴𝐵(𝑡)  and contact area 𝐴௔ (𝑡)  are 
approximately considered as equal everywhere within the ranges of 𝐴𝑟𝑐௜ and 𝐴𝑟𝑐௝, that is, 𝐹ே, 𝐴𝐵 and 𝐴௔. Therefore, according to Eq. (17), the wear depth in the pin wear range 𝐴𝑟𝑐௜ can be 
considered as equal everywhere. Similarly, the wear depth in the bushing wear range 𝐴𝑟𝑐௝ is also 
considered equal everywhere. Then, in this motion period, the sliding distance 𝑆 between the two 
plane circles in the joint clearance model, average normal collision force 𝐹ே, average contact arc 
length 𝐴𝐵 and average contact area 𝐴௔ can be given by: 

𝑆 = න |𝑉(𝑡)|𝑑𝑡்
଴ , (21)𝐹ே = 1𝑇 න 𝐹ே(𝑡)𝑑𝑡்

଴ , (22)𝐴𝐵 = 1𝑇 න 𝐴𝐵(𝑡)𝑑𝑡்
଴ , (23)𝐴௔ = 1𝑇 න 𝐴௔(𝑡)𝑑𝑡்

଴ . (24)
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a) 

 
b) 

Fig. 5. Calculating the wear volume of the bushing in single motion period 

Suppose the wear range of the bushing is not 𝐴𝑟𝑐௝  (see Fig. 4) but is restricted at the local 
point G (see Fig. 5(a)). Then according to Eqs. (17)-(20), the bushing’s wear depth Δℎ௝∗ at the local 
point G can be calculated as long as all the information including the sliding distance 𝑆, the normal 
clearance collision force 𝐹ே, the contact arc length 𝐴𝐵 and the contact area 𝐴௔ are known: 

Δℎ௝∗ = 𝐾௝𝐻௝𝐴௔ 𝐹ே𝑆, (25)

where 𝐾௝ and 𝐻௝ refer to the wear coefficient and hardness of the bushing, respectively.  
Fig. 5(b) enlarges the local point G. The cube is the wear volume of the bushing at the local 

point G and obtained by: 𝑉௩௢௟௨௠௘௝ = 𝐴𝐵 × 𝑤 × Δℎ௝∗. (26)

Actually, the wear range of the bushing is 𝐴𝑟𝑐௝ rather than being restricted in the local point 
G. Therefore, the wear volume 𝑉௩௢௟௨௠௘ at the local point G should be distributed to the wear range 𝐴𝑟𝑐௝. The volume after distributing should be consistent to 𝑉௩௢௟௨௠௘, that is: 𝑉ௗ௜௦௧௥௜௕௧௨௘௝ = 𝑉௩௢௟௨௠௘௝ . (27)

The average wear depth in the whole wear range 𝐴𝑟𝑐௝ can be further deduced as: 

Δℎ௝ = 𝑉ௗ௜௦௧௥௜௕௨௧௘௝𝐿௔௥௖௝ × 𝑤 = Δℎ௝∗ × 𝐴𝐵𝐿௔௥௖௝ , (28)

where 𝐿௔௥௖௝  refers to the length of 𝐴𝑟𝑐௝.  
Considering both Eqs. (25) and (28), the average wear depth of the bushing in the wear range 𝐴𝑟𝑐௝ is rewritten as: 

Δℎ௝ = 𝐾௝𝐻௝𝑤 𝐹ே𝑆𝐿௔௥௖௝ . (29)

Similarly, the average wear depth of the pin in the wear range 𝐴𝑟𝑐௜ can also be calculated 
through the following equation: 

Δℎ௜ = 𝐾௜𝐻௜𝑤 𝐹ே𝑆 ×/𝐿௔௥௖௜ . (30)
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At last, in a single motion period, the wear depth of the revolute joint equals the sum of the 
pin’s and the bushing’s wear depths: Δℎ = Δℎ௜ + Δℎ௝. (31)

It should be noted that in case of mechanisms with low velocity, the pin and the bushing in a 
revolute joint continuously contact each other and the wear ranges in every motion period are 
basically the same; therefore, the wear ranges 𝐴𝑟𝑐௜ and 𝐴𝑟𝑐௝ of every motion period are also the 
same. However, in case of mechanisms with high velocity, there are three configurations of the 
joint components (i.e. the pin and bushing) [30]: free-flight motion, the impact condition and the 
sliding condition. And the contact position differs a lot in every motion period; therefore, the 
contact wear range 𝐴𝑟𝑐௜ and 𝐴𝑟𝑐௝ of different motion periods differs a lot. In other words, the 
clearance wear calculation proposed in this paper only applies to mechanisms with low velocity.  

3.3. The prediction method of revolute joint wear in different motion time intervals 

Fig. 6 shows the common way of computing the wear increment of revolute joint in each 
motion period. Usually, during the service life of mechanisms, there are quite a lot of motion 
periods. Fig. 6 provides a method to study the evolution of revolute joint wear during its service 
life by simulating mechanism movement one motion period by another, but the method involves 
too much calculation which is time-consuming and is not suitable for engineering applications.  

 
Fig. 6. Calculating the revolute joint wear depth one motion period by another 

Therefore, in order to improve the computation efficiency, it is feasible to calculate the wear 
increment of the revolute joint one-time interval by another. It is supposed that the overall 
operating time corresponding to the service life of the mechanism is 𝑇𝑡𝑜𝑡𝑎𝑙, which is divided into 𝑀 time intervals and each time interval includes 𝐿 motion periods. Refer to Fig. 7 for the detailed 
computation process. The wear increments of each motion period in each interval are basically the 
same if the selected 𝑀 and 𝐿 are proper. Therefore, the wear increment of the revolute joint in 
each time interval can be approximately got by calculating the increment in a motion period once. 
In this way, the computation efficiency can be greatly improved. 

Usually, revolute joint wear includes three stages: running-in wear, stable wear and severe 
wear. During the stable wear stage, the wear condition and its resulting wear of the revolute joint 
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are stable. Therefore, when applying the above method, it is advisable to predict the wear within 
the stable wear stage for the prediction accuracy. 

 
Fig. 7. Calculating the wear depth of the revolute joint within one-time interval by another 

4. Numerical example and experimental validation 

In this section, the non-planar four-bar mechanism with unbalanced loads acting on single 
non-ideal joint clearance is used as examples to demonstrate the wear prediction of the proposed 
method and the related experimental test is carried out to validate the correctness of the predicted 
results. 

4.1. Experimental mechanism introduction 

Fig. 8(a) shows the diagram of the non-planar four-bar mechanism. Its Revolute joint B is 
non-ideal and Revolute joint A, C and D are ideal ones. Fig. 9 is the corresponding the wear 
test-bed of the four-bar mechanism. All bars of the mechanism are made of Steel No. 45, with 
their geometric and inertial parameters shown in Table 1. The test aims to measure the wear of 
Revolute joint B. The pin and the bushing in Revolute joint B are connected to the crank and the 
connecting rod, respectively. To enhance the wear effects, the bushing is made of 1060 aluminum 
and the pin is made of Steel No. 45. Since the hardness of the two materials differs a lot, the wear 
on the surface of the pin can basically be considered as null and can thus be ignored. On the other 
hand, the bushing is made of soft materials, with considerable wear losses obtained in a short 
period of time. The initial radius of the pin and the bushing is 9.9 mm and 10.0 mm, respectively. 
The initial clearance size is thus 0.1 mm. Table 2 is a detailed list of the sizes and materials of the 
pin and the bushing in Revolute Joint B. Besides, pins and bushings of Revolute joint A, C and D 
are all made of Steel No. 45. Compared with the wear of Revolute joint B, the wear of Revolute 
joint A, C and D are too small to be counted. Therefore, Revolute joint A, C and D are deemed as 
ideal and Revolute joint B as not ideal in the wear test-bed of the four-bar mechanism.  

Besides, Fig. 8(b) is the local enlargement of Revolute joint B. The crank and the coupler are 
not on the same plane. Hence, the four-bar mechanism is non-planar. C1 and C2 are the contact 
points between the pin and the bushing. Most of time, the direction of their acting forces, i.e. 
Force1 and Force2, are out of plane. Naturally, Revolute Joint B bears unbalanced loads. And such 
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consideration corresponds with the reality to a larger extent. As a result, the mechanism in Fig. 8 
is called the non-planar mechanism with unbalanced loads for short. 

 
a) The diagram of the non-planar four-bar  
mechanism with a non-ideal revolute joint 

 
b) Local enlargement of Revolute joint B 

 
Fig. 8. The non-planar four-bar mechanism with unbalanced loads acting on non-ideal joint clearance 

 
Fig. 9. The wear test-bed of the four-bar mechanism 

Table 1. The geometric and inertial parameters of the four-bar mechanism 

 Length (m) Mass (kg) Inertia (kg·m2) 𝐼௫௫ 𝐼௬௬ 𝐼௭௭ 
Crank 0.1 0.4973 7.796×10-4 8.801×10-4 1.088×10-4 

Coupler 0.35 1.479 1.784×10-2 1.814×10-2 3.214×10-4 
Follower 0.25 1.086 7.189×10-3 7.407×10-3 2.363×10-4 
Ground 0.37     

Table 2. The sizes and materials of the pin and the bushing in Revolute Joint B 
Initial bushing radius 10.0 mm 

Initial pin radius 9.9 mm 
Pin-bushing width 20.0 mm 

Young’s module of 304 stainless steel 2.04×1011 N/mm2 
Poisson’s ratio of 304 stainless steel 0.285  
Young’s module of 1060 aluminum 6.9×1010 N/mm2 
Young’s module of 1060 aluminum 0.33 

Hardness of 1060 aluminum 21 HB 

Point A in the mechanism is the global coordinate origin, and the crank, which is the driving 
link, rotates Point A with a constant angular velocity of 9.6 r/min. Point E is at the center of the 
follower. In the process of the mechanism motion, there is a load 𝑃௟௢௔ௗ (= 101.92 N) that always 
points to Point F. The crank is initially placed in a horizontal position, and the pin in Revolute 
Joint B is concentric with the bushing. The mechanism will operate for 88 hours, during which 



2927. A METHOD FOR ANALYZING THE REVOLUTE JOINT WEAR OF PLANAR MULTIBODY SYSTEMS AND ITS APPLICATION IN UNBALANCE LOADING 
WORKING CONDITION. XIONGMING LAI, YISHENG LIU, TIANCHEN JI, CHENG WANG, YONG ZHANG 

2312 JOURNAL OF VIBROENGINEERING. SEPTEMBER 2018, VOLUME 20, ISSUE 6  

the diameter of the bushing on the circumferential side (B1 and B2) will be measured every two 
hours as indicated in Fig. 10. By doing so, the wear depth variations corresponding to each part of 
the bushing can be collected. 

 
Fig. 10. The measurement of the diameter of the bushing in Revolute Joint B 

4.2. Analysis of wear range 

Fig. 11 shows the wear of Side B1 and Side B2 in Revolute Joint B after 88 hours. A few 
points are worth to be paid attention: (1) The wear on Side B1 are more severe than that on Side 
B2, which indicates that the loads on Side B1 is heavier than those on Side B2. (2) The wear 
ranges on Side B1 and Side B2 are both located on the upper part of the bushing. (3) The wear 
ranges on Side B1 and Side B2 can be divided into two parts (see Fig. 11). The first part is within 
the range of angle 𝛽 and the second part is within the range of angle 𝜑. Since the wear depth 
within the angle range 𝜑 is significantly greater than that within the angle range 𝛽, the main wear 
areas are therefore focused within the angle range 𝜑. Moreover, it can be inferred that the wear of 
Side B1 and Side B2 at any moment during the 86 hours is similar to what is demonstrated in 
Fig. 11. That is, the wear areas are mainly focused within the angle range 𝜑 during the whole wear 
process. 

 
a) Side B1 

 
b) Side B2 

Fig. 11. The wear of Side B1 and Side B2 in Revolute Joint B after 88 hours 

Two plane circles are used to simulate the clearance collision between the bushing and the pin 
in this paper. Therefore, the crank and the connecting rod that connect the pin and the bushing, 
respectively, should be on the same plane. To do that, the planar four-bar mechanism in Fig. 12 is 
adopted to simulate the wear of the non-planar mechanism with unbalanced loads in Fig. 8. The 
bushing and the pin of Revolute joint B in Fig. 8 are replaced by two plane circles (see Fig. 12), 
and the crank and the coupler in Fig. 12 are on the same plane. The distribution of the contact 
points (𝜓) on the bushing in Revolute Joint B can be measured through a numerical analysis of 
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the planar four-bar mechanism with single clearance model (see Fig. 13). 

 
Fig. 12. The planar four-bar mechanism with balanced loads acting on joint clearance 

It is worth noting that the wear range in Fig. 11 is wider than that in Fig. 13, for the use of two 
plane circles in simulating the clearance collision cannot take into consideration the impact of 
unbalanced loads. Nevertheless, the distribution of contact points within the angle 𝜓 in Fig. 13 
remains basically the same as the main wear range that limited in the angle 𝜑 shown in Fig. 11. 
Therefore, it is feasible to use a planar four-bar mechanism with a single clearance model to 
simulate and predict the wear of Revolute Join B of the mechanism with unbalanced loads. 

 
Fig. 13. The distribution of the contact point of the bushing of Revolute joint B simulated  

by the planar four-bar mechanism with single non-ideal clearance shown in Fig. 12 

4.3. The calculation of equivalent wear coefficient 

As shown in Fig. 11, the wear extents on Side B1 and Side B2 differ due to the effect of 
unbalanced loads, which means that the wear conditions of Side B1 and Side B2 differ from each 
other. Using the planar mechanism shown in Fig. 12 and with reference to the different wear 
conditions of Side B1 and Side B2, the wear depths on the two sides are predicted, respectively. 
The crux of calculation is to obtain the equivalent wear coefficients of the two sides, respectively. 
Since the samples of the experiment, including the pin and bushing, have undergone a 
high-precision grinding and machining process, they enter the stable wear stage at the start of the 
wear test. Therefore, with part of the experimental data obtained in the early motion periods of the 
experimental mechanism, the equivalent wear coefficients can be derived.  

Thus the Eq. (29) used to calculate the average wear depth of the bushing in each motion period 
is rewritten as follows: 

Δℎ௝ = 𝐾௝𝐻௝𝐴௔ 𝐹ே𝑆 × 𝐴𝐵𝐿௔௥௖௝ . (32)
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Besides, the wear extent of Revolute joint B in the experimental mechanism is measured 
according to its average wear depth in the main wear range (see Fig. 11): 

ℎ௉ = 18 ෍ 𝐷௠ − 𝐷଴௠଼ୀଵ ,Δℎ௉ = ℎ௉ − ℎ௉ିଵ,  (33)

where 𝐷௠ stand for the diameters of 8 points, which are uniformly distributed within the main 
wear range ( i.e. the wear area within the angle range 𝜑 in Fig. 11); 𝐷଴ is the initial diameter of 
the bushing, that is 20.0 mm; ℎ௣ is the cumulative wear depth after 2𝑝 hours; ∆ℎ௣ is the wear 
depth increment after 2𝑝 hours. 

Further, the average wear depth of the bushing in each motion period Δℎ௝ is: 

Δℎ௝ = Δℎ௉𝑀 . (34)

Since the motion period of the experimental mechanism is 6.25 s, 𝑀 equals 1152 after two 
hours, that is, 1152 rounds. With Eqs. (32)-(34), the equivalent wear coefficient can be worked 
out. 

By resorting to the cumulative wear depths measured from Side B1 and Side B2 in the first 10 
hours of the operation of the experimental mechanism, the equivalent wear coefficients on the two 
sides are calculated (see in Tables 3-4). 

Table 3. Calculation results of the equivalent wear coefficients of the bushing on Side B1  
Measure point P0 P1 P2 P3 P4 P5 Mean value 

Cumulative wear depth ℎ௉  (mm) 0 0.0229 0.0496 0.0779 0.1000 0.1221 – 
Increasing wear depth ∆ℎ௉ (mm) – 0.0229 0.0267 0.0283 0.0221 0.0221 – 

Equivalent wear coefficients 𝐾௝ (10-11 Pa-1) – 7.2992 8.5114 9.0665 7.0839 7.0981 7.8118 

Table 4. Calculation results of the equivalent wear coefficients of the bushing on Side B2  
Measure point  P0 P1 P2 P3 P4 P5 Mean value 

Cumulative wear depth ℎ௉  (mm) 0 0.0159 0.0342 0.0538 0.0689 0.0841 – 
Increasing wear depth ∆ℎ௉ (mm) – 0.0159 0.0183 0.01956 0.0152 0.0152 – 

Equivalent wear coefficients 𝐾௝ (10-11 Pa-1) – 5.0716 5.8303 6.2404 4.8549 4.8705 5.3735 

 
Fig. 14. The wear depth of the bushing of Revolute joint B in the four-bar mechanism  

uniformly distribute within the wear range 

Obviously, the equivalent wear coefficients in Table 3 are larger than those in Table 4. It is 
because the wear depth of the bushing on Side B1 is larger than that on the Side B2; that is, the 
wear conditions are worse on Side B1. 

It is noteworthy that the equivalent wear coefficients calculated through the above equations 
are not exactly equivalent to the actual wear coefficients of 1060 aluminum and 45# steel. It is 
because when the equivalent wear coefficients are calculated, it is assumed that the wear depth of 
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the bushing is constant everywhere within the wear range 𝐴𝑟𝑐௝ (See in Fig. 14). But the actual 
wear depth of either the pin or the bushing is not uniformly distributed along the circumference. 
Due to the above difference, the wear coefficients obtained through the presented method are 
dissimilar from their actual value; thereby they are named the “equivalent wear coefficients”. 

4.4. Wear prediction and verification 

The planar mechanism in Fig. 12 is used to predict the wear of Side B1 of the bushing of 
Revolute joint B in the mechanism with unbalanced loads. The specific steps are as follows. 

(1) With reference to the cumulative wear depth of Side B1 of the bushing when the 
experimental mechanism runs for ten hours, modify the diameter of the big circle of Revolute joint 
B in the planar mechanism so as to make the diameter of the circle the sum of the initial diameter 
and the cumulative wear depth. 

(2) Carry out the numerical simulation of the mechanism to obtain the collision information of 
Revolute joint B in the four-bar mechanism at any time 𝑡 within a motion period, including the 
sliding velocity, normal collision force, contact arc 𝐴𝐵(𝑡) and contact area 𝐴௔ (𝑡).  

(3) Calculate the wear depth of the bushing of single motion period and predict the total wear 
depth in two hours based on the average equivalent wear coefficient (7.8118×10-11 Pa-1) in Table 3 
as well as the collision information obtained in step 2. 

(4) Modify the diameter of the big circle of Revolute joint B in the planar mechanism according 
to the latest wear depth of the bushing so as to make the diameter of the circle the sum of initial 
diameter and the cumulative wear depth. 

(5) Repeat step (2) until the correspondent wear depth of the bushing in the experimental 
mechanism after 86 hours is predicted.  

With the above steps, the correspondent cumulative wear depths of the bushing on Side B1 
from the 12th hour to 86th hour can be predicted. Likewise, according to the cumulative wear 
depth of the bushing of the experimental mechanism on Side B2 in 10 hours as well as the 
equivalent wear coefficient (5.3735×10-11 Pa-1) in Table 4, the cumulative wear depth of the 
bushing on Side B2 from the 12th hour to 86th hour can be predicted following the above steps. 
The specific prediction results are shown in Fig. 15.  

 
Fig. 15. Prediction results and experimental results of the cumulative wear depth  

of the bushing of Revolute joint B in the four-bar mechanism 

In Fig. 15, the wear predictions of the bushing on Side B1 and Side B2 are on the whole 
consistent with the experimental results in terms of tendency. However, as the predicted time 
increases, errors increase accordingly. As shown in Fig. 16, the predicted errors are relatively 
small within 70 hours, mainly under 5 %. Nevertheless, since the 70th hour, predicted errors 
gradually grow prominent, which reach the maximum at the 86th hour. Hence, the method 
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developed in the paper is more accurate when it is used to predict small wear loss. Caution must 
be paid when it is used in large wear loss prediction.  

Besides, seeing the unbalanced load effect on the revolute joint, the paper predicts the wear of 
the revolute joint on both sides. Although the workload is doubled, better prediction results are 
obtained, which shows that the method proposed by the paper is suitable for the prediction on the 
working condition of revolute joints under unbalanced load effect. 

 
Fig. 16. Predicted errors of the cumulative wear depth of the bushing of Revolute B  

in the four-bar mechanism 

4.5. Analysis of calculative efficiency 

In the above simulation prediction, the wear of the bushing from the 12th hour to 86th hour is 
predicted every two hours. The numerical solution of the mechanism model is operated 38  
(= (86 – 10)/2) times, whereas the motion periods of the experimental mechanism from the 12th 
hour to 86th hour is 43776 (= (86 – 10)×60×9.6). Since the wear of the actual mechanism after 
43776 rounds of motion can be predicted with simply 38 times of the mechanism simulations, the 
method is highly effective and efficient. 

Obviously, if the time interval of 2 hours is extended, the calculative efficiency will be further 
improved. As shown in Fig. 17, the wear depth changes of the bushing on Side B1 are predicted 
with time intervals of 4, 8, and 16 hours, respectively, and the data obtained are compared with 
that acquired in the wear experiment. In Fig. 17, each symbol  means one time of mechanism 
simulation. Hence, the wear predictions with time intervals being 4, 8, and 16 hours need 38, 19, 
10 and 5 times of mechanism simulation, respectively. Besides, it can be seen that the curve of the 
predicted wear coincides that of the wear experiment in terms of their tendency and the relative 
predicted errors are in the main kept small (see in Fig. 18). 

Fig. 19 shows the relative errors between the wear predictions corresponding to time intervals 
being 4, 8 and 16 hours and those corresponding to time intervals being 2 hours. The longer the 
time interval is, the larger the relative error becomes. Nonetheless, the relative errors represented 
by the four curves in Fig. 18 are on the whole small. Therefore, as long as the predicting accuracy 
is ensured, an appropriately extended time interval helps to promote the computation efficiency 
of the method, which is of vital significance towards engineering applications. 
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a) 

 
b) 

 
c) 

 
d) 

Fig. 17. Comparison of wear prediction results corresponding  
to different time intervals and experimental results 

 
Fig. 18. Relative errors between wear prediction 
results and corresponding to time intervals being  

2, 4, 8 and 16 hours and experimental results 

 
Fig. 19. Relative errors between the wear prediction 

results at time intervals of 4, 8 and 16 hours  
and those at the time result of 2 hours 

Xiongming Lai developed an efficient method to describe the evolution of the revolute joint 
wear during the process of the mechanism movement, partial experimental design and data 
analysis and thesis writing. Yisheng Liu designed the test bed, carry out the related experiment 
and experimental disposal, paper modification. Tianchen Ji designed the test bed, carry out the 
related experiment and experimental disposal. Cheng Wang took on partial program design, 
experimental scheme design, and experimental data analysis, paper modification. Yong Zhang 
took on partial program design, experimental scheme design, and experimental data analysis, 
paper modification. 

5. Conclusions 

First of all, the paper proposes a high efficient method for the wear prediction of revolute joint 
in a planar multi-body system. Second, the method is tried out in the wear prediction of revolute 
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joints with unbalanced loads, and the predictions are verified through experiments. The major 
conclusions are as follows. 

1) When the method is used for wear prediction, it is assumed that the pin and the bushing in 
a revolute joint are in continuous contact with each other. Hence, the method is applicable solely 
in mechanisms with low velocity. Besides, it is suggested that the method is used in the wear 
prediction of revolute joints in the stable wear stage, for it secures the accuracy of prediction 
results. 

2) The method is highly efficient. While the prediction accuracy is ensured, an extended time 
interval will further promote computation efficiency. 

3) The method is highly precise when the clearance wear is relatively small. In circumstances 
where the clearance wear is large, special attention should be paid to the prediction results as the 
errors grow large. 

4) There exist no ideal planar mechanisms in reality, since their links are always out of plane 
due to the need of assemblage. This fact results in unbalance loads acted on revolute joints. Hence, 
for actual engineering mechanisms, the working condition with unbalancing loads is ubiquitous 
for revolute joints. To predict the wear under such circumstances, application of the method to 
predict the wear changes on both sides of the revolute joint can provide an insight into the wear 
evolution of the revolute joint within different time intervals. In this sense, the method proposed 
by the paper is of high engineering practicability. 
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