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Abstract. In order to predict response in the situation of unknown uncorrelated multiple sources 
load, a new response prediction method in frequency domain is proposed. The algorithm needs no 
transfer function and straightforwardly looking for the inner link between the known responses 
and the unknown responses. In the multivariant linear regression model, the vibration data of 
known measuring points are used as input and the vibration data of the unknown measuring points 
are used as output. And the parameters of multivariant linear regression model are solved by 
historical training data and the least squares generalized inverse. Experiment verification results 
of acoustic and vibration sources on cylindrical shell showed that the proposed approach could 
predict vibration response effectively and satisfy industrial requirements. 
Keywords: response prediction in frequency domain, unknown uncorrelated multiple sources, 
multivariant linear regression model, least squares generalized inverse. 

1. Introduction 

Too large structural vibration response is one of the main reasons for mechanical damage. In 
frequency domain, there are two common methods to predict response: one is finite element 
method and another is transfer function based method. And the usage of transfer function and load 
to predict response is widely used [1, 2]. Wu Z. [3] et al. put up a vibration prediction based on 
soil frequency response function in frequency domain. Now combining experimental method and 
finite element method is very popular, Somashekar V. N. [4] et al. put up a new method based on 
experimentally validate finite element mode to predict printed circuit boards’ vibration response. 
However, both of these methods can predict response only when the multiple sources load is 
known. In order to predict the unknown response in the situation of unknown uncorrelated 
multiple sources load, Mao W. et al. [5] used multiple-input multiple-output SVM model to do 
load identification. Wang et al [6] used least square generalized inverse to estimate uncorrelated 
multiple sources load in frequency domain. Based on these reaches, this paper discusses how to 
use least square generalized inverse to predict the unknown response directly. 

2. The theoretical basis of dynamics about loads and responses in frequency domain 
2.1. Problem description of response prediction 

The question is that now only part of vibration response of measurement points is known. The 
responses can be classified into the known responses and the unknown responses. Then n response 
points can be classified into  known response points and  unknown response points  ( + = ) : the known  response points = 1,2, … ,  and the unknown  responses = + 1, … , + ℎ, … , + , where ℎ  from 1 to . The vibration response of the  
unknown measurement points should be predicted by vibration response of the  known 
measurement points without knowledge of uncorrelated multiple sources load. 
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2.2. Linear relationship between response and uncorrelated multi-sources 

In frequency domain, when the excitations are uncorrelated acted on the linear time invariant 
system and get multiple responses of the system, the relationship between multiple input and 
multiple output are linear [9]. Vibration responses of linear time invariant (LTI) system from 
uncorrelated multiple sources load and multiple measurement points meet the following equation 
[6]: ( )⋮( )⋮ ( ) = , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )

( )⋮( )⋮ ( ) . (1)

The vibration response of the  known measurement points must be used to identified the 
uncorrelated multiple sources load, let: 

( ) = , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( ) , 
( ) =

( )⋮( )⋮  ( ) ,    ( ) = ( )⋮( )⋮ ( ) . 
Liking Eq. (1), it can get the matrix form as: ( ) = ( ) ( ). (2)

2.3. Procedure of known responses based response prediction in situation of unknown 
uncorrelated multi-sources and with knowledge of transfer functions 

Step 1): Obtaining the transfer functions module ( ) of the linear time invariant system from 
uncorrelated multiple loads to known measurement points and unknown measurement points. And 
The obtainment of transfer functions can be classified in two ways [7-8].  

Step 2): Using transfer functions module ( ) from uncorrelated multiple loads to known 
measurement points and known measurement points ( ) to identify uncorrelated multi-source 
loads ( ) by least-squares of generalized matrix inverse method, the uncorrelated multi-source 
loads can be identified through the system’s transfer functions of all uncorrelated multi-source 
loads to all the known measurement points and the vibration response of the  known 
measurement points [9]: ( ) = ( ) ( ) = ( ) ( ) ( ) ( ), (3)

where ( ) ≜ ( ) ( ) ( ) is the least square generalized inverse of ( ). 
Step 3): Unknown measurement points Vibration response prediction based on transfer 
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functions from uncorrelated multi-source loads to unknown measurement points and the identified 
uncorrelated multi-source loads ( ). 

After identifying the uncorrelated multi-source loads, the vibration response of the unknown 
measurement points can be predicted by Eq. (4): ( )⋮ ( )⋮ ( ) = , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )

( )⋮( )⋮ ( ) . (4)

3. Procedure of known responses based unknown response prediction  

3.1. The formula derivation of the linear relationship between known response and 
unknown response  

After plugging the identified uncorrelated multiple sources load of Eq. (3) into Eq. (4), the 
vibration response of the unknown measurement points can be predicted by the known response: ( )⋮ ( )⋮ ( ) = , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )

( )⋮( )⋮ ( )  

      = , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )
 

      ∙ , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )
( )⋮( )⋮  ( ) . 

(5)

Let: 

( ) ≜ , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )  
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      ≜ | , ( )| ⋯ | , ( )| ⋯ | , ( )|⋮ ⋱ ⋮ ⋱ ⋮| , ( )| ⋯ | , ( )| ⋯ | , ( )|⋮ ⋱ ⋮ ⋱ ⋮| , ( )| ⋯ | , ( )| ⋯ | , ( )|  

      ∙ | , ( )| ⋯ | , ( )| ⋯ | , ( )|⋮ ⋱ ⋮ ⋱ ⋮| , ( )| ⋯ | , ( )| ⋯ | , ( )|⋮ ⋱ ⋮ ⋱ ⋮| , ( )| ⋯ | , ( )| ⋯ | , ( )| ∈ ℝ × . 
So, Eq. (6) can be obtained from Eq. (5): ( )⋮ ( )⋮ ( ) = , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )

( )⋮( )⋮ ( ) . (6)

Until now, the linear relationship between the known responses and the unknown response on 
the LTI system in frequency domain is clear. Eq. (7) can be obtained from Eq. (6). For the row ℎ 
of Eq. (6), ℎ = 1,2, … , : 

 ( ) = , ( ) ( ) + ⋯ + , ( ) ( )      + ⋯ + , ( ) ( ). (7)

Through  times independent experiment, = 1,2, … , , the formula of the matrix equation 
can be obtained: 

 ( )⋮  ( )⋮ ( ) = ( ) ⋯ ( ) ⋯ ( )⋮ ⋱ ⋮ ⋱ ⋮( ) ⋯ ( ) ⋯ ( )⋮ ⋱ ⋮ ⋱ ⋮( ) ⋯ ( ) ⋯ ( )
, ( )⋮, ( )⋮, ( ) . (8)

The coefficient of , ( ), … , , ( ), … , , ( )  can be obtained only 
when ≥ , and its least square solution is: 

, ( )⋮, ( )⋮, ( ) = ( ) ⋯ ( ) ⋯ ( )⋮ ⋱ ⋮ ⋱ ⋮( ) ⋯ ( ) ⋯ ( )⋮ ⋱ ⋮ ⋱ ⋮( ) ⋯ ( ) ⋯ ( )
 ( )⋮  ( )⋮ ( ) . (9)

Likely, all rows of ( ) can be solved in the same way, ℎ = 1,2, … , . Then, the vibration 
response of the unknown measurement points can be predicted by the vibration of the known 
measurement points through Eq. (10): 
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( )⋮ ( )⋮ ( ) = , ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )⋮ ⋱ ⋮ ⋱ ⋮, ( ) ⋯ , ( ) ⋯ , ( )
( )⋮ ( )⋮ ( ) . (10)

Since the linear relationship between known responses and unknown responses is clear, 
multivariant linear regression can be used to construct the modal and least squares method can be 
applied to solve this modal without knowledge of transfer functions. 

3.2. Procedure of known responses based to predict unknown responses directly 

Step 1): Training modal construction. In training modal, the responses must be classified in to 
two parts. One is known responses and the other is unknown responses. 

Step 2): The solution of the linear relationship matrix ( ) between the known responses and 
the unknown response. Since we get that the relationship between the known responses and the 
unknown responses is linear, the least square method is used to get the linear relation matrix ( ) 
through Eq. (10).  

Step 3): After get the inner link matrix ( ), the unknown responses can be predicted through 
the known responses by using Eq. (11). So as though the uncorrelated loads and transfer functions 
are unknown, but in this method it doesn’t need any information of the multi-source loads.  

4. Experimental verification 

4.1. Acoustic and vibration experiment devices 

The experiment device is in Figs. 1-3. In the internal of cylindrical shell, there is an acoustic 
reverberation acoustic excitation as shown in Fig. 1. And in the external, there is a vibration 
excitation of vibration excitation of vibration table which included a sensor recording the vibration 
excitation, the external acoustic excitation and the vibration response of surface and inner device 
as shown in Fig. 2. The arrangement of measuring points as shown in Fig. 3. In the experiments, 
it could be thought that there are only two independent excitation sources and 18 sensors to 
measure the vibration responses data in which some data is known and the rest is unknown, using 
the known vibration data to predict the unknown responses data is what should be done. In the 
experiment, there were 15 acoustic and vibration union excitation magnitude gradually increased. 
In all the 15 pair experiment, 14 pair is chosen for training and leave one pair for testing. So that 
means the independent experiment time p equals to 14 and in order to satisfy the constrain of the 
applicable scope, we made n equal to 9 (the 9 points are on the upper part of the cylinder), and 
when predict multiple response at a time, we made the number of known points to 7 and the 
number of unknown point to 2.  

 
Fig. 1. Acoustic excitation 

 
Fig. 2. Cylindrical shell measuring points 

 
Fig. 3. Structure surface 
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4.2. Experimental evaluation index 

To validate the correctness and precision of this method, the predicted response must compare 
with the real response and 3 dB relative error is widely used in engineering practice. Given 
prediction response  and the real response , to satisfy the 3 dB relative error, the condition as 
follows: 

10log ≤ 3    and    10log ≤ 3. (11)

4.3. Experiment results 

To validate the correctness and precision of the proposed method, the chosen unknown 
responses compare with the real responses. Because there are total 15 pair experiment and 9 
response points, for predicting one point, there are 15×9 = 135 conditions to compare the real 
responses to the predicted response. In order to make it short, we only express one pair’s result 
for comparing. Table 1 shows when one point response is unknown, the result of the predict 
response comparing with the real response. t stands for the unknown point’s number. 

When more than one response points predicted, the conditions will be much more than just 
one unknown point response. For convenience, just 2 point at random in a pair to compare the 
predict response with the real response are chose. Table 2 shows the result of the comparison, each 

 and  combined to a group. To make it more clear, Fig. 4 shows the energy dB of the predict 
response and the real response. 

Table 1. The energy of error over 3 dB of predict response and real response % 
 1 2 3 4 5 6 7 8 9 

> 3 dB 1.00 4.75 1.50 1.00 1.06 1.25 1.44 0.44 1.31 
< –3 dB 4.62 5.25 2.50 2.75 2.19 3.44 2.50 2.25 2.12 

Total 5.62 9.99 4.00 3.75 3.25 4.68 3.94 2.69 3.44 

Table 2. The energy of error over 3 dB of predict response and real response % 
    t2   
 1 5 2 6 8 9 

> 3 dB 0.94 1.00 4.68 1.37 0.81 1.31 
< –3 dB 3.25 2.00 4.25 2.50 2.50 1.94 

Total 4.18 3.00 8.93 3.87 3.31 3.25 
 

 
a)  energy dB comparison 

 
b)  energy dB comparison 

Fig. 4. The energy dB of the predict response compare with the real response 

4.4. Experimental results analysis 

As it shows above, the proposed method applicable in situation of unknown loads and 
unknown transfer functions and the accuracy can satisfy the industry standard. Experimental 
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results show that the prediction response is very close to the real response. And the error lies in: 
1) In the real experiment there exist noises and other aspects of data error.  
2) The ill-condition of matrix inverse problem is another reason of the error between prediction 

response and the real response [7].  
3) The weak nonlinearity of the system also causes the difference between the predicted 

response and the real response.  

5. Conclusions 

Least square generalized inverse based algorithm is introduced to response prediction 
algorithm in frequency domain when uncorrelated multiple sources load are unknown. And with 
no transfer functions data this method can predict the response effectively. Response prediction 
experiment verification results of acoustic and vibration sources on cylindrical shell showed 
effective and higher accuracy of the proposed approach. But this method can only solve the 
response prediction of linear system, how to predict nonlinear system’s response is future research 
direction. If the load sources are correlated to each other in frequency domain, the phase of loads 
and responses will be very important. How to characterize the phase of load and correlated load 
sources which are also further research direction based multi-source dynamic random response 
prediction algorithm in frequency domain. 
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