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Abstract. Ultrasonic Lamb wave is a promising tool for structural health monitoring and 
nondestructive evaluation of plate-like structures. Using an array with several piezoelectric discs 
for damage imaging (i.e. visual detection and localization) is of interest. Commonly used  
delay-and-sum method is limited for overlapped signals when several damages are closely 
distributed in the structure. To overcome this limitation, modal-based sparse reconstruction 
imaging method is applied for adjacent damages in this study. Firstly, Lamb wave dispersion curve 
is obtained by solving the Rayleigh-Lamb equations. Subsequently, propagation modal of the 
damage-reflected signal is constructed based on the solved dispersion curve. Finally, the modal is 
used for damage imaging via sparse reconstruction and basis pursuit de-noising. Experimental 
data measured in an aluminum plate is considered, and the result demonstrates that the sparse 
reconstruction imaging method is effective to detect and localize closely distributed damages in 
the presence of signal overlapping. 
Keywords: structural health monitoring, nondestructive evaluation, Lamb wave, sparse 
reconstruction. 

1. Introduction 

Lamb wave is considered as a promising tool for damage detection in plate and pipe-like 
structures, because it can propagate over a long distance with low attenuation and sensitive to 
small changes in structural property [1]. To visualize the damage intuitively in a two-dimensional 
image, Lamb wave imaging technique by using several piezoelectric discs is developed.  

Delay-and-sum (DAS), also known as elliptical imaging, is a representative and most 
commonly used Lamb wave imaging method. Based on the assumption that reflection occurs 
when Lamb wave encounters damage, the DAS image is generated by shifting and adding the 
reflected waves according to an appropriate time shifting rule [2]. In practical application, DAS is 
generally applied to residual signals, i.e. subtraction of reference signals from damage signals. 
This method is easy to understand and computationally undemanding. However, DAS imaging is 
limited if there are multiple sites of damage, especially when multiple damages are closely 
distributed, and the corresponding reflected signals overlap with each other. 

Besides DAS, commonly used Lamb wave imaging techniques include tomography [3], 
correlation imaging [4] and multipath imaging [5] et al. In practice, all of these techniques have 
limited performance for overlapped signals. 

Different from these techniques, a sparse reconstruction imaging method is proposed by 
researchers with the assumption that the inspection area is mostly damage-free. Previous work has 
applied this method for Lamb wave single-mode, multi-mode and mode-converted propagation 
environments, and also for single- and multi-path environments [6-8]. However, none of the 
aforementioned work considered the application of sparse reconstruction imaging for multiple 
closely distributed damages. In this paper, we present an implementation scheme of using this 
imaging method to detect and localize several closely adjacent damages. The implementation 
scheme is as follows. Firstly, Lamb wave dispersion curve is obtained by solving the  
Rayleigh-Lamb equations. Subsequently, the solved dispersion curve is utilized to yield 
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propagation modal of the wave packet reflected from the damage. Finally, the modal is applied 
for damage imaging via sparse reconstruction and basis pursuit de-noising. 

The rest of this paper is organized as follows. Implementation scheme of Lamb wave sparse 
reconstruction imaging method is reviewed briefly in section 2. Experimental investigation of this 
method for detecting and localizing closely distributed damages is given in section 3. Conclusions 
are given in section 4. 

2. Methodology 

2.1. Lamb wave dispersion 

Lamb waves could be regarded as elastic vibration propagating in a solid plate (or layer) with 
free boundaries. The vibration occurs both in the direction of wave propagation and 
perpendicularly to the plane of the plate. Considering an isotropic plate of thickness 2ℎ, a finite 
number of symmetrical and anti-symmetrical Lamb waves exist at an angular frequency ߱. The 
following Rayleigh-Lamb equations are satisfied: 

୲ୟ୬(௤௛)୲ୟ୬(௣௛) = − ସ௞మ௤௣(௞మି௤మ)మ  for symmetric modes,  (1a)tan(ݍℎ)tan(݌ℎ) = − (݇ଶ − ݌ݍଶ)ଶ4݇ଶݍ  for anti-symmetric modes, (1b)

where ݇ is the wave-number. The coefficients ݌ and ݍ are given by: 

ଶ݌ = ൬߱ܥ௅൰ଶ − ݇ଶ,    ݍଶ = ൬்߱ܥ൰ଶ − ݇ଶ, (2)

where ܥ௅ and ்ܥ are the velocities of longitudinal and transverse/shear mode, respectively. The 
roots of Eq. (1) for (߱, ݇) allow to obtain the Lamb wave dispersion curves for the isotropic plate, 
which can be expressed as the wave-number, ݇, versus frequency or frequency-thickness product, 
i.e. ݇(߱). 

2.2. Construction of propagation modal based on dispersion 

Assume that two Lamb wave transducers are positioned on a plate (or layer), which act as the 
transmitter and receiver, respectively. The locations of transmitter and receiver are ݐ = ,௫ݐൣ  ௬൧்ݐ
and ܚ = ,௫ݎൣ  When the transmitter is .܌ ௬൧், respectively. Assume a defect is present at locationݎ
excited with a signal (ݐ)ݏ , the propagating Lamb wave encounters the defect and the wave 
experiences reflection, the reflected wave packet captured by the receiver can be defined by out-
of-plane surface displacement as: ܽ[߱; ,ܜ ,ܚ [܌ = ܵ(߱)݁௜{௞(ఠ)[||܌ିܜ||ା||ܚି܌||]ିఠ௧}, (3)

where ܵ(߱) is the Fourier transform of (ݐ)ݏ, ݇(߱) is the dispersion curve of the propagation 
mode, ||ܜ − ||܌ + ܌| −  is the propagation distance of the reflected wave. The number of signal ||ܚ
samples is ܮ. 

A transducer array with ܰ transmitter-receiver pairs is used, and the purpose is to locate a 
limited number of defects in the plate. To find these defects, propagation modal ۯ containing the 
reflected wave packets for all the transmitter-receiver pairs and all potential defects is needed. 
Here, the inspection area of the plate is divided into a sufficiently fine grid consisting of ܯ pixels 
where each pixel represents a potential defect. 
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The reflected wave packets of these potential scatterers will form the columns of the matrix A. 
The ܰܯ×ܮ matrix ۯ is defined as: ۯ(߱) = ;߱)܉] ,ܜ ,ܚ ;߱)܉     (ଵ܌ ,ܜ ,ܚ ⋯     (ଶ܌ ;߱)܉      ,ܜ ,ܚ ⋯    (௠܌ ;߱)܉      ,ܜ ,ܚ ெ)]. (4)܌

Here, ܉(߱; ,ܜ ,ܚ  ௠) is the reflected wave packets corresponding to ݉th potential defect and܌
all the ܰ transmitter-receiver pairs: ܉(߱; ,ܜ ,ܚ (௠܌  = [ܽ(߱; ,ଵܜ ,ଵܚ ;߱)ܽ     (௠܌ ,ଶܜ ,ଶܚ (௠܌ ⋯  ܽ(߱; ,௡ܜ ,௡ܚ (௠܌ ⋯    ܽ(߱; ,ேܜ ,ேܚ ்[(௠܌ = [ܵ(߱)݁௜{௞(ఠ)[||ܜభି܌೘||ା||܌೘ିܚభ||]ିఠ௧}

 ܵ(߱)݁௜{௞(ఠ)[||ܜమି܌೘||ା||܌೘ିܚమ||]ିఠ௧} ⋯  ܵ(߱)݁௜{௞(ఠ)[||ܜಿି܌೘||ା||܌೘ିܚಿ||]ିఠ௧}]். (5)

If a defect locates at potential location ܌୫, without considering signal noise, the corresponding ݉th column of matrix ۯ will be consistent with the actual measured reflected signal. On this basis, 
the modal ۯ could be utilized for defect localization and imaging. 

2.3. Modal-based defect imaging via sparse reconstruction 

To detect and localize damage in the plate with ܰ  transmitter-receiver pairs, Lamb wave 
excitation/acquisition procedures are needed in both reference (typically damage-free) and 
damage states. Then, ܰ residual signals are obtained by differencing the signal from the damage 
plate and that from the damage-free plate. These residual signals are organized as a column vector: ܡ = ଶ௥௘௦௜ௗ௨௔௟ݕ     ଵ௥௘௦௜ௗ௨௔௟ݕ] ௡௥௘௦௜ௗ௨௔௟ݕ     ⋯      ே௥௘௦௜ௗ௨௔௟]். (6)ݕ     ⋯    

Sparse reconstruction is applied to build the relationship between measured signal ݕ  and 
propagation modal ۯ, using the form ܡ = ܠۯ +  represents the pixel values of ܠ Here, vector .܍
the ܯ pixel locations, with ݔ௠ indicating the ݉th pixel location ܌௠. If a defect exists at ܌௠, then ݔ௠ will be non-zero. Vector e is white noise. The form ܡ = ܠۯ +  is effective because measured ܍
residual signals, in theory, equals to the reflected wave packets plus noise. 

The problem for solving ܠ is underdetermined, and there are infinitely many solutions. Sparse 
reconstruction is a method for solving underdetermined problem by assuming that most 
components of the solution are zero-valued, i.e. most elements of vector ܠ are zero-valued. This 
assumption is reasonable because most inspection area of the plate is damage-free, i.e. the damage 
is sparse. 

The basis pursuit de-noising method is used in this paper to recover the sparse vector ܠ, i.e. we 
can solve the following optimization problem: minܠ ܡ‖                  ݋ݐ    ݐ݆ܾܿ݁ݑݏ        ,ଵ‖ܠ‖           − ଶ‖ܠۯ ≤ (7) ,ߣ

where ߣ is a coefficient to balance sparsity and accuracy. After solving ܠ, the vector is reshaped 
into an ܯ௫×ܯ௬ matrix that represents the final image. 

3. Case study 

A damage imaging experiment, where several damages are closely distributed in an aluminum 
plate, was used to to validate the effectiveness of the proposed method for high-resolution Lamb 
wave inspection. The dimensions of the aluminum plate are 1000 mm×1000 mm×2 mm. In the 
form of through-thickness rectangular slots, 3 artificial defects were introduced in the plate. To 
detect the defects, 7 PZTs (piezoelectric ceramic discs) with a diameter of 8 mm and 0.5 mm in 
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thickness were networked as a clock-like transducer array where the circle has the dimensions of 
60 mm. In this PZT array, the one located at the center serves as the transmitter, while others serve 
as receivers. A photograph and the schematic diagram of the specimen with defects and the 
transducer array are shown in Fig. 1. Three artificial defects are 255 mm, 297 mm and 348 mm 
away from the transmitter, respectively. 

The setups of this experiment include an Agilent 33220A function/arbitrary waveform 
generator, a Piezo Systems EPA-104 voltage amplifier, a AVANT NI-2000 conditioning 
amplifiers and a NI PXIe-1082 data acquisition. 3-cycle Hann windowed tone burst centered at 
80 kHz is used as the excitation signal, for which A0 mode is dominant for this plate thickness. 
The residual responses captured by the receiver array are shown in Fig. 2. 

 
a) 

 
b) 

Fig. 1. Aluminum plate (2-mm thick) with three damage slots and the clock-like sensor array:  
a) photograph; b) schematic diagram 

 
Fig. 2. Residual responses captured by the sensor array 

From Fig. 2, it can be seen that the three defect-reflected wave packets enclosed by the dashed 
line rectangle overlap with each other. The overlap comes from the fact that the three defects are 
closely distributed in the plate. In addition, the overlap degree is further increased by the 
dispersion characteristic of Lamb wave. The overlap phenomenon changes the location of the peak 
of each wave packet, resulting in an erratic fluctuation in the envelope curve. As a result, 
traditional imaging methods (e.g. delay and sum) will be invalid. 

To improve the inspection resolution, the modal-based sparse reconstruction method is applied 
for damage imaging. The imaging result is shown in Fig. 3. The central locations of actual defects 
are marked by “+”. As can be seen, the three defects are clearly detected and localized with 
acceptable errors, demonstrating that the sparse reconstruction method is effective for imaging of 
closely distributed damages.  
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Fig. 3. Imaging result obtained from array residual signals 

4. Conclusion 

The application of Lamb wave sparse reconstruction imaging method for several closely 
distributed damages is presented in this study. Compared to traditional Lamb wave imaging 
techniques (i.e. DAS, tomography, correlation imaging and multipath imaging), the main 
advantage of the sparse reconstruction imaging is its adaptability to overlapped signals.  
Single-mode (A0 mode) and single-path (damage-reflected path) propagation environments are 
considered in this study. The future work should use multi-mode and multi-path propagation 
modal to see whether the current imaging performance is still available under such complicated 
signal environment. 
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