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Abstract. Dynamics of deep-hole drilling shaft system is closely related to hole processing 
quality. From the viewpoint of rotor dynamics and fluid-structure interaction, the governing 
equation of the drilling shaft system for lateral vibration is obtained taking into account of  
fluid-structure interaction, rotational inertia, gyroscopic effect, the effect of motion constraints 
and frictional damping generated by surrounding fluid. The influence of rotational angular 
velocity and compressive axial force on transient vibration of drilling shaft is mainly examined. It 
has been found that rotational angular velocity has an obvious effect on the lateral vibration of 
drilling shaft, whereas the lateral vibration of drilling shaft does not change significantly with the 
increase of compressive axial force. 
Keywords: deep hole drilling, dynamic behavior, fluid-structure interaction. 

1. Introduction 

The boring trepanning association (BTA) deep-hole drilling shaft system is a complex system. 
The dynamic behavior of drilling shaft exerts an unfavorable influence on cutting quality [1-3]. 
Kong [4] constructed the dynamic model to investigate nonlinear dynamic responses taking into 
account of the influence of cutting force fluctuation, auxiliary support and mass eccentricity. Perng 
[5] analyzed the eigenproperties of spinning deep-hole drilling shaft containing flowing fluid and 
subject to compressive axial force. Al-Wedyan [6] considered the interaction between the 
workpiece and drilling shaft to investigate whirling vibration of deep-hole drilling shaft. Kenichiro 
[7] investigated chatter vibration considering support position of drilling shaft in detail.  

In this paper, the governing equation is obtained taking into account of fluid-structure 
interaction, rotational inertia and gyroscopic effect. The influence of rotational angular velocity 
and compressive axial force on vibration is mainly examined. 

2. The equation of motion 

As shown in Fig. 1, the drilling shaft rotating at angular velocity ߱ and conveying cutting fluid 
with flow velocity ܷ is subjected to torque on drill head, compressive axial force on drill head and 
support constraints. The drilling shaft is modeled as a Rayleigh beam which is clamping at one 
end and hinging at the other end. The equations of motion [6-8] are given by: 

൫ߩ௣ܣ௣ + ௙൯ܣ௙ߩ ߲ଶݓ௫߲ݐଶ − ൫ߩ௣ܫ௣ + ௙൯ܫ௙ߩ ቆ ߲ସݓ௫߲ݐଶ߲ݖଶ + 2߱ ߲ଷݓ௬߲ݖ߲ݐଶቇ + ௙ܥ ܶ−					ݐ௫߲ݓ߲ ߲ଷݓ௬߲ݖଷ + ൣܲ + ௙ܣ௙݌ + ௙ܷଶ൧ܣ௙ߩ ߲ଶݓ௫߲ݖଶ + ௙ܷܣ௙ߩ2 ߲ଶݓ௫߲ݖ߲ݐ + ௣ܫܧ ߲ସݓ௫߲ݖସ					+ ൬ܭ௔ݓ௫ + ௔ܥ ݐ௫߲ݓ߲ ൰ ݖ)ߜ − (௔ݖ + ൬ܭ௕ݓ௫ + ௕ܥ ݐ௫߲ݓ߲ ൰ ݖ)ߜ − (௕ݖ = 0,
	 (1) 
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൫ߩ௣ܣ௣ + ௙൯ܣ௙ߩ ߲ଶݓ௬߲ݐଶ − ൫ߩ௣ܫ௣ + ௙൯ܫ௙ߩ ቆ ߲ସݓ௬߲ݐଶ߲ݖଶ − 2߱ ߲ଷݓ௫߲ݖ߲ݐଶቇ + ௙ܥ ܶ+					ݐ௬߲ݓ߲ ߲ଷݓ௫߲ݖଷ + ൣܲ + ௙ܣ௙݌ + ௙ܷଶ൧ܣ௙ߩ ߲ଶݓ௬߲ݖଶ + ௙ܷܣ௙ߩ2 ߲ଶݓ௬߲ݖ߲ݐ + ௣ܫܧ ߲ସݓ௬߲ݖସ					+ቆܭ௔ݓ௬ + ௔ܥ ݐ௬߲ݓ߲ ቇ ݖ)ߜ − (௔ݖ + ቆܭ௕ݓ௬ + ௕ܥ ݐ௬߲ݓ߲ ቇ ݖ)ߜ − (௕ݖ = 0, 	 (2)

where ߩ௙, ߩ௣ is density of cutting fluid and drilling shaft; ݀௜, ݀௘ is internal and external diameter 
of drilling shaft; ܣ௣, ܣ௙ is cross sectional area of drilling shaft wall and bore; ܫ௣, ܫ௙ is moment of 
inertia of  drilling shaft and bore; ܲ is compressive axial force; ܶ is torque; ܭ௔, ܭ௕ and ܥ௔, ܥ௕ are 
support stiffness and damping. ݓ௫, ݓ௬ is transverse displacement.  

 
Fig. 1. Schematic diagram of deep-hole drilling system 

The dimensionless quantities are introduced as follows: 

௫ߟ = ௫݈ݓ ௬ߟ			, = ௬݈ݓ ߦ			, = ݖ݈ ௔ߦ			, = ݈ܽ ௕ߦ			, = ܾ݈ ,			Π = ௣ܫܧ݈ܶ ݑ					, = ቆߩ௙ܣ௙ܫܧ௣ ቇଵ/ଶ ܷ݈,	߬ = ݐ ቆ ௣ܣ௣ߩ௣ܫܧ + ௙ቇଵ/ଶܣ௙ߩ ݈ଶൗ ߚ			, = ௙ܣ௙ߩ௙൫ܣ௙ߩ + ௣൯ܣ௣ߩ ߛ						, = ௙ܫ௙ߩ) + ௣ܣ௣ߩ௣)ቀ݈ଶ൫ܫ௣ߩ + Ω				௙൯ቁ,ܣ௙ߩ = ቆߩ௣ܣ௣ + ௣ܫܧ௙ܣ௙ߩ ቇଵ ଶ⁄ ݈ଶ߱,						݇௔ = ௣ܫܧ௔݈ଷܭ ,			݇௕ = ௣ܫܧ௕݈ଷܭ ,			 ௙ܿ = ݈ଶܥ௙[ܫܧ௣(ߩ௣ܣ௣ + ௙)]ଵܣ௙ߩ ଶ⁄ ,	ܿ௔ = ௣ܣ௣ߩ௣൫ܫܧ]௔ܥ݈ + ௙൯]ଵܣ௙ߩ ଶ⁄ ,			ܿ௕ = ௣ܣ௣ߩ௣൫ܫܧ]௕ܥ݈ + ௙൯]ଵܣ௙ߩ ଶ⁄ ,						Γ = ݈ଶ൫ܲ + ௣ܫܧ௙൯ܣ௙݌ ,	
and the equation is rearranged as: ߲ଶߟ௫߲߬ଶ − ߛ ቆ ߲ସߟ௫߲߬ଶ߲ߦଶ + 2Ω ߲ଷߟ௬߲߲߬ߦଶቇ + ௙ܿ ௫߲߬ߟ߲ − Π߲ଷߟ௬߲ߦଷ + [Γ + [ଶݑ ߲ଶߟ௫߲ߦଶ				+2ඥݑߚ ߲ଶߟ௫߲߲߬ߦ + ߲ସߟ௫߲ߦସ + ൬݇௔ߟ௫ + ܿ௔ ௫߲߬ߟ߲ ൰ ߦ)ߜ − (௔ߦ + ൬݇௕ߟ௫ + ܿ௕ ௫߲߬ߟ߲ ൰ ߦ)ߜ − (௕ߦ = 0,					 	 (3)

߲ଶߟ௬߲߬ଶ − ߛ ቆ ߲ସߟ௬߲߬ଶ߲ߦଶ − 2Ω ߲ଷߟ௫߲߲߬ߦଶቇ + ௙ܿ ௬߲߬ߟ߲ + Π߲ଷߟ௫߲ߦଷ + [Γ + [ଶݑ ߲ଶߟ௬߲ߦଶ					+2ඥݑߚ ߲ଶߟ௬߲߲߬ߦ + ߲ସߟ௬߲ߦସ + ቆ݇௔ߟ௬ + ܿ௔ ௬߲߬ߟ߲ ቇߦ)ߜ − (௔ߦ + ቆ݇௕ߟ௬ + ܿ௕ ௬߲߬ߟ߲ ቇߦ)ߜ − (௕ߦ = 0.					 	 (4)
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3. Method of solution  

The Eqs. (9) and (10) are discretized using Galerkin method. The displacement at any point ߦ 
can be expressed as: 

,ߦ)௫ߟ ߬) =෍߶௜(ߦ)௠
௜ୀଵ 	,(߬)௜݌ (5) 

,ߦ)௬ߟ ߬) =෍߰௝(ߦ)௡
௝ୀଵ 	,(߬)௝ݍ (6) 

where ݌௜(߬)  and ݍ௝(߬)  represents the unknown time-dependent generalized coordinates and ߶௜(ߦ) and ߰௝(ߦ) is the corresponding orthogonal eigenfunction of the beam, given by: 

߶௜(ξ) = cosߣ௜ξ − coshߣ௜ߦ − ௜ξߣ௜(sinߪ − sinhߣ௜,(ߦ			ߪ௜ = cosߣ௜ + coshߣ௜sinߣ௜ + sinhߣ௜ ,	 (7) ߰௝(ξ) = cosߣ௝ξ − coshߣ௝ߦ − ௝ξߣ௝൫sinߪ − sinhߣ௝ߦ൯,			ߪ௝ = cosߣ௝ + coshߣ௝sinߣ௝ + sinhߣ௝ ,	 (8) tanߣ௜ = tanhߣ௜,	 (9) tanߣ௝ = tanhߣ௝,	 (10) 

where ߣ௜ and ߣ௝ are the solution of Eqs. (9) and (10). 
Substituting Eqs. (5) and (6) into Eqs. (3) and (4), multiplying both sides of Eqs. (3) and (4) 

by the ݆th eigenfuction ߶௝(ߦ) and integrating from 0 to 1, Eqs. (3) and (4) can be rewritten as: ܘۻሷ + (۱ + ሶܘ(۴ + (۹ + ܘ(۶ − ሶܙ܀ − ܙ܁ = ૙,	 ሷܙۻ (11) + (۱ + ሶܙ(۴ + (۹ + ܙ(۶ + ሶܘ܀ + ܘ܁ = ૙,	 (12) 

where: ۻ = ۰૙ − ۱			۰૛,ߛ = ௙ܿ۰૙ + 2ඥ۰ݑߚ૚,			۴ = ܿ௔۰૞ + ܿ௕۰૟,			܀ = 2γΩ۰૛, ۹ = (Γ + ଶ)۰૛ݑ + ۰૝,			܁ = Π۰૜,			۶ = ݇௔۰૞ + ݇௕۰૟,  

and the elements of ۰଴ through ۰଺ are shown as follows: 

,݅)଴ܤ ݆) = න ߶௜ଵ
଴ ߦ݀(ߦ)௝߶(ߦ) = න ߰௜ଵ

଴ ,݅)ଵܤ ,ߦ݀(ߦ)௝߰(ߦ) ݆) = න ߶௜ଵ
଴ ߦ݀(ߦ)ᇱ௝߶(ߦ) = න ߰௜ଵ

଴ ,݅)ଶܤ ,ߦ݀(ߦ)௝ᇱ߶(ߦ) ݆) = න ߶௜ଵ
଴ ߦ݀(ߦ)௝ᇱᇱ߶(ߦ) = න ߰௜ଵ

଴ =							 ߦ݀(ߦ)௝ᇱᇱ߶(ߦ) න ߶௜ଵ
଴ ߦ݀(ߦ)௝ᇱᇱ߶(ߦ) = න ߰௜ଵ

଴ ,݅)ଷܤ ,ߦ݀(ߦ)௝ᇱᇱ߶(ߦ) ݆) = න ߶௜ଵ
଴ ߦ݀(ߦ)௝(ଷ)߰(ߦ) = න ߰௜ଵ

଴ ,݅)ସܤ ,ߦ݀(ߦ)௝(ଷ)߶(ߦ) ݆) = න ߶௜ଵ
଴ ߦ݀(ߦ)௝(ସ)߶(ߦ) = න ߰௜ଵ

଴ ,݅)ହܤ ,ߦ݀(ߦ)௝(ସ)߰(ߦ) ݆) = ߶௜(ߦ௔)߶௝(ߦ௔) = ߰௜(ߦ௔)߰௝(ߦ௔), 
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,݅)଺ܤ ݆) = ߶௜(ߦ௕)߶௝(ߦ௕) = ߰௜(ߦ௕)߰௝(ߦ௕).	
To solve it simply, the state vector is introduced as follows: ܈ = ܘ] ሶܘ ܙ ሶܙ ]்.	 (13)

Thus, Eqs. (11) and (12) are transformed into its first-order form: ܈ሶ = 	,܈ۯ (14)

where: 

ۯ = ൦ ۽ ۷ ۽ ଵ(۹ିۻ−۽ + ۶) ଵ(۱ିۻ− + ۴) ܁ଵିۻ ۽܀ଵିۻ ۽ ۽ ܁ଵିۻ−۷ ܀ଵିۻ− ଵ(۹ିۻ− + ۶) ଵ(۱ିۻ− + ۴)൪.	
The matrix ۷ is the identity matrix. 

4. Numerical results and discussion 

The parameters of the drilling shaft system are listed in Table 1. In the study, letting the 
dimensionless quantity ݑ =  0.5, ௙ܿ =  1.5, ܿ௔ =  7.32×102, ܿ௕ =  3.81×102, ݇௔ =  9.21×104,  ݇௕ = 4.80×104, Π ௔ߦ ,0.05 = = 0.4 and ߦ௕ = 0.8, respectively. 

Table 1. The parameters of the drilling shaft system 
Density of drilling shaft ߩ௭ (kg/m3) 

Density of cutting fluid ߩ௙ (kg/m3) 
Internal diameter ݀ଵ (mm) 

External diameter ݀ଶ (mm) 
Length ݈ (m) 

7.8×103 0.865×103 20 26 5 

4.1. Effect of rotational angular velocity on vibration  

There is some fluctuation in the amplitude of lateral vibration displacement of drilling shaft in 
Fig. 2(a), 3(a) and 4(a). However, with the passage of time, the overall trend is decreasing. 
Eventually, the motion of drilling shaft is stable with equal amplitude vibration. 

 
a) (Ω = 10, Γ = 10) 

 
b) (Ω = 10, Γ = 10) 

Fig. 2. Lateral vibration displacement and radial displacement trajectory 

By comparing Fig. 2(b), 3(b) and 4(b), the radial displacement trajectory changes from linear 
to explosive trajectory, which shows that the movement of the drilling shaft is out of control. This 
will seriously affect the processing quality of the hole. 
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a) (Ω = 50, Γ = 10) 

 
b) (Ω = 50, Γ = 10) 

Fig. 3. Lateral vibration displacement and radial displacement trajectory 

 
a) (Ω = 100, Γ = 10) 

 
b) (Ω = 100, Γ = 10) 

Fig. 4. Lateral vibration displacement and radial displacement trajectory  

4.2. Effect of axial compressive force on vibration  

With the increase of axial compressive force, there is no obvious change in radial displacement 
trajectory of drilling shaft, as shown in Fig. 5. In a certain range, axial compressive force has little 
effect on the lateral vibration of drilling shaft. 

 
a) 

 
b) 

 
c) 

Fig. 5. Radial displacement trajectory of drilling shaft for different levels of axial compressive force  Ω = 50: a) Γ = 5, b) Γ = 10, c) Γ = 15 

5. Conclusions 

A systematic mathematical model for drilling shaft system is established. The results indicate 
that lateral vibration of drilling shaft is becoming more and more fierce with the increase of 
rotational angular velocity and does not change significantly with the increase of axial 
compressive force. 
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