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Abstract. The traditional method of fundamental solution (T-MFS) is known as an effective
method for solving the scattering of elastic waves, but the T-MFS is inefficient in solving
large-scale or broadband frequency problems. Therefore, in order to improve the performance in
efficiency and memory requirement for treating practical complex 2-D broadband scattering
problems, a new algorithm of fast multi-pole accelerated method of fundamental solution
(FM-MES) is proposed. Taking the 2-D scattering of SH waves around irregular scatterers in an
elastic half-space as an example, the implementation steps are presented in detail. Based on the
accuracy and efficiency verification, the FM-MFS is applied to solve the broadband frequency
scattering of plane SH waves around group cavities, inclusions, a V-shaped canyon and a
semi-elliptical hill. It shows that, compared with T-MFS, the FM-MFS has great advantages in
reducing the consumed CPU time and memory for 2-D broadband scattering. Besides, the
FM-MFS has excellent adaptability both for broad-frequency and complex-shaped scattering
problems.

Keywords: the scattering of SH waves, fast multi-pole, method of fundamental solution (MFS),
broadband frequency scattering, large-scale scattering.

1. Introduction

The scattering of elastic waves is an attractive and significant topic in many fields such as in
earthquake engineering, geophysics, civil engineering, etc. In general, the calculation methods for
the wave scattering include the analytical methods and numerical methods. The analytical methods
are mainly referred to the wave function expansion methods [1-8]. The numerical methods include
finite difference methods (FDM) [9, 10], finite element methods (FEM) [11, 12], boundary
element methods (BEM) [13-20], and more works can be found in a review by Sanchez-Sesma
et al. [21] and by Manolis and Dineva [22].

Among different boundary-type methods, the method of fundamental solution (MFS) not only
reduces the dimension of problem and automatically satisfy the boundary conditions at infinite,
but also is a meshless method. In the MFS, the approximate solution of the partial differential
equation is constructed by the linear combination of a series of Green’s functions. In order to avoid
singularities, the fictitious wave sources are placed at some distance to the physical boundaries of
scatters. The densities of the fictitious sources are firstly obtained by the boundary integral
equations discretized through boundary collocation points. So, the MFS can also be regarded as a
special indirect boundary integral equation method which is very similar to the Trefftz
method [23].

Due to the excellent numerical accuracy and simplicity of usage, the MFS (also named indirect
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boundary integral equation method) has been widely applied in the field of wave scattering in an
elastic medium [24-32]. However, just as other boundary-type numerical methods, the MFS
suffers a large difficulty in treating large-scale models. A significant weakness of MFS is that the
calculation efficiency of solving high-DOF problem (such as large scale, broadband frequency or
multi-body scattering) is seriously affected by its dense characteristic of the equation matrix. Chen
et al. [33] greatly improved the computational efficiency of MFS using a sparse storage method,
but the method still has some limitations to overcome this weakness. Some researchers tried to
combine the FMM with the MFS in recent years. In essence, The FMM separates source points
from collocation points of the kernel function expressions to change the Green’s function
calculation from one-to-one interaction to group-to-group interaction. Then the FMM can
substantially reduce the memory requirement and improve the computational efficiency [34-36].
The FM-MFS has been developed for solving many large-scale practical engineering problems
[37-39]. The memory of MFS can be reduced to O (N) by the latest development of FMM, and
the computation amount is reduced to O (Nlog2N) order. It should be noted that the references
mentioned above are all about the potential problems, the static analysis or the acoustic simulation.
According to the author’s knowledge, the FM-MFS applied to elastic waves scattering problem in
solid and the corresponding research are still rare at present. It is worth mentioned that there have
been some reports related to the FMM-BEM [40, 41], but the associated BEM is largely different
from the meshless MFS.

In this paper, in order to overcome the disadvantage of traditional MFS and solve large-scale
elastic wave-motion problems in a half-space, a new algorithm of the FM-MFS is proposed and
validated. The method is based on the single layer potential theory, and introduces the fast
multi-pole expansion to construct the Green’s functions matrix. The virtual source density is
obtained through GMRES iteration, of which the solving process is direct, and it is convenient for
numerical implementation. Taking the 2-D scattering of SH waves around an irregular scatter in
an elastic half-space as an example, the implementation steps are presented in detail, and then
several typical examples indicate the excellent accuracy and efficiency of the method. Finally, the
scattering of plane SH waves by randomly distributed cavity or inclusion group, by a canyon and
hill topography in a half-space are solved and discussed.

2. The traditional MFS

Fig. 1 shows the calculation model. Assuming the incident waves are plane SH waves A, u are
the two parameters of Lame constant, and p is the medium density k is the shear wave number,
defined as k = w/f, where w is the circular frequency of seismic waves, f is the velocity of shear
waves. The steady-state motion equation in isotropic homogeneous medium D is as follows:

0%u, N 0%u,
dx?  0dy?

+ k?u, =0, (D

where u, is the anti-plane displacement. Note that the time factor exp(iwt) is omitted in Eq. (1)
and thereafter.

According to numerical experience, the wave sources can be placed within 0.4-0.6 times of
the relevant radius of the scatterer for low frequency waves (non-dimensional frequency ka < 2m

a is the scatterer radius); while for high frequency wave (ka > 2m), the wave sources should
better be placed within 0.7-0.9 times of the relevant radius of the scatterer.

Firstly, the wave field should be separated. And the total displacement field and the stress field
in the elastic half-space can be expressed as:

ut(x) = ul’ () + u (), )
ot (x) = ol (x) + o35 (%), 3)
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where u;f and O}g are anti-plane displacement and shear stress of the free-field under incident
plane SH waves. u;® and o;;, are displacement and stress of the scattered wave field. The scattered
field in D is constructed by the virtual sources S. Consequently, the boundary condition can be

written as:

o35 (x) = —alf (x). (4)

According to the single layer potential theory, virtual sources on S produce the scattered field
in the half-space. Related displacement and stress are expressed as follows:

U (%) = j ()G (x, ) dS, )
055(0) = f 6, ()T (x,) dS. ©)

In whichx € D,y € S. ¢,(y) is the strength of shear-wave line source corresponding to y
position on virtual sources S. G, (x,y) and Ty (x,y) are the displacement Green's functions and
stress Green’s functions in the elastic half-space which can be introduced as:

6e(x.y) = 5 (HE Ger) + HP (), ™
a6, (x, a6, (x,

Te(x,y) = u( ,(;Slx 2, gix y)), ®)
x y

where Héz)(-) is the Hankel function of the second kind with order 0, n, and n, are the unit
normal vectors, r = |x — y|, 7' = |x — y'|. As is shown in Fig. 2, y' is the mirror point of y.

The surface of half-space X
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Virtual source surface S 5 i

Boundary surface B
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Set N observed points on boundary B, and M points on the virtual sources S. We choose the
unit center physical quantity instead of unit physical quantity, then the linear system of equations
become:

Fig. 1. The calculation model

M
D oY) =~ (), n= 1N, =1, M. ©
=1

Eq. (9) can be reformatted as:
AX = b, (10)
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where A is the dense non-symmetric coefficients matrix, X is the densities of fictitious sources on
virtual boundary. b denotes the response related to the free field on the boundary.

To speed up the calculation, a new algorithm of fast multi-pole fundamental solution method
(FM-MES) is presented. This method can greatly shorten the calculation time and reduce the
needed memory. Combining General Minimize Residual Methods (GMRES) [42] with the fast
multi-pole expansion technique [43], large-scale or high-frequency scattering of elastic waves can
be solved effectively.

3. The new fast multi-pole for MFS

In traditional method of fundamental solution, it is difficult to calculate the approximate
solutions for large-scale or high-frequency problems using the GMRES iterative algorithm. As
shown in Fig. 2, consider a large number of cracks and inclusions existing in the actual complex
terrain. For such problems, integration equations with high DOFs need to be calculated.

hill
The surface of half-space

Isotropic homogeneous medium D

Fig. 2. The calculation model of large-scale or multi-scatter problem

To solve the Eq. (10), the large coefficients matrix A is needed to storage. But the memory
requirement is so high that this algorithm loses its practical value. The tree structure is used as the
main storage and computing object in the FM-MFS, which can expand and transfer the kernel
function. By taking the GMRES iterative algorithm, we can multiply X and the tree structure
instead of the large coefficients matrix A. Then results are obtained by controlling iterative
precision. Different kernel functions apply to different expansion methods. In this paper, the plane

wave expansion theorem is taken to expand the kernel function Héz)(O) in Eq. (7) as:

2p
1 . SN N
H{P (kr) = (2p—+1)z RuG770) X Tu(F0%)54 (o), an
n=
R, (775) = ekO0=2kn, (12)
Sn(m) — eik(x—xo)fcn’ (13)
14
T,Gofo) = ) i™(@m + DH (kr)e™@-ow, (14)

m=0

where, |yy,] < |Voxol and |xoX| < |yoXol, Vo is the center of multi-pole expansion,
k, = (cos¢,,sing,), ¢, =2mn/(2p+1),¢ is the angle between yyx, and X axis,
@ =—1 — 1,1 = |yoX,|, and the number p of truncated.

Therefore, it can be shown that Eq. (6) can be rewritten as:

ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 253



A FAST-MULTI-POLE ACCELERATED METHOD OF FUNDAMENTAL SOLUTIONS FOR 2-D BROADBAND SCATTERING OF SH WAVES IN AN INFINITE
HALF SPACE. ZHONGXIAN LIU, ZHIKUN WANG, LINPING GUO, DONG WANG, FENGIIAO WU

2p
i — (T OX) 0T, (%)
= . M.
2 " (15)
a7 a7, (y—’x)) aTn(W)
+Z Mn(y’yc’) X Rt .
on, on,,
n=0
In which M,, (yy;) and M,, (y’yc’) are the multi-pole moments and can be expressed as:
MaGD) = [ . 0IRA G 5, (16)
s
Ma(770) = [ . OIRT) a5 (7)
Sl

M, (yy.) and M,, (y’yc’) in Eq. (15) are only related to y, and y/. Furthermore, it needs to
calculate only once for arbitrary collocation points x for satisfying conditions.

y'e
M2M
Ve :
Mirror domain
The interface of half-space
M2L .
Y Real domain
z
oM

Fig. 3. Related points for FM-MFS expansion

As shown in Fig. 3, new multi-pole moments can be obtained when points for expansion
moved from y,, y', to y., ¥'c. The M2M transfer can be written as:

M, Gy;) = eikf()’c:)’z)fin M, (77,), (18)
M, (y'yl) = k0 ey Dknm, (y7y)). (19)

From equations above, the multi-pole moments do not need to be calculated again, but the
calculated coefficient should be translated into new multi-pole moments.

Assuming a point x.,which is close to point x, satisfying |xx;| < |y.x;|. And the local
expansion to Eq. (15) can be expressed as:

2p
o 05, (Ec%) | 05, (Ec%) S —
| ¢ZT(x,y)dS—4(2p+1);< L . )x(Ln(yxc)Hn(y ) @)

where, L, (yx;) and Ln(y’xc) can be obtained by M2L transformation of multi-pole moments
M, (¥y.) and M, (y'y(), as follows:

Ly x0) = T, (eX )M ye), n
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La(y™e) = T (yix ) Ma(y'¥). (22)
Finally, the local expansion transmission of L2L can be expressed as:
Sa(XcX) = eizxkns, (,%). (23)

Take the scattering of SH waves by a cavity in a half space as an example, the implementation
procedures is listed as follows.

Step 1. Discretization. Discrete the boundary S and B, the same as in the T-MFS, and then
automatically generate the adaptive tree structure (See Fig. 4).
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Noneace
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¢) Boundary point
Fig. 4. The adaptive tree structure

Step 2. Upward pass. Translate information from the source pointsy, y' to the leaf cells.
Eq. (16) and Eq. (17) are expanded in the center of leaves to generate multi-pole expansion
moments. And then the multi-pole expansion point can be moved to the corresponding parent cell
(M2M). Eq. (18) and Eq. (19) constitute the transfer relationship. In this step, transfer can be
repeated several times to the parent cells. If satisfying the accuracy conditions, upward pass can
be carried out (I = 2) (see Fig. 4(a), (b)).

Step 3. Downward pass. The multi-pole expansion moments of each level cell on the tree
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structure can be transferred into corresponding local expansion moments (M2L), and Eq. (21) and
Eq. (22) can be applied to build this relationship. Transfer the local expansion moments of each
level cell in the tree structure to the leaf cell by using Eq. (23). So far, all local expansion moments
at leaf cells can be translated to the boundary points x through local expansion. The total
expansion and transfer processes are completely given.

Step 4. Near-source calculation. The contributions of the near field virtual source points can
be calculated by the T-MFS.

Step 5. Iterations. Update the unknown vector in the system AX = b until the solution
converges within a given tolerance using the GMRES solver.

4. Accuracy and computational efficiency

Taking the wave scattering around a cavity in half-space as an example, the accuracy and
numerical stability of FM-MFS are tested and compared with analytical solution [44]. As is shown
in Fig. 1, assuming the radius of the circular hole is a, the number of collocation points on
boundary B is N = 2000 (M = N), the embedment depth is d = 2a, shear modular is u, surface
width is L = 8a, the incident angle of SH waves is 8 = 90°,and the dimensionless frequency is
ka = 0-20, the expansion termsp = 10, the iterative error is € =107, Fig. 5 illustrates the
displacement amplitude on the surface by FM-MFS compared with that by analytical solution.
Table 1 shows the displacement amplitude on the surface center for the vertical incident SH waves
(8 = 90°) under different degrees of freedom. The comparison illustrates that the results by
FM-MFS agree well with those by analytical solution, and have good numerical stability.

5 T T T T

A NFM-MFS
4l Analytical solution

0=90° x/a=0

Displacement amplitude|U /A, |

0 5 10 15 20
Frequency ka

Fig. 5. Comparisons between the displacement amplitude on the surface by

FM-MFS and that of analytical solution

Table 1. Numerical stability of displacement amplitudes

DOFs Displacement amplitude (x/a = 0, ka = m)
FM-MFS T-MFS

100 2.706531 2.706835

500 2.706502 2.706782
1000 2.706532 2.706774
5000 2.706553 2.706772
10000 2.706521 2.706772
Exact 2.706772 =

To test the efficiency of FM-MFS, the scattering of plane SH wave is considered by a
cylindrical cavity in an elastic half space. Model parameters are as above and the DOFs increase
from 100 to 50000. As shown in Fig. 6, complexity of the T-MFS is O(N?) about total CPU time,
and the calculation time has reached 9147s when the DOFs are only 10000. However, the
complexity of the FM-MFS is O(N), and the calculation time is only 30 s when the DOFs reach
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50000. Near field calculation becomes unnecessary due to low frequency, sources with small
radius and the tree structure with fine mesh. Fig. 7 illustrates comparison of memory between
T-MFS and the present FM-MFS. The storage requirement of T-MFS increases rapidly with the
increase of DOFs. When the DOFs reaches 10000, the memory is more than 1.5 GB. However,
the required memory will be greatly reduced when using the FM-MFS. For 50000 DOFs, the
occupied memory is only 66 MB for the FM-MFS. Therefore, compared with the T-MFS, both
the CPU time and memory performance are greatly improved by FM-MFS. These advantages
speed up fast solution of 2D large-scale or broadband scattering problem of elastic waves.

Total CPU time(sec.)

Displacement amp litude

Disph cement amplitude

The storage capacity(Mb)

10*

-
o
w

DOFs

Fig. 6. Total CPU time used to
solve the wave scattering
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Fig. 7. Total memory used to
solve the wave scattering
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Fig. 8. The surface displacement amplitude for incident SH waves

5. Numerical examples

5.1. The scattering of SH wave by cavities group

The FM-MFS can be used to calculate the scattering of seismic waves for shallow underground
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cavities distributed randomly in a half space. 30 m under the surface of the ground, 100 random
cavities are established to simulate fracture within the scope of 60 mx120 m. Radiuses of circular
cavities are ranging from 1.5 m to 3 m and 10,00 boundary points are set on the surface of each
cavity. The total number of DOFs reaches 10°. The dimensionless frequency is set as
ka = 150-300. The iterative error is € = 103, and 8 = 0°, 30°, 60°,90°. Fig. 8 shows the surface
displacement amplitude of cavities. The consumed CPU time is 803 s and the storage of main
matrix is 2011 MB.

Numerical results show that random cavities have significant effect on the scattering of SH
waves. As shown in Fig. 8, for vertical incidence of the SH waves, the displacement amplitudes
of the surface is greatly decreased, for example, the displacement amplitude near x = 0 is only
about 0.1. For the oblique incidence of SH waves, there is obvious amplification effect on the
incident side and the amplitude close to two times of free-field displacement, but the displacement
on the side behind the wave is significantly decreased. Therefore, random cavities group has a
strong “barrier effect” on incident wave. Fig. 9 shows displacement amplitudes around the cavities
under SH wave incidence. It can be seen that the coherence effect of scattering waves among
cavities is very strong. The displacement amplitude reached more than 4.0 when the incident wave
is close to the horizontal incidence. For the vertical incidence, the displacement amplitude around
cavities is more than 1.5 times of the free field displacement amplitude. Therefore, for the safety
of tunnel and underground pipeline engineering, crossing the cavities zone should be avoided,
especially in the side of the incident wave.

80 .60 40 20 0 20 40 60 80 T80 60 40 20 0 20 40 60 80
X/t x/m

c) 6 =60° d) g =90°
Fig. 9. The displacement amplitude around the cavities group for incident SH waves (ka = 150-300)

5.2. The scattering of SH wave by inclusions group

The scattering of plane SH wave is considered by inclusions group in a 30ax40a domain,
where a is radius of the inclusion. Fig. 10 illustrates the results of displacement amplitude with
variation of incident wave frequency. Calculation parameters are set to be: density ratio between
the inclusion and the half space p,/p; = 2/3, Poisson’s ratio v; = 0.25, v, = 0.30.
DOFs = 61000. The tolerance for convergence is set to € = 10, In this calculation, the CPU time
is about 205 seconds and the memory usage is about 1.3 GB, ka = 0.5m, 1.0, 2.0, 5.0 .

Assume incident plane waves propagating along y-direction. Fig. 10 plots the contours of
displacement amplitude around inclusions group under SH wave incidence for ka = 0.57, 1.0 ,
2.0 , 5.0 r, and shear-wave speed ratio 8,/ = 1/2. It demonstrates that the scattering effect of
elastic wave by inclusions seems more obvious as the frequency increases. For ka = 1.0 rr, the
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normalized displacement amplitude reaches up to 5.3, more than five times that of incident wave,
which is mainly due to coherent effects of multiple scattering wave among inclusions group.

x‘a

c)ka=2.0 d) ka =5.0
Fig. 10. The displacement amplitude around the inclusions group for incident SH waves (8 = 0°)

5.3. The scattering of SH wave by a V-shaped canyon

Displacement amplitude on the surface of a V-shaped canyon under incident high-frequency
SH waves are shown in Fig. 12 and Fig. 13. The discrete number of canyon surface is N = 200359,
the calculation time is about 732 s, and the consumed memory is 2.4 GB. The parameters are set
to be: the wideness of the V-shaped canyon 2 km, the incident frequency 20 Hz, the shear wave
velocity 400 m/s, the dimensionless frequency ka = 100x, b/a = 1.0, 2.0, and the iterative error
& = 10, incident angle 8 = 0°, 45°, 90° (Fig. 11).

The surface half-space a - a X
A 0 4
Pl P .
4 LS y
4 [N :

R

o
7

Ty
Fig. 11. Diffraction of plane SH waves by a V-shaped canyon

Numerical results show that the left of the canyon appears significant displacement
amplification effect with the incidence of high-frequency SH waves (left incidence), about twice
the size of free-field displacement amplitude ratio. And the right side shows a very long “shadow
zone”, indicating canyon has a shielding effect under the incident waves. Under oblique incidence,
the amplification effect of canyon is particularly remarkable. With vertical incidence, the
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displacement amplitude at the corner of the V-shaped canyon is about 3.0, 50 % more than the
free-field displacement. For high frequency wave incidence, the displacement response varies
widely even in a small spatial scale, and displacement response of the canyon is violent on the
side of the incident wave. Thus, to analyze the seismic response of bridge or dam located in
canyon, the amplification effect of seismic waves scattering and uneven spatial distribution should
be considered, and special attention should be paid to the high-frequency wave of oblique
incidence. Calculation of the seismic responses of an engineering structure in a canyon may
produce large error if using a uniform seismic input.

; NFM-MFS ~ 6=00° 5/z=1.0  ka=100x
: Wi
1
Q 0 i 1 n 1 1
E
= 4+ —
B oL NEMMES  6=45° =10  ka=1007 i
5
: 2 s IR, [ e
g 1 b d -
g Ok ! R 1 . I =
-5
A4 N -
af 3 MRS 600 Ha-10 ka-1007
2 | 4
1| -
0 1 1 1
-10 -5 0 5 10
x/km
Fig. 12. The surface displacement amplitude around a V-shaped canyon for incident SH waves (b/a = 1.0)
; ) NFM-MFS  8=00° 3/e=2.0 ka=1007
i
i
Qo 0 1 1 1
E
Z 4r
% 3L NEMMFS  8=45° b/=2.0  ka=1007
- 2 WWWWNWMWW&WWMWMWMW"MW
2 4t
g o ! !
a
Z o4 F _
al 3 NEMAMFS  9=0°  b/a=2.0  ka=1007
2 -
1 -
0 1 1 1
-10 -5 0 5 10
x/km

Fig. 13. The surface displacement amplitude around a V-shaped canyon for incident SH waves (b/a = 2.0)
5.4. The scattering and focusing of SH wave by a semi-elliptical hill

Fig. 14 illustrates the contour of displacement amplitude around a semi-elliptical hill under
incident high-frequency SH waves. The parameters are set to be: the wideness of the hill 1km, the
incident frequency 5 Hz, the shear wave velocity 500 m/s, the dimensionless frequency ka = 107w,
b/a = 1.0, 2.0,5.0 and the iterative error € = 10, incident angle 8 = 60°, 90°.

The results show that the seismic response characteristics of the hill are significantly dependent
on the incident wave angle and the aspect ratio of the hill. For the high steep hill, the focal effect
of the seismic wave near the top is the most significant, such as for b/a = 5.0, the displacement
peak reaches 8.3, and the corresponding semi-circular hill displacement peak is 5.5. As for the
spatial distribution feature, displacement amplification area is widely distributed on the
semi-circular hill, but is mainly concentrated in the hill surface for the high steep hill. Thus, in
actual violent earthquakes, the damage of high and steep slopes is usually serious. In addition, due
to the coherence effect of the surface creeping wave, reflected wave and direct wave, the wave
crest and wave node of the displacement response appear alternately on the surface of the hill,
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which is more significant for a high-steep hill. Considering the change of incident angle, the
focusing position is also greatly shifted for oblique incidence, and the range of displacement
amplification of a high and steep hill is enlarged. Correspondingly, the peak displacement is
smaller than that of vertical incidence. The similar focusing phenomenon has also been observed
by Chen et al. [45]. Note that the accurate solution to the high-frequency wave scattering by a
high-steep hill also illustrate excellent adaptability of the FM-MFS for treating practical problems.
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Fig. 14. The surface displacement amplitude around a
semi-elliptical hill for incident SH waves (ka = 10m)

Mr. Zhongxian Liu formulated the overall research program and guided the preparation of
code. Details as follows: Zhikun Wang was responsible for writing essays and programming code,
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Wu, additionally, Dong Wang is in charge of formula derivation and data management.

6. Conclusions

Combined with the new fast multi-pole expansion technique, the large-scale or high-frequency
scattering problem of SH waves by 2-D superficial irregularities or heterogeneity in a solid
half-space is solved by the proposed FM-MFS. By using the plane wave expansion of SH wave
potential function, requirement of the CPU time and memory of multi-pole and local expansion is
substantially reduced. The accuracy of this method is verified by comparing with exact solution.
It is demonstrated that the FM-MFS can effectively solve practical complex scattering problem.
Numerical results also show several interesting scattering characteristics of the high-frequency
elastic waves generated by a V-shaped canyon, a semi-elliptical hill and inclusions (cavities)
group. All these numerical examples indicate that the proposed FM-MFS has favorable numerical
accuracy and efficiency, providing a novel effective method for the simulation of large-scale and
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high-frequency wave propagation problems for arbitrary-shaped scatters.
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