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Abstract. Purpose of this research is to investigate the vibrations of the orthotropic plate which 
has Braille elements formed on its surface. Results of investigations are applied in the process of 
formation of Braille elements. Bending of orthotropic plate is investigated. Supplementary 
stiffness from the static loading in the plane stress problem caused by centrifugal forces is taken 
into account. Experimental investigations on a special designed experimental setup were 
performed. Correspondence of the experimental results with the numerical ones is determined. 
Keywords: rotating element, orthotropic plate, centrifugal forces, vibrations, eigenmodes, plate 
bending, experimental setup, experimental results, measurement of vibrations. 

1. Introduction 

In recent years, in order to integrate the visually impaired people into society it is necessary to 
develop such forming technologies of relief elements or Braille elements which would be durable 
under intensive effect of vibrations. Recently by creating household or transporting equipment 
intended for visually impaired people, Braille was formed on various shields manufactured from 
plastics, metals, wood and other materials. These shields when mounted in control panels of 
various devices and equipment are affected by intensive vibrations. This effect takes place and is 
important in cars, automated wheelchairs for disabled people or household appliances. 

In conventional applications of Braille usually the reader moves his finger over the surface 
with Braille elements. In this paper another approach is proposed: the text with Braille elements 
is on a circular plate performing bending vibrations on multiple eigenmodes. In this case a circular 
wave can be generated and some parts of the plate with Braille elements come into contact with 
the flat part of the human skin, while other parts loose contact with the human skin. Thus, there is 
no necessity to move ones finger over the text with Braille elements and reading of Braille text 
written circumferentially on the surface of the circular plate takes place by locating this circular 
plate at the flat surface of the human skin. 

Different aspects of bending of orthotropic plates are investigated by many authors. The paper 
[1] presents the free vibration analysis of thin isotropic and anisotropic rectangular plates with 
various boundary conditions by using the discrete singular convolution algorithm. In paper [2] a 
trigonometric shear deformation theory is presented for the free vibration of thick orthotropic 
square and rectangular plates. In this displacement-based theory the field of in-plane 
displacements uses sinusoidal function in terms of thickness coordinate to include the shear 
deformation effect. Results obtained for frequency of bending mode, shear mode and thickness 
stretch mode of free vibration of simply supported orthotropic square and rectangular plates are 
compared with those of other refined theories and with exact solution from theory of elasticity 
wherever applicable. In paper [3] free vibration tests have been conducted to study the effect of 
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low-velocity impact induced damage consisting of inter-laminar delamination accompanied by 
matrix cracking on the natural frequencies of thin composite laminated circular plates. In paper 
[4] bending of sector plates with both polar and rectilinear orthotropy is investigated using 
generalized differential quadrature method. Various combinations of clamped, simply supported 
and free boundary conditions are implemented. It is found that the present method can analyze 
accurately sector plates with both polar and rectilinear orthotropy. In paper [5] buckling response 
of orthotropic single layered graphene sheet is investigated using the nonlocal elasticity theory. In 
paper [6] the small deflection equation for isotropic and non-homogenous thin annular sector 
subject to transverse loading is derived in polar coordinates. A closed-form solution with fast 
convergence rate is obtained using the extended Kantorovich method and the classical theory of 
thin plates (Kirchhoff theory). In paper [7] the effects of the material properties, initial stress and 
vibration amplitude on frequency ratio of the initially stressed orthotropic plates are studied. In 
paper [8] the problems of natural and forced oscillations of a hinged rectangular plate with massive 
elliptic inclusion are studied. The numerical solution of the problem is obtained by the indirect 
method of boundary elements based on the sequential representation of distributions and the 
collocation method. The work [9] shows how the laser vibrometry crosstalk can be used for 
resolving the in-plane vibration component, that is the vibrations in the laser vibrometer cross 
direction. The result is compared to independent measurement signals from the displacement 
sensors. Braille dot height and other parameters describing the profile of Braille dot have 
significant effect to successful reading of Braille [10, 11]. 

Bending of orthotropic plate is investigated. Supplementary stiffness from the static loading 
in the plane stress problem caused by centrifugal forces is taken into account. Eigenmodes are 
calculated. 

The numerical procedure is based on the material described in [12-15]. 
Experimental investigations on a special designed experimental setup were performed. 

Investigations for various frequencies of excitation are presented in the paper. Correspondence of 
the experimental results with the numerical ones is determined. 

The aim of this research is to determine how the vibrations affect the plates on which the 
Braille has been formed and in which areas of the plate these vibrations are most dangerous. 

The results of investigations are applied in the process of formation of Braille elements. The 
presented experimental and numerical results enable to design new types of devices with Braille 
elements, which have advantage in applications over the conventional Braille representations of 
text materials. 

2. Numerical model for the analysis of bending vibrations of a rotating orthotropic structure 

The numerical model has two essential features: 
1) Centrifugal forces are taken into account on the basis of the method described for the general 

case in [15] and in this paper the method presented there is simplified for the investigated 
particular problem; 

2) The orthotropic law is taken into account on the basis of the material presented in [14] and 
by assuming in the investigated problem the radial and circumferential directions of orthotrophy, 
this modification of taking into account of variable directions of orthotrophy is important for the 
proposed numerical model. ݔ and ݕ denote the axes of coordinates. The stiffness matrix of the plane stress problem has 
the form: ሾܭሿ = නሾܤሿ்ℎሾܶሿሾܦሿሾܶሿ்ሾܤሿ݀(1) ,ݕ݀ݔ

where ℎ is the thickness of the structure and ሾܤሿ is relating the strains ߝ௫, ߝ௬, ߛ௫௬ with the nodal 
displacements ݒ ,ݑ. This matrix consists of the derivatives of the shape functions ଵܰ, ଶܰ,…, ଽܰ 
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of the two-dimensional Lagrange quadratic finite element. The transformation matrix: 

ሾܶሿ = ൥ܿଶ ଶݏ ଶݏܿݏ2− ܿଶ ܿݏܿݏ2 ܿݏ− ܿଶ − ଶ൩, (2)ݏ

where it is assumed that the directions of orthotropy coincide with the radial and angular directions 
of the circular structure, thus ܿ = ݔ ඥݔଶ + ⁄ଶݕ ݏ , = ݕ ඥݔଶ + ⁄ଶݕ . The matrix of elastic constants 
for the plane stress problem: 

ሾܦሿ =
ێێۏ
ێێێ
ۍ ௫ᇱ1ܧ − ௬ᇱ௫ᇱߥ௫ᇱ௬ᇱߥ ௫ᇱ௬ᇱ1ߥ௬ᇱܧ − ௬ᇱ௫ᇱߥ௫ᇱ௬ᇱߥ ௬ᇱ௫ᇱ1ߥ௫ᇱܧ0 − ௬ᇱ௫ᇱߥ௫ᇱ௬ᇱߥ ௬ᇱ1ܧ − ௬ᇱ௫ᇱߥ௫ᇱ௬ᇱߥ 00 0 ௫ᇱܧ௬ᇱܧ௫ᇱܧ + ௬ᇱܧ + ௬ᇱ௫ᇱߥ௫ᇱܧ + ۑۑے௫ᇱ௬ᇱߥ௬ᇱܧ

ۑۑۑ
ې
, (3)

where ܧ௫ᇱ ௬ᇱܧ ,  are modulus of elasticity and ߥ௫ᇱ௬ᇱ, ௬ᇱ௫ᇱߥ   are Poisson’s ratios and  ܧ௫ᇱ = ௫ᇱ௬ᇱߥ௬ᇱܧ ⁄௬ᇱ௫ᇱߥ . 
The loading vector of centrifugal forces for the angular velocity ߱ = 1 rad/s has the form ሼܨሽ = ሾܰሿ்׬ ቄݕߩݔߩቅ ℎ݀ݕ݀ݔ, where ߩ is the density of material of the structure and ሾܰሿ is relating 

the displacements ݒ ,ݑ with their nodal values. 
By solving the static problem, the vector of nodal displacements ሼߜሽ is determined. 
The stiffness matrix for the plate bending problem has the form: 

ሾܭഥሿ = න ቆሾܤതሿ் ℎଷ12 ሾܶሿሾܦሿሾܶሿ்ሾܤതሿ + ሾܤ෨ሿ்ℎ ௫ᇱܧ௬ᇱ൫ܧ௫ᇱܧ + ௬ᇱܧ + ௬ᇱ௫ᇱߥ௫ᇱܧ + ௫ᇱ௬ᇱ൯1.2ߥ௬ᇱܧ ሾܤ෨ሿቇ (4) ,ݕ݀ݔ݀

where ሾܤതሿ = ێێۏ
0ۍێ 0 డேభడ௫ …0 − డேభడ௬ 0 …0 − డேభడ௫ డேభడ௬ ۑۑے…

෨ሿܤሾ ,ېۑ = ቎డேభడ௬ − ଵܰ 0 …డேభడ௫ 0 ଵܰ …቏. 
The supplementary stiffness matrix has the form ሾܭఙሿ = ݕ݀ݔሿ݀ܩఙሿሾܯሿ்ℎሾܩሾ׬ ,  where  ሾܩሿ = ቎డேభడ௫ 0 0 …డேభడ௬ 0 0 …቏ , ሾܯఙሿ = ቂ ௫ߪ ߬௫௬߬௫௬ ௬ߪ ቃ , where the stresses in the latter expression are 

determined from ൝ ௬߬௫௬ൡߪ௫ߪ = ሾܶሿሾܦሿሾܶሿ்ሾܤሿሼߜሽ. 
The total stiffness matrix corresponding to rotation by the angular velocity ߱ has the form ൣܭ෡൧ = ሾܭഥሿ + ߱ଶሾܭఙሿ. 
The mass matrix has the form ሾܯሿ = ሾ׬ ഥܰሿ் ێێۏ

ℎߩۍ 0 00 ఘ௛యଵଶ 00 0 ఘ௛యଵଶ ۑۑے
ې ሾ ഥܰሿ݀ݕ݀ݔ, where ሾ ഥܰሿ is relating 

the generalized displacements ݓ ௫ߠ , ௬ߠ ,  with their nodal values. Here ߠ௫ ௬ߠ ,  denote rotations 
around the axes ݔ and ݕ (for bending displacements ݑ = ݒ ,௬ߠݖ =  .(௫ߠݖ−
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3. Eigenmodes of bending vibrations of the rotating orthotropic element 

The structure is a circle with internal radius 0.12 m and external radius 0.035 m. Thickness of 
the structure ℎ = 0.0012 m. All generalized nodal displacements are assumed equal to zero on the 
internal radius. The following parameters are assumed: modulus of elasticity ܧ௬ᇱ = 0.34×109 Pa, 
Poisson’s ratios ߥ௫ᇱ௬ᇱ = 0.4 and ߥ௬ᇱ௫ᇱ = 0.14, density of the material ߩ = 1200 kg/m3. 

Typical eigenmodes when ߱ = 0 rad/s are presented in Fig. 1. 
Typical eigenmodes when ߱ = √10଼ rad/s are presented in Fig. 2. 

 
a) 

 
b) 

 
c) 

Fig. 1. Eigenmodes when the structure does not rotate: a) the first, b) the second, c) the fourth eigenmode 

 
a) 

 
b) 

 
c) 

Fig. 2. Eigenmodes when the structure rotates: a) the first, b) the second, c) the fourth eigenmode 

By comparing the eigenmodes of the rotating structure with the non-rotating one it is possible 
to see that for example in the first eigenmode the distances between lines of equal displacement 
in the non-rotating structure near to the internal radius are higher than further from the internal 
radius, while in the rotating structure those distances look approximately equal. This means that 
the bending displacement changes more uniformly in the radial direction for the rotating structure 
than for the non-rotating one. 

Also, the structure with different orthotropic properties is investigated. The following 
parameters are assumed: modulus of elasticity ܧ௬ᇱ = 0.34×109·0.4/0.14 ≈ 9.71429×108 Pa, 
Poisson’s ratios ߥ௫ᇱ௬ᇱ = 0.14 and ߥ௬ᇱ௫ᇱ = 0.4. 

Typical eigenmodes when ߱ = 0 rad/s are presented in Fig. 3. 
Typical eigenmodes when ߱ = √10଼ rad/s are presented in Fig. 4. 
By comparing the eigenmodes of the rotating structure with the non-rotating one it is possible 

to see that the same conclusion which was made for the previous problem with different values of 
physical parameters holds in this case also. But the change of the physical parameters does not 
have a substantial effect to the eigenmodes and thus they look similar for both cases. The 
performed investigations indicate that the changes of physical parameters in such problems have 
effect to the eigenfrequencies, but in order to notice the effect to the eigenmodes precise 
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comparisons are to be performed. 

 
a) 

 
b) 

 
c) 

Fig. 3. Eigenmodes when the structure does not rotate: a) the first, b) the second, c) the fourth eigenmode 

 
a) 

 
b) 

 
c) 

Fig. 4. Eigenmodes when the structure rotates: a) the first, b) the second, c) the fourth eigenmode 

4. Experimental setup for the analysis of vibrations of the element in a printing device 

For quantitative estimation of vibrations of the orthotropic plate with Braille elements the 
system of holographic interferometry Hytec Prism – 100 was used. Schematic representation of 
the experimental setup is shown in Fig. 5. 

 
Fig. 5. Schematic representation of the experimental setup: 1 – exciter of vibrations (shaker),  

2 – the investigated object, 3 – generator Waveform WW5064, 4 – amplifier HQ Power,  
5 – illumination head, 6 – video camera, 7 – control block, 8 – personal computer 

For qualitative estimation of vibrations of the investigated structure the vibrometer Polytec 
PSV – 500 was used. Schematic representation and general view of the experimental setup are 
presented in Fig. 6. 
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a) 

 
b) 

 
c) 

Fig. 6. Schematic representation and general view of the experimental setup: a) schematic representation of 
the experimental setup: 1 – exciter of vibrations (shaker), 2 – the investigated object, 3 – scanning heads 

Polytec PSV – 500, 4 – vibrometer Polytec PSV – 500, 5 – personal computer; b) general view of the 
experimental setup; c) exciter of vibrations (shaker) and the investigated object 

 
a) The first eigenmode 

 

 
b) Linear combination of the second  

and the third eigenmodes 

 
c) Linear combination of the fourth and the fifth eigenmodes 

Fig. 7. Results of experimental investigations using the system of holographic interferometry  
for various frequencies of vibration 
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5. Results of experimental study of vibrations of the orthotropic plate 

Results of quantitative investigations of vibrations of the orthotropic element for various 
frequencies of vibrations are presented in Fig. 7 and Fig. 8. The purpose of demonstrating and 
investigating these natural vibration shapes is their application in the process of design of the 
proposed device for reading of Braille elements written circumferentially on a circular plate. 

The affecting low frequency vibrations (in the range of 140-800 Hz) have the effect to the 
durability of the elements of Braille formed using modern printing types. The areas of plates in 
which it is purposeful to form Braille elements have been determined during this research (see 
Fig. 8). 

Further in this paper comparison of the presented results with the ones obtained numerically 
is performed. 

6. Results of experimental investigations of vibrations of the plate with Braille elements 

Braille elements have some effect to the vibrations of the plate. This effect depends on the text 
represented by Braille and cannot be generalized for all types of text represented on the surface of 
the plate. Thus, it is important to investigate the influence of Braille to the vibrations of the plate 
and when the effect of Braille is essential or when it could be ignored. This investigation is 
performed by experimental methods. 

Results of experimental investigations of vibrations of a plate with Braille elements and a plate 
without Braille elements are presented in Fig. 9. 

From the presented experimental results, it is seen that Braille elements influence the dynamic 
behavior of the investigated structure. For the problem with Braille elements the envelope of the 
amplitude of vibrations has variation of low frequency if compared with the variation of the 
envelope of the amplitude of vibrations of the structure without Braille elements. The system 
without Braille elements is symmetric and has multiple eigenmodes. Braille elements have very 
small effect to the dynamics of the structure, but the exact symmetry of the structure usually is 
destroyed. This has a very small effect to the eigenfrequencies and they become not exactly 
multiple, but closely spaced. When both formerly multiple eigenmodes are excited, the beatings 
phenomenon, which takes place when adding vibrations with closely spaced frequencies, as seen 
from the presented results, is observed. But this influence is more clearly seen in the investigation 
of transient processes taking place at definite points of the analyzed system than in the eigenmodes 
themselves. Thus, in the model used for investigation of the eigenmodes of the structure system 
without Braille elements was analyzed. 

 
a) The first eigenmode 
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b) Linear combination of the second and the third eigenmodes 

 
c) Linear combination of the fourth and the fifth eigenmodes 

Fig. 8. Results of experimental investigations of vibrations by using the vibrometer:  
a – recommendable areas for forming of Braille elements 

 
a) Plate with Braille element 

 
b) Plate without Braille element 
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c) Plate with Braille element 

 
d) Plate without Braille element 

Fig. 9. Results of experimental investigation of vibration in shot mode by using the vibrometer,  
frequency of vibrations 200 Hz 

7. Comparison of experimental and numerical results 

Experimental investigations indicate, that the influence of Braille elements to the vibrations of 
the plate is not very much pronounced and it depends on the location of Braille elements. Thus, 
investigation of vibrations with Braille elements cannot be generalized, that is the influence of 
Braille elements to the vibrations of the plate depends on the text represented by Braille on the 
surface of the plate. Because of those reasons detailed investigations of vibrations of the plate 
without Braille elements were performed. 

Correspondence of experimental results from Fig. 7 and Fig. 8 with the numerical results from 
Fig. 1, Fig. 2, Fig. 3, Fig. 4 is observed. The presented results indicate satisfactory correspondence 
between the experimental and numerical investigations. 

8. Conclusions 

Bending of orthotropic plate is investigated. Supplementary stiffness from the static loading 
in the plane stress problem caused by centrifugal forces is taken into account. Eigenmodes are 
calculated. The investigations of two problems with different physical parameters were performed. 

In the first problem by comparing the eigenmodes of the rotating structure with the 
non-rotating one it is possible to see that for example in the first eigenmode the distances between 
lines of equal displacement in the non-rotating structure near to the internal radius are higher than 
further from the internal radius, while in the rotating structure those distances look approximately 
equal. This means that the bending displacement changes more uniformly in the radial direction 
for the rotating structure than for the non-rotating one. 

In the second problem by comparing the eigenmodes of the rotating structure with the 
non-rotating one it is possible to see that the same conclusion which was made for the previous 
problem with different values of physical parameters holds in this case also. But the change of the 
physical parameters does not have a substantial effect to the eigenmodes and thus they look similar 
for both cases. The performed investigations indicate that the changes of physical parameters in 
such problems have effect to the eigenfrequencies, but in order to notice the effect to the 
eigenmodes precise comparisons are to be performed. 

The results of performed research allowed to identify the areas recommended for forming of 
Braille elements. That is those areas in which the intensity of vibrations at least affects the 
durability of Braille elements. 
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Experimental investigations on a special designed experimental setup were performed. 
Investigations for various frequencies of excitation are presented in the paper. Correspondence of 
the experimental results with the numerical ones is determined. 
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