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Abstract. The robotic arm carrying a moving end effector can be modeled as a rotating beam with
moving mass. Active vibration control of rotating beam with moving mass using piezoelectric
actuator is presented. Simply supported beam and cantilevered beam are considered in this
studying. The equations of the system are derived by Lagrange’s equation with the assumed mode
method. The linear classical optimal control algorithm with displacement-velocity feedback is
used to determine the control voltage. The numerical simulations reveal that the transverse
displacements of the beam can be effectively reduced by the actuators. The effect of rotational
speed and acceleration to the dynamic responses of the beam are also investigated.

Keywords: rotating beam, moving mass, active control, piezoelectric actuator.
1. Introduction

Piezoelectric materials have been more and more often applied to improve structural behavior.
Such materials can actuate forces by electrical excitation, making them suitable as actuators for
vibration control. Besides, they can sense deformation and generate a real-time voltage signal.
Therefore, they can be used as sensor as well. Many researchers applied the piezoelectric
actuator/sensor pairs to control the vibration of structures [1-6]. While other researchers used the
piezoelectric actuators only to suppress the dynamic vibration of structures [7-12]. And some
control algorithm is used to determine the control voltage.

The problem of the structures under the influence of moving loads or moving mass are of
technological importance and has attracted the attention of many researchers in the last few
decades. There are a lot of works can be found in the published literature [9-19]. And we can find
some studies in the literature about active vibration control of dynamic response of such structures
using piezoelectric actuator. Sung [9] and Nikkhoo et al. [10] studied the active control of a simply
supported Euler-Bernoulli beam under a moving mass using piezoelectric actuator, respectively.
And latter, Nikkhoo et al. [11] investigated the vibration control of a single span Euler-Bernoulli
beam with geometrically nonlinear behavior under an arbitrary dynamic loading. Rofooei and
Nikkhoo [12] investigated a thin rectangular plate with a number of piezoelectric patches bonded
on its surface under the excitation of a moving mass. The moving mass is assumed to travel along
linear and orbiting path over the plate respectively. In these studies, a linear classical optimal
control algorithm with displacement-velocity feedback is used to determine the control voltage.

The problem becomes more difficult if the beam rotates around one end of it. For example, the
robotic arm carrying a moving end effector rotates in the vertical plane. For a rotating beam with
moving mass, the interaction between rigid and flexible body motions is highly demanded. To the
author’s knowledge, active vibration control of beam with a moving mass that rotates in the
vertical plane using piezoelectric actuator has not been reported. The author of this paper has
studied this problem. Simply supported beam as well as cantilevered beam are considered.
Lagrange’s equation with the assumed mode method is employed to derive the equations of
motion. The linear classical optimal control algorithm with displacement-velocity feedback is
used to determine the control voltage. Finally, a number of examples are presented to evaluate the
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control effect.
2. Formulation of the equations of motion

A uniform simply supported beam with moving mass is displayed in Fig. 1. One support base
of the beam is fixed, and the other one can rotates around the fixed one. XY Z is the global reference
frame, while xyz is the rotating reference frame. Angle between the rotating reference frame xyz
and the global reference frame XY Z is denoted as 6. In this studying, 0 < 8 < /2 is considered.

X

N

" _“Piezoelectric patches
2 =

1 X

Fig. 1. A rotating simply supported beam with moving mass

The moving mass moves along the beam. m and v are the mass and traveling speed of the
moving mass respectively. L,, = vt + 0.50t? is the displacement of the moving mass in the x
direction. The moving mass experiences a combination of rotational and linear motion. The
transverse and axial vibration deformation of the beam in the reference frame xyz is denoted as
w and u respectively. There are N, piezoelectric patches as the actuators are bonded on the
bottom surface of the beam and positioned by the coordinates x; and x;+L, (i =1, 2, ..., Np) in
the reference frame xyz. Ly, is the length of the piezoelectric patches. h and h,, are the thicknesses
of the beam and piezoelectric patches, respectively. The width of the beam and the piezoelectric
patches are both b. Fig. 2 shows a cantilevered beam with moving mass. One end of the beam is
fixed to a rigid mount and the other end is free. Torque T rotates the rigid mount about Y axis.

4]66”1‘6 patches

Fig. 2. A rotating cantilever beam with moving mass

-Rigid mount

Euler-Bernoulli beam theory is employed to analyze the beam. The normal stress and strain of
the beam in the axial direction are expressed as:

o, = Eg,, (1a)
ou 0%w
9% Pox? (1)

where E is the elastic modulus, u and w are the axial and vertical displacements, respectively. Let
the piezoelectric patches be polarized along the z direction. The axial stress, strain and the
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electrical displacement of the piezoelectric patches can be expressed as:

05 = C115;Ic) - 2931Ez: (2a)
Ju 0“w
P _
e (2b)
D, = e3¢} +€33 E,, (20)

where ¢y4is the elastic stiffness, D, is the electrical displacement, E, = V(t)/h,, is the electrical
field in the z direction [6] and V (¢t) is the external applied voltage. €35 is the dielectric constant,
and ez is the piezoelectric constant.

The global position of an arbitrary material point p on the beam can be expressed as:

Ry =41, 3

where A is the rotational transformation matrix from the moving coordinate system xz to the fixed
reference frame XZ and 7, is the location of the point p in the rotating coordinate system xz, they
can be written as:

__[cos@ —sinf
A= [sine cosf ] (4a)
n=[x+u w]" (4b)

The velocity of an arbitrary material point p is:

By= At 4650, ®)
where 6 is the angular velocity of the beam, and:
i =[u wl. (6)
Substituting Eq. (4) and Eq. (6) into Eq. (5), we will arrive at:
(it — wé)cosd — [(x +u)f + v'v]sin@
P {(u —wB)sind + [(x + w)d + W]cose}' @
The kinetic energy of the beam can be written as:
1t o 1 . 1M Xitlp s .
K, = EJ; prApRy Ry dx + E]bgz + Ezizl (Ll ppApRy Rydx +]pi92>' (®)

where p,, and p,, are the mass density, and A, = bh and A, = bh,, are the cross-sectional area of
the beam and the piezoelectric patches respectively. J, and J,; are the rotational inertia of the
beam and the piezoelectric patches respectively. By substituting for the value of Rp from Eq. (7)
and making use of some trigonometric properties, the kinetic energy of the beam can be
expressed as:

1 (L _ 1 . 1IxONe [(Mathe = ,
Kp = __[ PrApVi dx + =07 +_Z j ppApVy dx + 6% |, ©)
2 0 2 2 i=1 X1

where:
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V2 = (i wh)? + [(x + W +w]s (10)

The strain energy of the beam, and the strain energy and electric potential energy of the
piezoelectric patches can be written as:

h/2 1 Np Xitlp —h/2
j J boye,dzdx + EZ J J b(cfe?l — D,E,)dzdx. (an
i=1 xl-

h/2 ~h/2-hy

Substituting Eq. (1) and Eq. (2) into Eq. (11), we can obtain:

1 xXitLp
Us = f (EAbu + EIbw”z)dx + ZZ f [an u'? + crl,w” 2 4 2au'w"

=2(Byu’ + BowIVi(t) — B3V (D)]dx,

(12)

where:
bh? 1 [/h oy’ bh,(h + h,)
h=13 = ”[( +hy) ‘(5)]’ L
es:b(h + hy) be
By = ez, '82231—1), 332—33'
2 h,

and V;(t) is the control voltage of the ith piezoelectric patch. The gravitational potential energy
of the beam can be written as:

1 Np Ly,
Ugp = prAbngsinH + Z 1ppAngp (xi + ?) sinf. (13)
i=

Now, let us consider the kinetic energy and potential energy of the moving mass. For a
concentrated moving mass, the kinetic energy is:

j é DRy DRy d 14
(x = Lyym - - 2L dx, (14)

where:

. . .oadwy .
DR, (tt —w8)cosf — [(x +u)o + E] sin@

— = , (15)
. . dw
bt (&t — wB)sinf + [(x +u)o + E] cos@
and:
dw
o 2 16
Substituting Eq. (15) into Eq. (14), we will get:
1 (L . . I N2
K, = Ef {6(x —Lp)m - [(u —wd)2+ ((x +w)d +w +vw') ]}dx. 17)
0

The gravitational potential energy of the concentrated moving mass can be written as:
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L
Ugm = f 8(x — Ly)mg[(u + x)siné + wcos@]dx. (18)
0

The total kinetic energy and potential energy of the system can be expressed as:

K=K, +K,, (19)
U=Us;+ Uy + Uy (20)

Lagrange’s equation with the assumed mode method is used to determine the equation of
motion of the structural system. To use the assumed mode method, the flexible displacements of

the beam can be expressed in terms of the generalized coordinates and displacement shape
functions:

uw =Y w0 = Wl G el
Wit =Y $i60- i = [8]- () (21b)

where [lp] = [lplﬂ'”llpn] > {X} = {Xli'“!)(n}’ [(»b] = [¢1!“'!¢n] and {q} = {qu"':qn}~ For

simply supported beam, the shape functions can be written as:

Pi() = cosx (224

i
$i(x) = sin—-x, 1=12,,n, (22b)

while for cantilevered beam, the shape functions are:

20— m
Pi(x) = %x (23a)
X X cosh(4;) + cos(4) 1 . X . X

i = [COSh (Ai Z) - o8 (Ai Z)] " sinh(2;) + sin(%,) [smh (Ai Z) — s (Ai Z)]' (23b)
i=12,n,

where 4; is obtained from the following characteristic equation:

1+ cosh(4)cos(A) =0, i=12,..,n. (24)

Lagrange’s equation is written as:
d (adl al
GilGn) gy =F 1=K=U. 1= G (25)

Substituting the energy expressions into Eq. (25), the equation of motion of the whole
structural system is gotten:

MI{d} + [C1{d} + [K1{d} + {Q} + [F]{V ()} = 0, (26)
where:

My, 0 [Cyql K] [Kyal _fley)
o= [ [qu]] [[cqx] [cqq1]' "= kel [qu]]’ {Q}‘{{Qq}}'
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[ wen -0 - wof, @ -
[Fl—h@]'{van-—{lﬁ) W, @ = {7

The expressions of these matrices are listed in the Appendix. Eq. (26) characterizes the
piezoelectric actuators driven under the external applied voltages {V(t)}. The state-space
formulation of Eq. (26) is given as:

{n} = [Al{n} + [BIV ()} + [F], (27)
where:

_ ({d} _— 0 [1
ML{M&[“‘LWPwl—WPwJ

[B] = [_[M]O—l[F]]' [F]= [—[M]O_l[Q]]'

3. Active vibration control

A linear classical optimal control algorithm with displacement-velocity feedback is used to
determine the control voltage. The cost function to be minimized is given by:

] = f ()71} + (W [RI{u), (28)
where:
7} = [Gol{m, (29)

is the output equation and [C,] is the output matrix. [Q] and [R] are the semi-positive-definite and
positive-definite weighting matrices on the outputs and control inputs respectively. Assuming full
state feedback, the control law is given by:

{u} = -[Gl{n}, (30)

where [G]is the control gain given by:

[G] =5 [RIT'[B]"[P]. GD

N -

[P] satisfies the Riccati equation [12]:

[P][4] —%[P][E][R]‘l[E]T[P] +[A]"[P] +2[Q] = 0. (32
Substituting Eq. (30) into Eq. (27) leads to:

{n} = ([A] - [BI[GD{n} + [F]. (33)
The controlled response of the system can be gotten by solving Eq. (33).

4. Numerical simulation
In this section, several numerical examples are presented to evaluate the active control of
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rotating beam with moving mass. The material of the beam is steel, which E = 209 GPa,
p = 7800 kg/m*. The piezoelectric material is PZT-5H, which ¢;; = 49 GPa, p,, = 7500 kg/n?’,
e3; = 6.5 C/m? and €33=1.3x10-8 F/m.

First, the concentrated mass travelling on the rotating simply supported beam is considered.
The dimensions of the system are L =2 m, L, = 0.1 m, b = 0.03 m, h = 0.01 m, h;, = 0.005 m.
The moving mass is m = 0.4 kg. Six piezoelectric patches have been considered to be attached on
the bottom surface of the beam. Their locations are x; = 0.4 m, x, = 0.6 m, x3 = 0.85 m,
X, = 1.05 m, xg = 1.3 m, xg = 1.5 m. The initial conditions are: L,,(0) = 0, 8(0) = 0. The
rotational speed of the beam is § = 0.09m rad/s, and the travelling speed of the moving mass is
v = 0.4 m/s. The matrix [Q] and [R] are given as follows:

L _qled] I
@1 =[] 1R1= 0005 My,

where [Q;] = 1 X 107 - [I552m, [Q2] = 3 X 101 - [I],,, 420, and [I] is diagonal matrix. Fig. 3
shows the transverse displacement of midpoint (w,,) of the rotating simply supported beam. For
comparison, the responses when the beam does not rotate (6 = 0) are also given. It can be
observed from Fig. 3 that the transverse displacements of the beam are reduced significantly by
the actuators. When the beam rotates, the transverse component of gravity of the moving mass
decreases. Thereby, it can be seen clearly from Fig. 3 that the deflection of the beam is smaller
when it rotates than it does not. The required control voltages for the piezoelectric patches (p1-p6)
under different rotational speed are shown in Fig. 4. We can find that larger rotational speed results
in smaller control voltage.

51 0
Uncontrolled d#/di=0
— — = Controlled d#/dt=0
0 Uncontrolled d6/dt=0.097
= = =Controlled df/dt=0.097
2t
E af
E
=
Bl
8r
10 . . . .
0 1 2 3 4 5

Time (s)
Fig. 3. Transverse displacements of the rotating simply supported beam

200 T 200

——p1 do/dt=0 ——p4 d/dt=0
- - -p2de/dt=0 - - -p5 do/dt=0
(0 N P p3 d/dt=0 ON [ p6 do/dt=0
~ ——p1d6/dt=0.097 _ ——p4 do/dt=0.097
’z -200 | = =p2dg/dt=0.097 2= -200 - = =p5d#/dt=0.097
2 p3 d0/dt=0.097 B\, [ p6 do/dt=0.097
'S 400t 'S -400
& 6001 5 600
o o
-800 - -800
-1000 L . . . -1000
0 1 2 3 4 5 0 1 2 3 4 5
Time (s) Time (s)
a) b)

Fig. 4. Control voltage of each piezoelectric patch for the rotating simply supported beam
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The moving mass moves with variable speed is also considered. The movement rule of the
system is given as follows:

At the beginning, L,,, =0, v =0, 8 = 0;

When 0 < t <2, v = 0.5t, v =0.5m/s%, 6 = 0.05m rad/s;

When2 <t <4,v=1-0.5(—2),v=-0.5m/s% 8 = 0.057 rad/s;
When4 <t <6,v=—0.5(t—4), v =-0.5m/s%, § = 0.057 rad/s;
When6 <t <8 v=-1+05(t—6),v=0.5m/s% 6 = 0.057 rad/s.

The numerical simulation results are given in Fig. 5. As we expected, the vibration of the beam
is suppressed.

22 10
= Uncontrolled 0
= = =Controlled

-200

Control voltage (V)
A
o
S

Time (s) Time (s)

a) b)
15

Z(m)

0 05 1 1.5 2
X (m)
<)
Fig. 5. When the moving mass moves with variable speed: a) transverse displacement of midpoint
of beam, b) control voltage, c) trajectory of the moving mass

In order to investigate the effect of angular acceleration to the system, two cases are
considered: Case 1,v = 0.4 m/s, § = 0.05m rad/s, § = 0; Case 2, 6 =0, § = 0.027 rad/s>. The
initial conditions are: L,,(0) = 0, 6(0) = 0. At the end of time (5 s), the beam has the same
angular displacement (0.25m) in the two cases. The simulation results are displayed in Fig. 6. It is
observed that the beam has larger transverse displacement in Case 2. This is caused by inertial
force due to angular acceleration. Obviously, the transverse displacements of the beam are
significantly reduced in both cases. The required control voltages for the piezoelectric patches of
the two cases are displayed in Fig. 7. We can see that larger control voltages are required in Case 2.

Finally, the concentrated mass travelling on the rotating cantilevered beam is investigated. The
length of the beam is L = 1 m. Other dimensions of the system are the same as the rotating simply
supported beam. Three piezoelectric patches are used in this studying and their locations are
x; =0,x, =0.2m, x3 = 0.4 m. The movement rule of the system is given as follows:

At the beginning, L, =0,v =0, 6 = 0;
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When0 <t <2, v=025t7v=0.25m/s? 6 = 0.057 rad/s;

When2 <t <4,v=05-025(t—2),v=-0.25m/s%, § = 0.057 rad/s;
When4 <t <6,v=-025(t—4), v =-0.25m/s%, 6 = 0.057 rad/s;
When 6 < t <8, v =—0.5+0.25(t — 6), v = 0.25 m/s%, § = 0.05m rad/s.

) x10™
Casel uncontrolled
0 = = =Casel controlled
Case2 uncontrolled
2 = = Case2 controlled
E 4
_E
6
-8
-10
-12
0 1 2 3 4 5

Time (s)
Fig. 6. Transverse displacements of Case 1 and Case 2

x10 0
2 Casel pl
Casel uncontrolled - —~Casel p2
0 — = —Casel controlled e Casel p3
Case2 uncontrolled -200 ase’
= = (Case2 controlled < Case2 pl
-2 < = = =Case2 p2
—~ £ -400
g 4 £
> 6 £ 600
8 S
-800
-10
-12 -1000
0 1 2 3 4 5 0 1 2 4 5
Time (s) Time (s)
a) b)

Fig. 7. Control voltage of each piezoelectric patch of Case 1 and Case 2

The matrix [Q] and [R] are the same as in the previous examples. We can observe from Fig. 8
that the transverse displacements are reduced significantly, where w denotes the tip deflection of
the beam. The trajectory of the moving mass is shown in Fig. 9.

800 T T T

600

400

W (m)
Control voltage (V)

Time (s) Time (s)
a) b)
Fig. 8. Tip displacements and control voltages of the rotating cantilevered beam
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0.7

0 02 04 0.6 08 1
X (m)

Fig. 9. Trajectory of the moving mass when v = 0.2 m/s, 8 = 0.057 rad/s
5. Conclusions

In present paper, active vibration control of rotating beam with moving mass using
piezoelectric actuator is investigated. Rotating simply supported beam and cantilevered beam are
considered in our studying. The equations of the system are derived by Lagrange’s equation with
the assumed mode method. The linear classical optimal control algorithm with
displacement-velocity feedback is used to determine the control voltage.

Some numerical examples are employed to evaluate the control performances. It is found that
the vibration of the beam can be effectively reduced by the actuators both for rotating simply
supported beam and cantilevered beam. Moreover, larger rotational speed results in smaller
deflection and control voltage. When there is a uniform angular acceleration, larger vibration
amplitudes are gotten. This is caused by inertial force due to angular acceleration.
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Appendix

The matrices in Eq. (26) are given as:

Xi+Lp

(Ml = ooty [ W71+, Y S @Dl

x+L
[Mag] = pody f P19l +pyy Y j "1 [)dx + m((D1[BD s

[Cra] = —26pp4, f [#]" [W]dx — 20,4, f @Il - 26m([¢1" YD =,
0

Xi

[Car) = —[Cral’s [Caal = vmUB' (8] = (A1 (6Dl sov,,
L

[k = f (BA W ITT'] ~ 02 A9 1) dx
0

’ fi p(cllAp[lp’]T[lpl] =62, Ap Y1 [Y])dx — O*m([P]" YD x=s,s

xi+Lp

Kol = =0 [ 6701+ Y S o= oo
~m(BoV 91 + w0l T W),
XitLp .
(Kol = G0 | 10710 dx+z f (a9 TT[8” 1 + By, [T 191
+m(B119] ~ O],
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[Kaql = J. (El,[¢"1"[¢"] — 0%ppAp[@]"[$]) dx
NI? xi+Lp .
+Zt=1 fxl. (c11lp[9"17[0"1=6%pp A, [p]" [$])dx
+m |- v - 62[9TIgl]||
. L . Np xl-+Lp

{0,} = —BZpbAbfo x[Y]"dx — 192,01,141,2:i=1 Li x[p]"dx

+m|[(gsing — sz)[lp]T“x:Lm,
(00} = douts [ lrax +,8, > [ xlolax

+m|[(gcosd — Bx)[p]" — véx[d)’]T”x:Lm.

[Fx]z[{Fxl} {Fpr}]' [Fq]z[{Fql} {F‘INP}]’

where:

Xi+L Xi+L
{Fu} = —Blj' p[w’]de, {Fu} = —BZJ. p[q)"]de, i=12-,N,

L L

Liang Zhao received Ph.D. degree in School of Aerospace Engineering and Applied
Mechanics from Tongji University, Shanghai, China, in 2015. Now he works at Shanghai
Jian Qiao University. His current research interests include control, dynamics and
industrial robots.

Yu-Ping Wu received Master’s degree in School of Control Engineering from Xijing
University, Xi’an, China, in 2018. Now he works at Shanghai Jian Qiao University. His
current research interests include intelligent control techniques and industrial robots.

ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 1341





