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Abstract. The test of moment of inertia has a wide range of applications in aerospace, vehicle 
engineering, precision machinery, motors and other fields, moment of inertia directly affects the 
reliability and performance of components or equipment, it is very essential to test the moment of 
inertia. By analyzing the principle of moment of inertia test, we could come to the conclusion that 
the theoretical value, the inertia of the disk, the period of the torsion swing of the standard body 
and the period of the empty disk of the moment of inertia and the moment of inertia of the standard 
body. By analyzing the measurement error, position error and damping during the test, we could 
reach the following conclusion that the test accuracy of the moment of inertia can reach 0.1 %. 
Keywords: torsion bar method, revolving body, moment of inertia, error analysis. 

1. Introduction 

Moment of inertia is a quantitative measure of the physical quantity of the inertia when the 
rigid body rotates around the fixed axis [1]. The moment of inertia is only determined by the shape 
of the rigid body, mass distribution and position of rotating shaft, regardless of the rotation state 
of the rigid body around the axis (such as the angular velocity). The rotational inertia of regular 
shaped homogeneous rigid bodies can be directly calculated. The moment of inertia of an irregular 
rigid body or a heterogeneous rigid body is generally determined by an experimental method  
[2, 3]. The polar moment of inertia of a revolving body is measured in one device, and the 
measurement method is the torsion pendulum measurement. The torsion bar is used as the driving 
unit for the equator moment inertia test. Torsion bar has the advantages of high accuracy, good 
linearity, strong anti-deflection load and so on. It is an internationally advanced way to measure 
the moment of inertia [4-6]. 

2. Moment of inertia measurement principle 

When the torsion pendulum is tested for moment of inertia, the test fixture is fixed on the 
pendulum frame first. When the balance is in the state, a momentary driving torque is applied to 
the pendulum. The pendulum frame and the product test fixture are free to torsional vibration 
around the rotating shaft, and the torsional vibration period in this state is measured and recorded, 
it is the empty disk period. Similarly, when an instantaneous driving torque is applied to the 
pendulum frame in the balanced state, the pendulum frame, the product test fixture and the product 
together will be free torsional vibration around the rotating shaft, and the torsional vibration period 
of the state will be measured and recorded. Through these two period measurements, the rotational 
inertia of the revolving body around the rotating shaft of the test equipment can be calculated 
[7, 8]. The measurement of the extreme moment of inertia of the revolving body is measured by 
the torsion bar method on the same inertia device, and the principle of measuring the equator 
moment of inertia of the rotating body is shown in Fig. 1. 
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Fig. 1. Moment of inertia measurement principle 

The rotational inertia measuring equipment is mainly composed of testing equipment matrix, 
testing equipment, pendulum, torsional vibration system unloading mechanism, release 
mechanism. In order to adapt to the measurement of inertia of the smaller rotating body, the fixture 
uses as much light material as possible, such as aluminum alloy. The rotational inertia measuring 
device is composed of a clamp, a screw rod, a releasing mechanism, a guide rail and a base. 
According to the law of rotation, the equation of motion of the tooling, the rotating shaft and the 
object to be tested is that: 𝐽𝜙′ + 𝐾𝜙 + 𝑀 = 0, (1) 𝜙′ + 𝜔ଶ𝜙 = 0, (2) 𝐽ௗ = 𝐾4𝜋ଶ 𝑇ଶ − 𝐽଴ = 𝐴𝑇ଶ − 𝐽଴, (3) 

In the formula: 𝐽 is the moment of inertia; 𝐾 is the torsion coefficient of spring; 𝑀 is the 
damping torque; 𝜑  is the angular displacement; 𝐽଴  is the moment of inertia of the torsion 
pendulum itself; 𝐽ௗ is moment of inertia of objects to be measured; 𝑇 is the swing period of pallets 
and tested objects; 𝐴 = 𝐾 4𝜋ଶ⁄ , 𝐽଴ = 𝐴𝑇଴ଶ. 

The system uses photoelectric sensor to complete cycle acquisition. In the signal processing, 
it is necessary to accurately measure the timing at which the timer starts to be measured. In the 
future, the circuit will be anti-jamming, and a leveling reference circuit with a certain threshold 
and a certain delay is used to expand the shaping circuit, but at this time, the timing start time is 
random. The error, in the same way, there must be a random error at the exact moment when the 
next counting pulse arrives. As a complete period of measurement, it is obviously impossible to 
characterize the period with the time between two pulses. In order to minimize the error, the 
number of cycles are measured as the measured values of the cycle according to the condition that 
the oscillation period is substantially constant. In the actual test, the initial external force 
disturbance is removed for several cycles, and each adjacent two-time segments is used as one 
cycle number, starting from the effective counting pulse, and each two counting pulses is one 
cycle data, and is removed by the total timing time. The complete number of cycles obtained in 
turn gives the period value at that moment. 

3. Error analysis of moment of inertia 

3.1. Measurement error analysis 

Available from Eq. (3): 
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𝜇௃ௗ = Δ𝐽 ೏𝐽ௗ ≈ 2𝐴𝑇Δ𝑇𝐴𝑇ଶ ≈ 2 Δ𝑇𝑇 = 2𝜇். (4) 

Available from Eq. (4), the relative error of the moment of inertia measurement is only twice 
the relative error of the time test and is very small. 

3.2. Position error analysis 

1. Influence of vertical axis displacement on rotational inertia of revolving body 

 
Fig. 2. Measuring shaft offset of moment of inertia 

The influence of the rotation axis offset on the moment of inertia is as shown in Fig. 2. The 
eccentricity is 𝑒, the deviation distance between the rotation axis and the projectile mandrel is ∆, 
and the moment of inertia of the projectile to the mandrel axis is as follows: 𝐽௣௢௟௘(ୡୣ୬୲ୣ୰ ୭୤ ୤୧୥୳୰ୣ) = 𝐽௣௢௟௘(ୡୣ୬୲ୣ୰ ୭୤ ୫ୟୱୱ) + 𝑀𝑒ଶ.  

The polar moment of inertia of the projectile on the axis of deviation is as follows: 𝐽௣௢௟௘(ୣୡୡୣ୬୲୰୧ୡ୧୲୷) = 𝐽௣௢௟௘(ୡୣ୬୲ୣ୰ ୭୤ ୫ୟୱୱ) + (𝑒ଶ + Δଶ − 2𝑒 ⋅ Δ ⋅ cos𝜃)𝑀      = 𝐽௣௢௟௘(ୡୣ୬୲ୣ୰ ୭୤ ୤୧୥୳୰ୣ) + Δଶ ⋅ 𝑀 − 2𝑒 ⋅ Δ ⋅ cos𝜃 ⋅ 𝑀, Δ𝐽௣௢௟௘௠௔௫ = 𝐽௣௢௟௘ (ୣୡୡୣ୬୲୰୧ୡ୧୲୷)௠௔௫ − 𝐽௣௢௟௘ (ୡୣ୬୲ୣ୰ ୭୤ ୤୧୥୳୰ୣ) = 𝑀Δଶ + 2𝑒 ⋅ Δ ⋅ 𝑀.  

Relative error of the moment of inertia (maximum): 

𝜇௃౦౥ౢ౛ = Δ𝐽௣௢௟௘௠௔௫𝐽௣௢௟௘ (ୡୣ୬୲ୣ୰ ୭୤ ୤୧୥୳୰ୣ) = (Δଶ + 2𝑒 ⋅ Δ)𝑀𝐽௣௢௟௘ (ୡୣ୬୲ୣ୰ ୭୤ ୤୧୥୳୰ୣ) (5) 

Relative error is related to eccentricity. 

3.3. Influence of the tilting of the rotating shaft on the moment of inertia of the pole and the 
equator 

When the inclination angle (see Fig. 3) is applied to the rotation formula: 𝐽௫ = cosଶ𝛼 · 𝐽௫ଵ + 𝐽௬ଵsinଶ𝛼 + 2𝐽௫భ௬భୡ୭ୱ𝛼 · sin𝛼, 𝐽௫ = sinଶ𝛼 · 𝐽௫ଵ + 𝐽௬ଵcosଶ𝛼 + 2𝐽௫భ௬భୡ୭ୱ𝛼 · sin𝛼, (6) 

when 𝐽𝑌 𝐽𝑋⁄ ≤ 20, 𝛼 ≤ 0.5°, the influence of inclination angle 𝛼 on the relative error of polar 
moment of inertia 𝐽𝑋 is less than 2×10-3, and the influence on the equatorial moment of inertia is 
smaller. When the tilt and the offset of the shaft exist simultaneously, the result of the above 
analysis can be superimposed. 
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Fig. 3. Schematic diagram of axis inclination 

3.4. Influence of damping on the test result of moment of inertia 

1. The measured moment of inertia of equator without damping. 
The test process is shown in Fig. 4. 

 
Fig. 4. Undamped measurement moment of inertia 

First, the swing period 𝑇଴ of the turntable is measured. (There is nothing left on the turntable). 
Then, the swing period 𝑇௦ of turntable and standard parts is measured. Last, the swing period 𝑇ௗ 
of the turntable and the projectile and arrow to be measured is measured. 

Three known numbers 𝑇଴, 𝑇௦ and 𝑇ௗ  were measured, according to the relationship between 
vibration frequency and moment of inertia, three equations can be listed to solve three unknowns: 
empty table inertia 𝐽଴, spring stiffness 𝑘, moment of inertia for projectile to be measured 𝐽ௗ: 

𝑘 = 4𝜋ଶ𝐽଴𝑇଴ଶ ,    𝐽௦ = 𝑇଴ଶ𝑇௦ଶ − 𝑇ௗଶ 𝐽଴,    𝐽ௗ = 𝑇ௗଶ − 𝑇଴ଶ𝑇௦ଶ − 𝑇଴ଶ 𝐽௦. (7) 

2. The measured moment of inertia of equator with damping. 
Assume that the swing resistance torque is proportional to the swing angle speed. The swing 

equation is as follows: 𝜑ሷ + 2𝑛𝜑ሶ + 𝑝ଶ𝜑 = 0, 𝑛 = 𝑐2𝐽 ,   𝑝 = ඨ𝑘𝐽 .  

In the formula, 𝑘  is spring stiffness, 𝑛  and 𝑝  are damping coefficient and undamped  
frequency. When 𝑛 < 𝑝, the solution of differential equation is as follows: 𝜑 = 𝑒ି௡௧(𝑐ଵcos𝑝𝑡തതത + 𝑐ଶsin𝑝𝑡തതത).  

Damping frequency: 𝑝̅ଶ = 𝑝ଶ − 𝑛ଶ. 
Damping period:  𝑇ത = 2𝜋𝑝̅ = 2𝜋ඥ𝑝ଶ − 𝑛ଶ. (8) 

By measuring damping oscillation period 𝑇ത , the moment of inertia 𝐽  of projectile to be 
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measured is calculated. 

3.5. Accuracy analysis of moment of inertia measurement 𝐴 and 𝐽଴  can be accurately measured beforehand in the calculation formula of moment of 
inertia. The main source of the error is the measurement error of the oscillating period 𝑇, and there 
are two sources of the periodic 𝑇 error: one is the time measurement error, the other is the error 
caused by neglecting the damping torque. The influence of timing error on the measurement of 
inertia can be obtained by the following error analysis. The formula for calculating the moment of 
inertia is as follows: 𝐽 = 𝐴𝑇ଶ, (9) 𝜂 = 𝛿𝐽𝐽 = 2𝐴𝑇𝛿𝑇𝐴𝑇ଶ = 2 𝛿𝑇𝑇 . (10) 

Because the response frequency of the sensor is 1000 Hz and the response time is less than 
1 ms, the precision of time measurement is high and the error of time measurement can be 
neglected. Assuming that 𝑇′ is a damping period, the attenuation of vibration is exponential decay. 
According to the principle of torsional vibration: 𝑑ఏଶ𝑑௧ଶ + 2𝑛𝜃ᇱ + 𝑃ଶ𝜃 = 0, (11) 𝜃௡ାଵ = 𝐴଴𝑒ି௡௧೙శభcos(𝑝ௗ𝑡௡ାଵ − 𝛼଴),    𝜃௡ = 𝐴଴𝑒ି௡௧೙cos(𝑝ௗ𝑡௡ − 𝛼଴). (12) 

As a result: 𝜃௡ାଵ𝜃௡ = 𝑒ି௡(௧೙శభି௧೙) cos(𝑝ௗ𝑡௡ାଵ − 𝛼଴)cos(𝑝ௗ𝑡௡ − 𝛼଴)  (13) 𝑡௡ାଵ = 𝑡௡ + 𝑇ఈ,     𝑝ఈ𝑡௡ାଵ = 𝑝ఈ𝑡௡ + 𝑝ఈ𝑇ఈ = 𝑝ఈ𝑡௡ + 2𝜋. (14) 

As a result: 

𝑛ଶ = 𝛽ଶ𝑇ఈଶ = 𝛽ଶ(2𝜋)ଶ ⋅ 𝑝ఈି ଶ ≈ 𝛽ଶ4𝜋ଶ ⋅ 𝑝଴ି ଶ. (15) 

It is known by 𝑝ௗଶ = 𝑝଴ଶ − 𝑛ଶ, 𝑇଴ = 2𝜋 0⁄ , 𝑇ௗ = 2𝜋 𝑝𝑑⁄ : 

𝑝ௗ = 𝑝଴ඨ1 − 𝑛ଶ𝑝଴ଶ ,    𝑇ௗଶ = 𝑇଴ଶ൬1 − 𝑛ଶ𝑝଴ଶ൰ = 𝑇଴ଶ ቆ1 + 𝑛ଶ𝑝଴ଶቇ. (16) 

Substituting the Eq. (15) into the Eq. (16): 

𝑇′ଶ = 𝑇ଶ ቈ1 + 0.25 ൬𝛽𝜋൰ଶ቉ ,    𝛽 = ln ൬ 𝜃௡𝜃௡ାଵ൰   if   𝜃௡ାଵ𝜃௡ = 0.7  then  𝑇ᇱ − 𝑇𝑇 = 0.08 %. (17) 

The actual amplitude attenuation is much smaller than 0.7, so the impact on the actual test 
cycle is far less than 0.08 %, and the final measurement accuracy is not greatly affected. As 
mentioned above, the test accuracy of the moment of inertia can reach 0.1 %. 
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4. Conclusions 

The test of moment of inertia is widely used in a wide range of applications and has broad 
application prospects. The moment of inertia test can verify whether the component or equipment 
meets the design requirements and can also provide raw data for its research design, attitude 
calculation, work result analysis and accuracy calculation, and also provide information for its 
structural optimization. In this paper, the method of torsion bar is used to measure the moment of 
inertia. By means of measuring error, position error and deviation concurrence. The influence of 
measurement error, position error and damping on measurement accuracy is very limited. By 
analyzing the measuring accuracy of rotational inertia of revolving body, the test accuracy of the 
moment of inertia can reach 0.1 % or more. The research results can provide technical support and 
theoretical guidance for the test of moment of inertia. 
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