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Abstract. The vibration of the feed system remains a long-standing challenge in a machine.
Toward this objective, the effects of bearing stiffness, nut rigidity, coupling stiffness, screw
length, screw speed and radial stiffness of worktable on the torsional vibration and axial vibration
of the table are explored. In this paper, a mathematical model of multi-degree-of-freedom coupling
torsional and axial vibration considering various factors is established by the second Lagrange
equation, and simulation analysis and experimental verification are carried out. The effects of the
variable lead and variable torsional stiffness of the nut on the torsional vibration of the workbench
are analyzed. Results show that nut stiffness is the main factor affecting the vibration of the
workbench. As the workbench mass, motor speed, screw length and lead increase, the axial
vibration of the workbench increases. In the case of lead change, as the axial stiffness of the nut
increases, the effect on the torsional vibration of the workbench is reduced. Under the variable
torsional stiffness of the nut, with the increase of the lead, the influence of the lead on the torsional
vibration of the workbench will increase. The experimental results provide a reference for further
research and provide a theoretical basis for vibration reduction and structural optimization.

Keywords: feed system, multiple degree-of-freedom, Lagrange equation, axial vibration,
torsional vibration, influence factor.

1. Introduction

The complicated ball screw feed system is the main component of the CNC machine tools [1].
The transmission mode of the feed system parts largely affects the vibration characteristics of
machine tools, thus affecting the quality and precision of machining. Therefore, in order to
improve the machining quality and precision, the study of vibration characteristics of feed system
and the key factors affecting feed system has become a hot topic for most researchers [1-5].
Ansoategui et al. adopted Newton formulation to establish the lumped-parameter dynamic
structural model of the feed system in modal coordinates, and compared it with the model in
natural coordinates. Although the validity of the model in modal coordinates was proved, the study
only analyzed the related vibration characteristics under torsional modes [6]. Zou et al. studied the
influence of screw-nut stiffness on the vibration characteristics of the spindle system in the
transmission direction. Based on the equivalent dynamic equation and the D’ Alembert’s principle,
the varying-coefficients model of feed system was established, but the influence of coupling
characteristics was neglected [7]. Vicente et al. established a mathematical model, which is
coupled with torsional and axial system by using Ritz series method, to analyze the influence of
lead and workbench position [8]. The coupled and non-coupled model frequencies are analyzed
and compared, but the influence is neglected. Meanwhile, the torsion of the workbench during
modeling did not reach a certain effect trend. Weng et al. used ANSYS to establish a finite element
model considering joints, and analyzed the effects of various joints stiffness on longitudinal
vibration dynamic performance through modal analysis and harmonic response analysis [9].
However, they did not establish an effective mathematical model that was only analyzed by
software, which in turn comprehensively and quantitatively analyzed various factors. To study the
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dynamic characteristics of one-axle stage under heavy load, an equivalent finite element model of
one-axle stage under heavy load was proposed, but the boundary conditions of bolted connections
were ignored in the modeling [10].

Therefore, to reduce the vibration in the feed, it is important to perform a full study taking into
account all the possible factors affecting the vibration of the system. In this paper, an analytical
dynamic model was developed, which takes into account the influence of the stiffness of the joint
such as the coupling comprehensively, and the influence law of each factor on the torsional-axial
vibration of the worktable of the feed system is analyzed quantitatively.

2. Mathematical model of feed system

The feed system contains ten different parts mainly, the name and the position of each part are
shown in Fig. 1.

Servo Motor ~ Coupling ~ Front Support Workbench  Screw  Rear Support

\ Bearings / Bearings
|: [ I

| Y 1

Guide-Way Base Slide Block ~ Nut
Fig. 1. The structure of the feed system

The structure of the feed system is simplified as follows in order to establish a better
mechanical model:

(1) The motor shaft is short and thick, and its rigidity is large, so it is considered as a rigid
body.

(2) The coupling is simplified into an equivalent torsional spring consisting of torsional
stiffness and torsional damping.

(3) Each joint is simplified into a damper consisting of the axial stiffness and axial damping
along the x direction and torsional stiffness and torsional damping around the x direction.

(4) The workbench-guideway joint is simplified into a damper composed of damping and
stiffness along the z direction.

(5) The screw is considered as an elastic body.

(6) Regard the workbench as a centralized mass.

The feed system model can be simplified as Fig. 2.

As shown in Fig. 2, 6 and 6, represent the input angular displacement of the motor shaft
rotating around the x direction and the input angular displacement of the screw beside the motor,
respectively; /,, J;, and J5 stand for the moment of inertia of coupling, the moment of inertia of
motor and the moment of inertia of workbench around the x direction, respectively; ¢,, is the
viscous damping of the motor around the x direction; k; and c; represent torsional stiffness and
the damping of coupling; k,, ks and c,, c5 stand for the axial stiffness and the axial damping of
two screw-bearing joints along the x direction; k3, k¢ and c3, cg represent the torsional stiffness
and the torsional damping of two screw-bearing joints around the x direction; kg and kg, cg and
¢y stand for the axial stiffness along the x direction and the torsional stiffness around the x
direction of the screw-nut joint, the axial damping along the x direction and the torsional damping
around the x direction; k44, k,, and ¢y, ¢;, represent the radial stiffness and the radial damping
of two workbench-guideway joints along the z direction; c; is the axial viscous damping between
workbench and guideway along the x direction; m is the mass of workbench; u(x, t) and v(x, t)
represent the axial vibration displacement along the x direction and the torsional vibration
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displacement around the x direction of the screw, respectively; s(t) and @(t) are the axial
displacement and the torsional displacement of the workbench; L, is length of screw at workbench.

The second kind of Lagrange equation is expressed as:
d(SL) 6L+6D_Q )
at\éq;/ 6q; 6q; '

with L = T — V,where T, and V are kinetic energy, and potential energy. L, D, Q and g; represent
difference between kinetic energy and potential energy, damping energy, generalized force, and
generalized coordinate of the system.

Kinetic energy of the system includes the kinetic energy of the workbench, the axial and the
torsional vibration kinetic energy of the screw, etc., as shown in Eq. (2):

v (0, t)\ 2
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> +2ms +2]3¢

1 ., 1 [0+6,+
T=5h0%+5]

2

3 (00 G e Lon (M50 o
2
h= 6

where J, A, p and d are the polar moment of inertia, the cross-sectional area, the density and the
diameter of screw; b is the length of workbench along the y direction.
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Fig. 2. The simplified model of the feed system

The potential energy of the system includes the deformation energy of the screw and the elastic
potential energy of each joint, as shown in Eq. (3):

1 1 1 1
V = Ekl[gl - 0 + 17(0, t)]z + Ekzuz(o, t) + Ek6v2(L, t) + Eksuz(L, t)

1 1 1 b z
2 k5020, + 2o [$(0) = v OF + 2 Ghsy + ki) (36(0)

2 e 2 @)
+§/GJ0 (av(x, t)) dx + S kgls(6) = 1p() — u(x, ) - 16,(0)]

1 L/ a 2
Loa [ (Lo ax
+ > fo Ep u(x,t)| dx
where G, E, | and L are the modulus of Poisson, Young’s modulus, lead and length of the screw,
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respectively.
The damping energy of the system includes energy consumption of the structural damping of
the screw and damping at joints, as shown in Eq. (4):

bl (, Y du(x,t) . )2 1 (au(O,t))z 1 (6u(L,t))2

=gc(s 1l , ot ! 2202 ot 2652 ot
1 (0v(0,t) 1 /ov(L,t) 1 (b . 1,1 4
+2%( at ) 2%( at ) +2@“+C“)2¢>+2QS+2QM’ )
1 /. w0 N 1
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where c;, is the torsional stiffness of workbench.
The virtual work done by the external force of the system is described as:

fW=@+DM
f = fisign(3) + 123,

where F is the nut preload, which is calculated at 10 % of the maximum dynamic load; f is the
resistance of the workbench; f; and f, are Coulomb friction coefficient and static friction
coefficient of the workbench.

Based on the hypothetical mode method, the torsional vibration displacement and the axial
vibration displacement of the screw can be divided into two functions expressed by displacement
and time [11, 12]:

u(x, t) = Z cos (@) qu(t),

v(x,t) = Z cos (@) q, (),

i=1

)

(6)

=

where q,(t) and q,(t) are the axial independent coordinate and the torsional independent
coordinate of the screw respectively, N = 3.
Solving Egs. (1), (2), and (6), the dynamic equation of the feed system can be obtained as:

M[G;] + Clg;] + Klq;] = F(2), (7

where M, C, and K are the inertia, damping, and stiffness matrices, respectively (see Appendix);
q; is the generalized coordinates; F(t) is the generalized forces.

From the matrix determinant, it can be concluded that the main factors affecting the dynamic
performance of the system are the mass of the workbench, the moment of inertia of the rotating
parts, the stiffness and damping of the components, and the position of the workbench and so on.

3. Experimental verification of dynamic model

The ball screw feed system of high-speed precision CNC lathe (Model CK6136S, Zhejiang
Kaida Machine Tool Group Co., Ltd., China) is selected to verify the reliability of the dynamic
model. The axial dynamic response characteristics of the feed system are tested in experiments.
The dynamic equation of the axial vibration is decoupled and solved by Matlab. The main
simulation parameters of the feed system obtained from measurements and calculations are shown
in Table 1 [13].
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Table 1. Main calculating parameters of feed system

Parameter Value Parameter Value
p/(kgm?) | 7.9x10° ki /(N'm™h 4.2x10°
A /m? 8.1x10* ko, ks / (N'm™") 5.6x10°
L/m 1.5 ks, ke / N'm.rad!) | 6.9x10*
L;/m 0.45 kg / (N-m™) 1.0x107
l/m 6x1073 ko / (N'm.rad™) 5.9x10*
r/m 3.2x102 E / GPa 206
m/kg 136 G / GPa 78.6
J/(kgm? | 1.2x1073 b/m 0.83
Ji/ (kgm?) | 2.1x10% | kyq, ko /(N'm") | 5.5%10°
J, / (kgm?) | 1.3x10*

In order to simplify the analysis, the damping is 0. In the simulation, the motor torque is used
as input and the axial acceleration of workbench is used as output. The spectrum analysis results
are shown in Fig. 3.

The test principle of the experiment is shown in Fig. 4. The vibration test device mainly
contains DH5922N dynamic signal test and analysis system, and DH311 piezoelectric acceleration
sensor and so on. X-axis sensitivity of DH311 sensor is 0.97 pc/m-s, the range is 0-5000 ms and
the frequency response is 0-5 kHz. In the x-axis feed experiment, the spindle of NC lathe is
stationary, the feed displacement is 25 mm, the feed speed is 300 mm/min, and the acceleration is
0.5 g. The axial acceleration signal of the workbench is collected, intercepted in condition
of uniform motion and analyzed in frequency domain.
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Fig. 3. Simulated result of frequency response
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Fig. 4. Testing principle of the experiment table Fig. 5. Spectrum analysis of dynamic
characteristics test

From Fig. 3 and Fig. 5, there are four characteristic frequencies within 0-2 kHz, and they are
basically consistent. The comparison between theoretical and measured characteristic frequencies
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is shown in Table 2. Because of the simplification of geometric model, the error of finite element
calculation and test, there are differences between the theoretical characteristic frequency and the
experimental characteristic frequency. However, the corresponding frequency errors are less than
6 %. Compared with reference [14], although Lagrange equation is used to establish the dynamic
model of feed system, the error is more than 6.3 %. It can be seen that the modeling method can
accurately reflect the dynamic characteristics of the ball screw feed system.

Table 2. Comparison of characteristic frequency

Order i | Simulation results / Hz | Experimental results / Hz | Error o / %
1 47.3 50 5.7
2 476 456 4.2
3 951 980 3.0
4 1419 1467 3.3

4. Vibration characteristic analysis

The parameters are adjusted by integral multiples based on dynamic model as for that the
torsional vibration around the x direction and axial vibration along the x direction of the
workbench have a different influence on machining accuracy. Meanwhile, the influence of the
characteristic parameters on the acceleration range of the coupled torsional and axial vibration of
the workbench is analyzed. In order to make the conclusion more universal, the product
specifications and the calculation method of relevant literature [15, 16] are consulted, and the
initial parameters of the feed system commonly used in the numerical control machine tools for
analysis are determined, as shown in Table 3.

Table 3. Parameter values used in the model

Parameter Value Unit

kq 416666 | N/rad

ky, ks 50000 N/m

k3, k¢ 10 rad/m

kg 6.08x10% | N/m

kg 385 N/rad

ki1, ki | 456x10° | N/m
b 0.25 m

When the workbench position x is a fixed, the workbench is excited by a force. When the
stiffness is increased from the original value to 5 times, the acceleration range of the torsional
vibration of the workbench is shown in Table 4. As the other stiffness increases, it is equal to the
acceleration rang of the axial vibration of the workbench (Table 5). In Table 4 and 5, the rate of
decline indicates the degree of decrease in the acceleration range of the vibration of the workbench
when the parameter is increased from the original value to 5 times.

As shown in Table 4, with the increase in the torsional stiffness of the screw-bearing joint,
coupling, screw-nut joint and the radial stiffness of the workbench-guideway joint, the torsional
vibration acceleration of the workbench is decreased. In addition, the rate of descent in Table 4
indicates that the radial stiffness of the workbench-guideway joint and the torsional stiffness of
the screw-nut joint are the main factors affecting the torsional vibration of the workbench.
However, the torsional stiffness of the bearing affects is least. The reason is that the radial stiffness
of the workbench-guideway joint and the torsional stiffness of the screw-nut joint are quite large,
and the torsional stiffness of the nut in system is strongly coupled. For the torsional stiffness of
the bearing, it is less than other torsional stiffness and the coupling of the bearing is smaller than
the nut. The coupling has a large effect on the torsional vibration of the workbench, which is
relatively small compared with the radial stiffness of the workbench-guideway joint and the
torsional stiffness of screw-nut joint. This is because the coupling that is a direct component of
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the transmitted torsional motion.

As shown in Table 5, with the increase of the axial and torsional stiffness of the screw-nut
joint, the torsional stiffness of the bearing joint and the axial stiffness of the bearing joint, the axial
vibration amplitude of the table decreases gradually.

Table 4. The influence of the stiffness on the acceleration range of the torsional vibration of the workbench

Ac(::(l;;?;i?g_rgn)ge Original | 2 times | 3 times | 4 times | 5times | Rate of decline (%)
ko 7.1167 | 5.7514 | 4.8177 | 4.1394 | 3.6240 49.07
kq1, K12 7.1167 | 3.5592 | 2.3729 | 1.7798 | 1.4239 80.00
ks, ke 7.1167 | 7.0917 | 7.0670 | 7.0427 | 7.0187 1.38
kq 7.1167 | 6.4871 | 5.9598 | 5.5118 | 5.1263 27.97

Table 5. The influence of the stiffness on the acceleration range of the axial vibration of the workbench
Acceleration range
(m/s?)-(E-8)

Original | 2 times | 3 times | 4 times | 5times | Rate of decline (%)

kg 9.4145 | 4.7158 | 3.1458 | 2.3600 | 1.8884 79.94
kg 9.4145 | 9.4076 | 9.4007 | 9.3938 | 9.3870 2.93
ka, ke 9.4145 | 9.4123 | 9.4103 | 9.4084 | 9.4066 0.08
ko, ks 9.4145 | 9.3970 | 9.3864 | 9.3804 | 9.3775 0.04

It can be seen from the decreasing rate of Table 5 that among the factors affecting the axial
vibration of the workbench, the axial stiffness of the screw-nut joint has the greatest influence on
the axial vibration of the workbench, and the descending rate is also largest and is 79.94 %, which
is due to the strong coupling of the axial stiffness of the nut in the system and the direct connection
with the worktable. The torsional stiffness of the screw-bearing joint has the least effect on the
axial vibration of the workbench for three reasons. Firstly, the value of torsional stiffness of the
screw-bearing joint is very small. Second, its coupling is relatively small compared with the nut.
Finally, the coupling is not directly connected to the workbench. Compared the descent rates
Table 4 and Table 5, we can find that, for same joint, the influence of the torsional stiffness on the
axial vibration of workbench is significantly less than the axial stiffness of the axial vibration,
such as the torsional stiffness and the axial stiffness of the screw-bearing joint and the screw-nut
joint.

When the mass is reduced to a certain ratio, the acceleration range of the torsional vibration
and the axial vibration of the workbench are shown in Table 6.

Table 6. The influence of the workbench mass on the acceleration range
of the torsional vibration and the axial vibration of the workbench

Mass Original | 1/2 times | 1/3 times | 1/4 times | 1/5 times | Rate of decline (%)
Torsional
(rad/s?)-(E-13) 7.1167 6.9833 6.8719 6.7712 6.6869 6.09
Axial (m/s?)-(E-8) | 9.4145 9.2437 9.1063 8.9873 8.8790 5.69

Table 6 shows that the torsional vibration and the axial vibration of the workbench are reduced
with the decrease of the mass of the workbench. The reason for this is that, the reduce of the mass
of the workbench making the moment of inertia reduced, as a result, the inertia force is reduced.
Therefore, the vibration decreases.

When the length of the screw increases from 1 m to 2 m, the effect of axial stiffness of the nut
on the acceleration range of the axial vibration of the workbench is shown in Table 7.

As shown in Table 7, as the length of the screw increases, the axial stiffness of the nut will
gradually decrease the axial vibration of the workbench. At the same time, the influence of the
length of the screw on the axial vibration of the workbench is less than the axial stiffness of the
nut thorough analysis.
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Table 7. The influence of the axial stiffness of the nut on the acceleration range
of the axial vibration of the workbench under different screw’s length

Acceleration range . . . . . PN
(m/s?)-(E-8) 1 time | 2times | 3 times | 4 times | 5 times | Rate of decline (%)
Length (1 m) 9.4145 | 4.7158 | 3.1458 | 2.3600 | 1.8884 79.9435
Length (2 m) 9.4464 | 4.7308 | 3.1555 | 2.3673 | 1.8942 79.9416

The influence of the torsional stiffness of the screw-nut joint on the torsional vibration of the
workbench under variable lead is shown in Table 8. In Table 8, rate of decline represents that
under variable lead, when the torsional stiffness of the nut is increased by 5 times from the original
value, the degree of the torsional vibration is reduced by the quantitative acceleration of the
workbench. The increase rate indicates the degree to which the torsional amplitude of the
workbench increases as the lead increases from 0.005 m to 0.01 m under the variable torsional

stiffness of the nut.

Table 8. The influence of the torsional stiffness of the nut on the acceleration range
of the torsional vibration of the workbench under different screw’s lead

(23‘;:21;_ r(e]l:f{(l)g) Itime | 2times | 3times | 4times | 5times | Rate of decline (%)
Max (lead 5 mm) 3.5589 | 2.8763 | 2.4094 | 2.0699 | 1.8120 49.09
Min (lead 5mm) | -3.5578 | —2.8751 | —2.4083 | —2.0695 | —1.8120 49.07
Range (lead Smm) | 7.1167 | 5.7514 | 4.8177 | 4.1394 | 3.6240 49.08
Max (lead 6 mm) 3.5643 | 2.8841 | 2.4186 | 2.0801 1.8227 48.86
Min (lead 6 mm) —-3.5640 | —2.8830 | —2.4180 | —2.0790 | —1.8220 48.87

Range (lead 6 mm) | 7.1278 | 5.7675 | 4.8364 | 4.1591 | 3.6448 48.87
Max (lead 8 mm) 3.5708 | 2.8938 | 2.4301 | 2.0926 | 1.8360 48.58
Min (lead 8 mm) | —3.5704 | —2.8937 | —2.4300 | —2.0924 | —1.8356 48.59

Range (lead 8 mm) | 7.1412 | 5.7875 | 4.8601 | 4.1850 | 3.6716 48.59

Max (lead 10 mm) | 3.5746 | 2.8995 | 2.4369 | 2.1001 1.8439 48.42
Min (lead 10 mm) | —3.5745 | —2.8998 | —2.4372 | —2.1003 | —1.8440 48.41

Range (lead 10 mm) | 7.1491 | 5.7993 | 4.8741 | 4.2004 | 3.6879 48.42
Increase rate (%) 0.455 0.832 1.157 1.473 1.762 /

Table 8 shows that after increasing the lead, the torsional stiffness of the nut will have a
reduced effect on the torsional vibration of the workbench, and conversely, after increasing the
torsional stiffness of the nut, the influence of the lead on the torsional vibration of the workbench
will increase.

20,00

----- 101/s
-------- 20r's
1500 F 301's
Nf 401/s
£0.00 50r's
.
O
=
£5,00
> .2 0.4 0.6 0.8 1
<500
Time/s
-10,00 b

Fig. 6. The influence of the motor speed on the axial vibration of the workbench

When considering that the workbench position x is not fixed, take 8 = wt, where w is the
motor speed. When the motor speed increased from 10 1/s to 50 1/s, the effect of motor speed on
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the acceleration range of the axial vibration of the workbench is shown in Fig. 6. It shows that
with the increase of the motor speed, the axial vibration of the workbench will gradually increase.

5. Conclusions

1. An axial mathematical model of multi-degree-of-freedom coupling torsional and axial
vibration is proposed, which takes into account various factors. The simulation analysis and
experimental verification of the feed system are carried out. The results show that the model has
obvious advantages over the previous dynamic models. The error of characteristic frequency is
the smallest, all less than 5 %, which shows that the model coincidence is good. Based on the
dynamic model, the effects of several factors such as bearing stiffness, nut stiffness and coupling
stiffness on torsional and axial vibration are analyzed quantitatively.

Based on the dynamic model, the effects of several factors such as bearing stiffness, nut
stiffness and coupling stiffness on torsional and axial vibration are analyzed.

2. With the increase of the torsional stiffness of the screw-nut joint, the torsional stiffness of
the screw-bearing joint, the radial stiffness of the workbench-guideway joint and the torsional
stiffness of the coupling, the torsional vibration of the workbench decreases gradually. Among the
four stiffness, the radial stiffness has the greatest influence, the torsional stiffness of the screw-nut
joint is secondary, and the screw-bearing joint has the smallest torsional stiffness.

3. With the increase of the axial stiffness of the screw-nut joint, the axial stiffness of the
screw-bearing joint, and the torsional stiffness of the coupling, the axial vibration of the
workbench decreases gradually. However, the increase of mass, screw length and lead leads to the
increase of axial vibration of the table, and the axial stiffness of the screw-nut joint has the largest
influence.

4. Under the condition of variable lead, with the increase of the torsional stiffness of the
screw-nut joint, the influence of the torsional stiffness on the torsional vibration of the workbench
is decreased. The influence of the lead on the torsional vibration of the workbench will increase
as the lead increases when the torsional stiffness of the screw-nut joint is changed.

5. When considering that the workbench position x is not fixed, as the motor speed increase,
the axial vibration of the workbench increases.
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kg — 12kg +

1¥kg — ko
B(ltkg — ko)

4

(k11 + kqp)b?
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IHkg — ko

Phg + 2ks + ko + k4
B(ko + ?kg) + k;

B(—ky — ITkg)

B(kg + I?kg) + Kk
B(ko + ?kg) + k,

JGm?
K = Z(Pkg — kq) Z(Pkg + ko) + ky + 2k, 2L + B?(I2kg + ko) + kq + 2ks
L ke L ke Blikg
Blykg Blykg Bl kg
Zlikg Zlikg BZl, kg
—Likg —Likg —Bl,kg
0 —k, —k,
Z(—ko — 12kg) L kg Blykg 2l kg —Lkg
Z(ko + Phe) + 2k + kg Likg Blykg Zlikg Lk
BZ(ky + 12kg) + ky Blykg B2,k BZl,kg —Bl kg
Z2(ko + k) + ky + 2ks  ZLikg 7Bl 721, kg —7ZLk
Zliks 2k, + kg Bk Zhg + 2ks —kg
EAm?
BZlkg Bky  2ks+ + B%kg BZksg —Blg
2EAm?
—721,kg Zhg + 2ks —BZkg Z2kg + 2ks + ~Zkg
—Zlkg kg Bk, ~Zkg ke
—ky 0 0 0 0
2
co — licg +%+Ct2 lfcg —co B(=lfcg — c5)
—l2cg—cq —Bcg+cg+2c6+c;  B(l2cg+co) + ¢y +2¢q
B(l?cg — cq) B(l?cg+co)+ ¢ +¢cg B?(lPcg+ co) +¢1 + 26
c= Z(IZcg — cq) Z(Zcg+co) +c1+2cs ZB(lZcg+co) + 1 + 2¢6
lycg licg Blicg
Blicg Blicg B?l,cq
Zlicg Zlicg BZl,cg
—lycg —licg —Blycg
0 —Cq —C
Z(—1?cg — co) licg Blicg  Zlicg —licg 0
Z(2cg +co) + 2¢6 + ¢4 lycg Blicg Zlicg —lycq 1o
BZ(l?cg +co)+c1+cs  Blicg B%licg  BZlicg —Blicg —¢;
Z2(Bcg+cg)+ 1+ 203 Zlcg BZlicg  Z%lcq —Zlhc —q
Zlycg cs+cg cs+Bcg cs+Zcg —cg 0
BZl,cg cs+Bcg ¢, +B%cg c¢s+BZcg —Bcg 0
Z%lcq Zcg+cy, c5+BZcg cs+Z%cg —Zcg 0
—Zlicg —Cg —Bcg —Zcg cs+cg O
—Cy 0 0 0 0 —c1 + Cppd

In matrix C and K, B and Z are, respectively:

B (nd)
= CcosS 2L, )

7= (nd)
= COS L1 .
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