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Abstract. Rayleigh-Ritz method was introduced to analyze the vibration characteristics of 
functionally graded material (FGM) rectangular plate with complex boundary conditions. The 
Improved Fourier series was chosen as the admissible function for its great property to be used 
universally in various boundary conditions. The virtual spring model was adopted to simulate the 
complex boundary conditions. The strain and kinetic energy of the structure and elastic potential 
energy of the border were easily calculated by using relevant formula. Finally, comparing the 
result with the references, the accuracy and convergence can be proved. 
Keywords: FGM plate, Rayleigh-Ritz method, energy method, complex boundary conditions. 

1. Introduction 

In recent years, a rapid development in science and technology nowadays motivated 
researchers to researching new kinds of materials. Being widely used in automotive, ocean 
engineering, aerospace, electronic, and nuclear industries because of its outstanding advantage 
such as good adaptability to temperature gradients or easy to get desired strength and stiffness, 
functionally graded materials (FGMs) are attracting more attention day by day.  

A large number of methods have been used to deal with the vibration problems of FGM plates. 
For numerical method is better at problems of structures with complex geometry, various methods 
were proposed mainly based on the finite element method or meshless methods [1]. J. Yang [2] 

developed a one-dimensional differential quadrature approximation and the Galerkin procedure to 
analyse the free vibration, and the Modal Superposition Method was used to analyze the transient 
response of the plate structure. Relevant numerical methods have been well developed.  

As for analytical methods, T. Y. Ng [3] analyse the effects of FGM materials plate structures 
on the parametric resonance of based on the assumed mode method and Hamilton’s principle. 
J. Woo [4] used an analytical solution to solve the problems of FGM plates for the nonlinear free 
vibration behaviour combining mixed Fourier series and von Karman theory. 
Sh. Hosseini-Hashemi [5] proposed an analytical solutions for vibration problems of FGM plates 
with elastic conditions. The analytical method was applied to the calculation of vibration problem 
of functionally gradient plates well, yet more research is needed as well.  

In this paper, Rayleigh Ritz method was researched for solving the vibration problems of FGM 
plate. The improved Fourier series was chosen as the admissible function so that the traditional 
Rayleigh Ritz method can be used to calculate complex boundaries. Combining the first order 
shear deformation theory, the accuracy can be ensured. A numerical method was introduced to 
calculate the integration so that the efficiency of calculation is greatly improved. Numerical 
examples were given to prove the feasibility for solving the problem. Providing a reliable method 
for actual engineering problems. 
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2. Geometric models and properties of materials 

Set an FGM rectangular plate as an example. The sale is length 𝑎, width 𝑏 and total thickness ℎ. The plate is made from a mixture of two kinds of materials, and the composition is described 
as follows. The formulations are deduced here with the assumption of the linear elastic material 
behavior and small displacements and strains. The material properties varied with plate thickness 
can be expressed as: 𝑋(𝑧) = 𝑋௠𝑉௠(𝑧) + 𝑋௖𝑉௖(𝑧), (1) 

where 𝑋 denotes the effective material property such as density, Young’s modulus etc. 𝑋௠ and 𝑋௖ 
is the properties of the two different materials. 𝑉௠ and 𝑉௖ are the volume fraction of the material 
according to the conditions of: 𝑉௠(𝑧) + 𝑉௖(𝑧) = 1, (2) 𝑉௠ = ൬2𝑧 + ℎ2ℎ ൰௞ ,   (𝑘 ≥ 0). (3) 

In which 𝑘 is the volume fraction exponent. Taking Eqs. (3) into the Eqs. (1), the following 
equation can be obtained:  

𝑋(𝑧) = (𝑋௠ − 𝑋௖) ൬2𝑧 + ℎ2ℎ ൰௞ + 𝑋௖. (4) 

The relation between volume fraction and exponent is shown in Fig. 1 [6]. 

 
Fig. 1. Variation of the volume fraction through the thickness 

3. Theoretical formulations 

In the study, the Rayleigh Ritz method was introduced to solve the problem. Before derived 
the characteristic equation, a suitable admissible functions shall be given through which the 
specific expression of strain energy, kinetic energy and elastic potential energy can be obtained. 

Considering the first order shear theory, suppose admissible functions of the rectangular FGM 
plates can be expressed as: 

𝑤(𝑥, 𝑦) = ෍ ෍ 𝐴௠௡𝜑௠(𝑥)𝜓௡(𝑦)ே௡ୀଵெ௠ୀଵ 𝑒௜ఠ௧, (5a) 𝛽௫(𝑥, 𝑦) = ෍ ෍ 𝐵௠௡𝜑௠(𝑥)𝜓௡(𝑦)ே௡ୀଵெ௠ୀଵ 𝑒௜ఠ௧, (5b) 
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𝛽௬(𝑥, 𝑦) = ෍ ෍ 𝐶௠௡𝜑௠(𝑥)𝜓௡(𝑦)ே௡ୀଵெ௠ୀଵ 𝑒௜ఠ௧. (5c) 

In which 𝑤(𝑥, 𝑦) is the flexural displacement, 𝛽௫(𝑥, 𝑦) is the rotation angle of the normal line 
along the 𝑥𝑧 plane, and 𝛽௬(𝑥, 𝑦) is the rotation angle of the normal line along the 𝑦𝑧 plane, 𝐴௠௡, 𝐵௠௡, 𝐶௠௡ are unknown coefficients, 𝜑௠(𝑥), 𝜓௡(𝑦) are functions related to 𝑥 and 𝑦 respectively, 𝑒௜ఠ௧ is harmonic time factor. The improved Fourier series is selected as the admissible function 
because it can satisfy arbitrary boundary conditions so that the virtual spring model can be 
introduced to simulate various complex boundary conditions, which can be expressed as [7]: 𝜑௠(𝑥) = sin(𝑚𝜋𝑥),   0 < 𝑚 < 5,𝜑௠(𝑥) = cosሾ(𝑚 − 5)𝜋𝑥ሿ,   𝑚 ≥ 5,  (6a) 𝜓௡(𝑦) = sin(𝑛𝜋𝑥),   0 < 𝑛 < 5,𝜓௡(𝑦) = cosሾ(𝑛 − 5)𝜋𝑥ሿ,   𝑛 ≥ 5,  (6b) 

where 𝑚 = 1, 2, 3, …, 𝑀; 𝑛 = 1, 2, 3, …, 𝑁. 
According to the first order shear theory, the strain energy can be expressed as: 

𝑉௣ = 12 𝐷(𝑧) න න ቊቆ∂𝛽௫∂𝑥 + ∂𝛽௬∂𝑦 ቇଶ − 2(1 − 𝜇) ∂𝛽௫∂𝑥 ∂𝛽௬∂𝑦 + 12 (1 − 𝜇) ቆ∂𝛽௫∂𝑦 + ∂𝛽௬∂𝑥 ቇଶቋ௕
଴

௔
଴ 𝑑𝑥𝑑𝑦

+ 12 𝑘଴𝐺ℎ න න ቊ൬𝛽௫ + ∂𝑤∂𝑥 ൰ଶ + ൬𝛽௬ + ∂𝑤∂𝑦 ൰ଶቋ௕
଴

௔
଴ 𝑑𝑥𝑑𝑦. (7)

In which 𝐷(𝑧) = 𝐸(𝑧)ℎଷ/12(1 − 𝜇ଶ) represent the bending stiffness, 𝐸(𝑧)is the Young’s 
modulus varies with the thick. 𝜇 is the Poisson’s ratio, 𝑘଴ = 6/5 represent the shear coefficient, 𝐺(𝑧) = 𝐸(𝑧)/2(1 + 𝜇) is the shear stiffness, ℎ is the thickness. 

The kinetic energy of plate can be given as: 

𝑇 = 12 𝜌(𝑧)ℎ𝜔ଶ න න ൜𝑤ଶ + 112 ℎଶ൫𝛽௫ଶ + 𝛽௬ଶ൯ൠ௕
଴

௔
଴ 𝑑𝑥𝑑𝑦, (8) 

where 𝜌(𝑧) is the mass density and 𝜔 is the angular frequency. 
The virtual spring model is used, and the effect of the boundary conditions on the vibration 

can be transformed into the influence of the elastic potential energy at the boundary to the stiffness 
matrix. Introducing displacement restrained springs and corner restrained springs with adjustable 
stiffness coefficient along the edges shown as Fig. 2. 

 
Fig. 2. Processing of boundary conditions 

Supposing the displacement restrained springs constants and corner restrained springs 
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constants are 𝑘௜௝ (N/m2), 𝐾௬௜௝ (N/rad) and 𝐾௫௜௝ (N/rad) respectively. It is easy to simulate various 
complex boundary conditions by adjusting the stiffness of the two kinds of springs. The simulation 
of classical boundary conditions is shown in Table 1. 

Table 1. Classical boundary conditions corresponding spring values 
 Clamped Simply supported Free 𝑘 (N/m2) ∞ ∞ 0 𝐾 (N/rad) ∞ 0 0 

Then the increased elastic energy at the boundary is:  

𝑉௦ = 12 න ൛ൣ𝑘௫଴𝑤ଶ + 𝐾௫௫଴𝛽௫ଶ + 𝐾௬௫଴𝛽௬ଶ൧௕
଴ ௫ୀ଴ +ൣ𝑘௫௔𝑤ଶ + 𝐾௫௫௔𝛽௫ଶ + 𝐾௬௫௔𝛽௬ଶ൧௫ୀ௔ቅ 𝑑𝑦

     + 12 න ቄቂ𝑘௬଴𝑤ଶ + 𝐾௫௬଴𝛽௫ଶ + 𝐾௬௬଴𝛽௬ଶଶቃ௔
଴ ௬ୀ଴ +ൣ𝑘௬௕𝑤ଶ + 𝐾௫௬௕𝛽௫ଶ + 𝐾௬௬௕𝛽௬ଶ൧௬ୀ௕ቅ 𝑑𝑥. (9) 

The energy functional of the whole structure can be expressed as: ∏ = 𝑉௣ + 𝑉௦ − 𝑇. (10) 

Substituting Eqs. (7), (8), (9) into Eq. (10), and take the total energy for partial derivatives: ∂∏∂𝐴௠௡ = 0,   ∂∏∂𝐵௠௡ = 0,   ∂∏∂𝐶௠௡ = 0. (11) 

Then the vibration problem of the structure is transformed into the problem of solving 
eigenvalues, which can be expressed as follows: (𝐊 − 𝜔ଶ𝐌)𝐗 = 𝟎. (12) 

In which, 𝐊 represent the stiffness matrix, 𝐌 represent the mass matrix of the structure, 𝐗 is 
the unknown coefficient vector. 

4. Numerical analysis 

When calculating, it takes a long time to calculate the integral. In order to improve the 
efficiency, numerical method is introduced. By dividing the plate structure into several small units, 
the calculation of integral is converted into calculating the summation. 

Example 1. The values of truncated number 𝑀, 𝑁 in the admissible function have a great 
influence on the accuracy of the calculation. Square plate with free boundary condition (FFFF) 
was chosen as examples. The parameters of the model are as follows: the length is 𝑎 = 1 m, and 
the thickness is ℎ = 0.1 m. Table 2 compares the frequencies (for ℎ/𝑎 = 0.1) calculated by using 
different number of terms in the series. When 𝑀 = 𝑁 = 12, the natural frequency tends to be a 
constant, which can be considered the method has converged.  

Example 2. The length of the plate is 𝑎 = 1 m. When 𝑘 = 0, 0.5, 1, 4, 10, natural frequencies 
of the square FGM plates with different thickness to length ratios (ℎ/𝑎 = 0.05, and 0.2) are given 
in Table 3. The boundary condition are SSSS. The plates are made of aluminum (Al, 𝐸 = 70 GPa, 𝜌 = 2702 kg/m3, 𝜇 = 0.3) and alumina (Al2O3, 𝐸 = 380 GPa, 𝜌 = 3800 kg/m3, 𝜇 = 0.3). By 
comparing the results with the references, the accuracy of the method can be proved. 

Example 3. Changing the materials, Table 4. shows the results of the square plates with the 
length ratios of ℎ/𝑎 = 0.1 for the Al/ZrO2(ZrO2, 𝐸 =200 GPa, 𝜌 = 5700 kg/m3, 𝜇 = 0.3). Only 
the results for the first four modes are given. At the boundary conditions of SSSS and CFFF, 
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comparing with the reference, the present method is accurate for solving the problems of FGM 
plates.  

Table 2. Nature frequencies of rectangular plates (𝛾 = 𝜔𝑎ଶ/ℎඥ𝜌௠/𝐸௠, Al/Al2O3, (ℎ/𝑎 = 0.1)) 
Mode 𝑀 = 𝑁 = 9 𝑀 = 𝑁 = 10 𝑀 = 𝑁 = 11 𝑀 = 𝑁 = 12 𝑀 = 𝑁 = 13 𝑀 = 𝑁 = 14 

1 2.96 2.95 2.95 2.94 2.94 2.94 
2 4.39 4.39 4.39 4.39 4.39 4.39 
3 5.41 5.41 5.41 5.41 5.41 5.41 
4 7.44 7.43 7.42 7.41 7.41 7.40 

Table 3. Comparison of natural frequencies of FGM plate (𝛾 = 𝜔ℎඥ𝜌௠/𝐸௠, SSSS, Al/Al2O3) 𝛿 = ℎ/𝑎 Reference Gradient index 
0 0.5 1 4 10 

0.05 
Pre. 0.01446 0.01228 0.01107 0.00960 0.00919 

Ref. [5] 0.01480 0.01281 0.01150 0.01013 0.00963 
Ref. [6] 0.01464 0.01241 0.01118 0.00970 0.00931 

0.2 
Pre. 0.19861 0.16994 0.15367 0.13136 0.12430 

Ref. [5] 0.21120 0.18060 0.16500 0.13710 0.13040 
Ref. [6] 0.20550 0.17570 0.15870 0.13560 0.12840 

Table 4. Natural frequencies of FGM plate (𝛾 = 𝜔𝑎ଶ/ℎඥ𝜌௠/𝐸௠, Al/ZrO2, ℎ/𝑎 = 0.1) 
 SSSS CFFF 

Mode – 1 2 3 4 1 2 3 4 
0 Pre. 5.545 13.471 13.471 20.453 1.038 2.439 6.09 7.734 
– Ref. [6] 5.676 13.537 13.537 20.633 1.03 2.391 6.005 7.636 

0.5 Pre. 4.997 12.149 12.149 18.465 0.934 2.197 5.486 6.965 
– Ref. [6] 5.111 12.207 12.207 18.63 0.926 2.153 5.409 6.051 
1 Pre. 4.764 11.58 11.58 17.595 0.891 2.095 5.229 6.639 
– Ref. [6] 4.871 11.633 11.633 17.748 0.883 2.052 5.155 5.76 
2 Pre. 4.592 11.152 11.152 16.923 0.86 2.02 5.042 6.402 
– Ref. [6] 4.698 11.199 11.199 17.063 0.853 1.979 4.968 5.444 

5. Conclusions 

The Rayleigh-Ritz method was introduced to analyze the free vibration characteristic. 
Combined with the first order shear theory, the accuracy can be ensured. Besides, virtual spring 
model was adopted to simulate the complex boundary conditions. Several examples were given, 
comparing the frequencies with the references, good convergence and accuracy can be proved. 
There is a unique advantage that the programming of the method is simple comparing with FEM 
when the parameter of the calculation model changed. What is important is that: the present 
method can be easily combined with other method when analyzing more complicated problems. 
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