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Abstract. Numerous epidemiological studies have shown that operators who use hand-held power
tools are prone to develop hand-arm vibration syndrome. Therefore, it is necessary to reduce the
tool vibrations to protect the worker’s health. This research focuses on the dynamic modeling and
the vibration simulation of orbital sanders which are commonly used in industrial sectors. The
mathematic model with eighteen degrees-of-freedom (DOF) of this machine is established based
upon the Lagrange equation. The experiments are also conducted to test vibrations at the top of
the housing where the operators hold the machine. The simulated results are found in good
coincidence with the experimental results, and the errors between the experimental results and the
simulated values are in acceptable range, which demonstrates the mathematic model in this paper
is accurate.
Keywords: mathematic model, Lagrange equation, orbital sander, housing vibration.
1. Introduction
Exposure to hand-transmitted vibration arising from hand-held power tools for a long time is
more prone to several disorders of the hand and arm, which are collectively termed as hand-arm
vibration syndrome (HAVS). Therefore, it is necessary to decrease tool vibrations to protect the
worker’s health from the HAVS [1, 2]. Goglia et al. [3] obtained the daily exposure time within
the safety limit according to ISO standard. According to several studies [4], some effective
methods were adopted in the tool design process. However, the experiment showed that about
15 % of these tools exceeded the safety limits according to applicable standards [5]. Thus, the
vibration suppression should be significant and urgent to decrease the damage to the operators.
Mazlan and Ripin [6] established a three-degree-of-freedom dynamic model of the orbital sander.
There were also some researches about the vibration reduction of grass trimmer vibration [7, 8].
Furthermore, Rakheja et al. [9] and Yan et al. [10] both provided a hammer dynamic model based
on some simple assumptions.
In this paper, an accurate mathematic model with eighteen degrees-of-freedom (DOF) of
orbital sanders is proposed, which is time-saving compared with the ADAMS model. Furthermore,
the experiment that validates the accuracy of the dynamic model is implemented by testing the
acceleration values at the top of housing, and the stiffness values of the bearings are selected with
minimum errors between the experiment and the simulation results.
2. Mathematic modeling of orbital sander
The hand-held orbital sander machine is shown in Fig. 1. Usually, sanders can be simplified
into three main parts, housing, rotor and pad, respectively, which are connected by bearings and
soft nylon posts. Fig. 2 presents the diagram of a sander which is used in the following mathematic
modelling. From this diagram, the rotor system is supported by three closely deep groove ball
bearings. Two bearings located at position 𝑎 and 𝑏 are used to connect the rotor and the housing.
The third bearing located at position 𝑐 connects the rotor and the pad, and its axis is not coincident
with the rotation axis. In addition, the links between the housing and the pad are provided by four

176

VIBROENGINEERING PROCEDIA. MARCH 2019, VOLUME 22

MATHEMATICAL MODELING AND VIBRATION SIMULATION OF AN ORBITAL SANDER.
LINGJIAN SHI, BEIBEI SUN

soft posts which are located at the position 𝑑 , 𝑒 , 𝑓 and 𝑔 . All the bearings and posts are
characterized by linear stiffness and damping elements in the dynamic model.
As the orbital sander vibrations exist in all six directions, especially the rotor’s vibration, the
effect of cross coupling in 𝑋, 𝑌 and 𝑍 axes should be taken into account. Thus, each part has six
degrees of freedom, and Cardan angle coordinates are used to describe the space motion of the
three orbital sander components. A right hand coordinate system 𝑜-𝑥𝑦𝑧 is adopted to define the
system static coordinate whose origin is in the middle surface of the pad. The 𝑜𝑧 axis of this fixed
coordinate coincides with the axis of rotation, which is presented in Fig. 2. Moreover, the rotating
Cartesian coordinates of these parts are expressed by 𝑜-𝑥 ’𝑦 ’𝑧 ’ whose origins are fixed in the
position of the barycentre of these parts, and the initial axes directions of these body-fixed
coordinates are the same as the space-fixed coordinate. The subscript 𝑖 (𝑖 = 1, 2, 3) of the variables
in this following dynamic modelling represents the different parts of the machine. The letter 𝑖
equaling 1, 2 and 3 shows it represents the housing, the rotor and the pad, respectively. Thus, the
orbital sanding machine system can be modelled by an eighteen degrees-of-freedom (DOF)
dynamical system, including the vibration motions along the 𝑥 axis, 𝑦 axis and 𝑧 axis expressed
by 𝑥 , 𝑦 and 𝑧 and the angular motions of the rotating Cartesian coordinates relatively to the
static coordinate represented by Cardan angles, namely, 𝛼 , 𝛽 and 𝛾 . The masses and the inertial
tensor of these parts relatively to their body-fixed are written with the mass matrix 𝑀
(𝑖 = 1, 2, 3) and 𝐼 (𝑖 = 1, 2, 3) in the following equations.

Fig. 1. Components of orbital sander

Fig. 2. Dynamic model of orbital sander

In order to obtain the system dynamic model based on the Lagrange equation, the system
kinetic energy, potential energy and energy dissipation should be calculated. The total kinetic
energy of the system includes the kinetic energy of the housing 𝑇 , the rotor kinetic energy 𝑇 and
the pad kinetic energy 𝑇 . Because the housing does not have large displacement motion, the linear
velocity vector 𝐫 and the angular velocity vector 𝛚 of the housing can be expressed as Eq. (1).
Generally, the complex kinetic energy of the housing can be decomposed into two simple
components, so the kinetic energy of the housing 𝑇 can be expressed by Eq. (2):
𝐫 = 𝑋 𝑌 𝑍
= 𝑥 𝑦
1
1
𝑇 = 𝐫 𝐌 𝐫 + 𝛚 𝐈 𝛚 .
2
2

𝑧

, 𝛚 = 𝜔

𝜔

𝜔

,

(1)
(2)

Because of the eccentricity of the rotor and the pad, their mass centres are not in the axis of
rotor. Therefore, the large rigid displacement of the rotor centre should be considered when the
kinetic energy is calculated. According to the centre position of the initial time and the centre
trajectory, the total linear displacement and the velocity of the mass centre can be obtained from
the Eqs. (3) and (4), where 𝑒 represents the radius of the trajectory of the rotor centre, and Ω
represents the speed of the rotor:
𝑋 = 𝑥 − 𝑒 1 − cosΩ𝑡 , 𝑌 = 𝑦 + 𝑒 sinΩ𝑡, 𝑍 = 𝑧 ,
𝑋 = 𝑥 − 𝑒 ΩsinΩ𝑡, 𝑌 = 𝑦 + 𝑒 ΩcosΩ𝑡, 𝑍 = 𝑧 .
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Thus, 𝐫 , 𝛚 can be expressed as Eq. (5), and the kinetic energy of the rotor 𝑇 is now
presented as Eq. (6):
𝜔

𝐫 = 𝑋 𝑌 𝑍 , 𝛚 = 𝜔
1
1
𝑇 = 𝐫 𝐌 𝐫 + 𝛚 𝑰 𝛚 .
2
2

𝜔 +Ω ,

(5)
(6)

Besides the rotor, the pad also has the large rigid translational degree of freedom and the centre
of mass moves in a circle. Therefore, the total linear displacement and the velocity of the pad can
be written as Eq. (7), where 𝑒 represents the length from the pad centre to the axis of rotor:
𝑋 = 𝑥 + 𝑒 1 − cosΩ𝑡 , 𝑌 = 𝑦 − 𝑒 sinΩ𝑡, 𝑍 = 𝑧 ,
𝑋 = 𝑥 + 𝑒 ΩsinΩ𝑡, 𝑌 = 𝑦 − 𝑒 ΩcosΩ𝑡, 𝑍 = 𝑧 .

(7)
(8)

However, the pad only contains the translational motion and do not revolve round its own axis
in a large displacement, so 𝐫 , 𝛚 can be expressed as Eq. (9), and the kinetic energy of the pad
𝑇 can be expressed as Eq. (10):
𝜔

𝐫 = 𝑋 𝑌 𝑍 , 𝛚 = 𝜔
1
1
𝑇 = 𝐫 𝐌 𝐫 + 𝛚 𝐈 𝛚 .
2
2

𝜔

,

(9)
(10)

Therefore, the total kinetic energy of the system can be obtained through Eqs. (2), (6) and (10):
𝑇 =𝑇 +𝑇 +𝑇 =

1
2

1
𝐫 𝐌𝐫 + 𝛚 𝐈𝛚
2

.

(11)

The sander system potential energy includes the elastic energy of the post and the contact
energy of the bearings. The stiffness of element 𝑙 (𝑙 = 𝑎 − 𝑔) are expressed by 𝑘 , 𝑘 and 𝑘 in
three directions. The displacement of the point of the part 𝑖 at the stiffness and damping element
𝑙 in the static coordinate system can be expressed as follows:
∆𝐫 = 𝐂 ∙ 𝐩 − 𝐩 + 𝐫 ,

(12)

where 𝐂 represents the transformational matrix of the component 𝑖 from the rotating Cartesian
coordinates to the fixed coordinate. 𝒑 represents the point coordinate of the part 𝑖 at the stiffness
and damping elements 𝑙 (𝑙 = 𝑎 − 𝑔) in the rotating Cartesian coordinates and it is written as
𝑦
𝑧 .
𝒑 = 𝑥
Therefore, the potential energy of elements 𝑙 (𝑙 = 𝑎 − 𝑔) connected the part 𝑖 and part 𝑗 can
be expressed as Eq. (13), where 𝑘 , 𝑘 and 𝑘 are the three components of the stiffness:
1
𝑈 = ∆𝐫 − ∆𝐫
2

𝑘
0
0

0
𝑘
0

0
0
𝑘

∆𝐫 − ∆𝐫 .

(13)

Energy dissipation of the system is caused by the contact damping provided by the bearings
and the material damping arising from the posts between the pad and the housing. The damping
coefficient of the stiffness and damping element 𝑙 (𝑙 = 𝑎 − 𝑔) is expressed by 𝑐 , 𝑐 and 𝑐 in
three directions. The linear velocity of the point where the stiffness and damping element 𝑙 located
of the part 𝑖 in the fixed coordinates system during the free running of the sander machine can be
expressed as Eq. (14):
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∆𝐯 = 𝐯 + 𝛚 ∙ 𝐂 ∙ 𝐩 ,

(14)

where 𝛚 is the antisymmetric matrix of vector 𝛚 , and 𝛚 is the angular velocities of these parts
in the static coordinate. Therefore, the energy dissipation of the element 𝑙 (𝑙 = 𝑎 − 𝑔) between
the part 𝑖 and part 𝑗 can be given by Eq. (15):
1
𝐷 = ∆𝐯 − ∆𝐯
2

𝑐
0
0

0
𝑐
0

0
0
𝑐

∆𝐯 − ∆𝐯 .

(15)

So, the system total potential energy 𝑈 and the total energy dissipation 𝐷 of the system can be
written as Eq. (16):
𝑈=

𝑈 , 𝐷=

𝐷.

(16)

Then, Lagrange method was employed to build the mathematic model of the orbital sanders,
and the Lagrange equation is:
𝜕𝑇 𝜕𝐷 𝜕𝑈
𝑑 𝜕𝑇
−
+
+
= 𝐹,
𝜕𝑞 𝜕𝑞 𝜕𝑞
𝑑𝑡 𝜕𝑞

(17)

where 𝑞 represents the generalized coordinates and 𝐹 is the generalized actuation force:
𝑞 = 𝑥 ,𝑦 ,𝑧 ,𝛼 ,𝛽 ,𝛾 ,𝑥 ,𝑦 ,𝑧 ,𝛼 ,𝛽 ,𝛾 ,𝑥 ,𝑦 ,𝑧 ,𝛼 ,𝛽 ,𝛾 .
In this paper, the machine is considered under the free running condition, so the matrix 𝐹
equals 0. Therefore, with the expression 𝑇, 𝑈 and 𝐷, the vibrations of the sanders can be obtained
through the Lagrange equation and numerical solution methods.
3. Numerical simulation and experiment verification
In the mathematic model, the radial and axial stiffness are calculated as 11 N/mm and
600 N/mm by the finite-element method. In addition, considering the clearance of the bearings in
this machine, the order of value is set as 106 N/m in this research. The damping coefficient is about
200 Ns/m according to the experience. Therefore, the acceleration values of the sander machine
can be obtained through Runge-Kutta methods with Eq. (17). The stiffness values of these bearings
are selected in such a way that the error between the measured accelerations and the simulated
results reaching the minimum value, and the formula of error is presented in Eq. (18):
𝐸=

𝑎

−𝑎
𝑎

+

−𝑎

𝑎
𝑎

+

𝑎

−𝑎
𝑎

.

(18)

and 𝑎
is the experimental values
In this equation, 𝑖 represents the point number. 𝑎 , 𝑎
along three directions. 𝑎 , 𝑎 and 𝑎 is the simulated values along different axes.
In order to validate the accuracy of the mathematic model of the orbital sander, experiments
are carried out by testing acceleration values of the housing. Fig. 3 illustrates the method to
measure the housing accelerations with the orbital sander hanged by a string, and the positions to
test the values marked as point 1# and point 2#. Thus, vibration responses along the 𝑋, 𝑌 and 𝑍
axes at these two positions can be obtained, respectively.
Through the above experiment and the numerical calculation of the dynamic model, the
stiffness of the deep groove ball bearings can be obtained by the optimization methods. The values
ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479, KAUNAS, LITHUANIA
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of these three bearing stiffness are 2.5e6 N/m, 1.4e6 N/m and 2.2e6 N/m, respectively. The
comparisons of frequency domain curve of the accelerations along three directions are shown in
Fig. 4. It clearly shows that the main frequency the vibration signal is the excitation frequency
determined by the rotor speed, and the acceleration value at the fundamental frequency accounts
for the main part of the vibration, which is caused by the unbalanced force. Because of the small
acceleration values of the 𝑧 direction, the errors in frequency domain are the maximum, especially
at the point 1#. However, the error can be acceptable also due to its small values compared with
other directions. In this research, we focus on the optimization of the unbalance to reduce the
housing vibrations. Further, the accurate vibration data are also presented in Fig. 5. In this figure,
𝑎 , 𝑎 and 𝑎 are the root mean square (RMS) of accelerations along the three axes, and 𝑎
(𝑎 = 𝑎 + 𝑎 + 𝑎 ) represents the total value of the vibrations defined in Standard ISO 5349
by synthesizing the accelerations along the three axes (𝑥, 𝑦, 𝑧).

Fig. 3. The experiment to measure the acceleration of the housing

a)

b)
Fig. 4. The frequency domain curve of simulated and experiment: a) point1#, b) point 2#

Fig. 5 illustrates the values of the measured accelerations, the simulated results, and the errors
between them. From this figure, it can be seen that the maximum absolute error of the accelerations
is about 9.1 m/s2, and the errors along y axis are larger than the other directions. Furthermore, the
maximum relative errors of these data are about 20 %. However, the maximum absolute and
relative errors of the total accelerations at the two points expressed by 𝑎 are 3.9 m/s2, 6 % and
2.7 m/s2, 4 %, respectively, which is within acceptable ranges. In fact, the synthetic values are the
most significant data and usually used as the standard of evaluation for the orbital sanders. In
addition, the errors may be caused by some assumptions about the system during the mathematic
modeling and some manufacturing errors, for example, the components which are assumed as
rigid parts in this paper are flexible of the actual machine. Through the above error analysis, it is
clearly that the dynamic model of the sander is accurate enough compared with the experiments.
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Thus, it is possible to quickly predict the vibration values of the housing based on this model and
carry out the following vibration optimization of the sander in this paper.

a)
b)
Fig. 5. The simulated and experimental acceleration of the housing: a) point 1#, b) point 2#

4. Conclusions
This paper focuses on the dynamic modeling and housing vibration simulation of the orbital
sander. A mathematic model of the orbital sander with eighteen degrees-of-freedom (DOF) is
provided in this paper, which clearly represent its dynamic characteristics. The error of the total
accelerations between experiment and simulation which should be most considered is within the
acceptable ranges. Furthermore, in future, studies about the influences of the major parameters to
the system vibrations based on this mathematic model are vital and should be taken into account.
It can improve the basic theoretical research of the dynamic characteristics of the orbital sanders,
which is useful for reducing the hand-held power tools vibrations to protect human health.
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