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Abstract. A dynamical model is proposed in this paper to study the synchronization and stability 
of the secondary isolation system with a dual-motor excitation. After deducing the dynamic 
equations of the system by Lagrange’s equation, the Laplace transform is used to deduce the 
displacement responses of the system when the system operate in steady state. The synchronous 
balance equation and stability condition of the system is derived with average method, and the 
relationship between the coefficient of synchronous ability and the geometric parameters of the 
system is discussed. It can be found that synchronization ability of the system is gradually 
increased with the increase between two motors mounting distance; meanwhile the larger 
difference of the mass between the two unbalanced rotors, the more difficult to implement 
synchronous operation of the system. Moreover, the stable phase difference of the vibrating 
system being as the key determinant to reach synchronization is discussed numerically. The 
research result shows that the synchronous behavior of the system is influenced by rotation 
direction of the rotors, mounting position of two motors, and mass ratios between unbalanced 
rotors and vibrating body. The correctness of theoretical analyses is verified by simulation results 
with Runge-Kutta method. 
Keywords: vibration isolation, stability, synchronization, rotors. 

1. Introduction  

Synchronization phenomena exists in many aspects of life, such as synchronization in 
uncoupled neuron system [1], gears [2] and coupled self-sustained electromechanical devices [3]. 
The phenomenon of synchronization was first discovered by a Dutch physicist Huygens by 
observing two swinging clocks. After that, Signul, Swedish inventor, has applied for the patent of 
simplest self-synchronous vibrating machine in 1950 [4]. In 1960s, professor Blekhman of the 
Soviet Union studied the stability of two synchronously operating exciters by the 
Poincare-Lyapunov method, and gave the definition of synchronization from the point of view of 
kinematics and dynamics [5]. On this basis, professor Wen et al proposed the method of small 
parameter modified average, and solved the synchronization and stability of multiple rotors system 
[6-8]. Sperling presented a two-plane automatic balancing device for equilibration of rigid-rotor 
unbalance, and it not only derives dynamic equations for the considered system, but also gives to 
the discussion of numerical computation findings as well as determines of the synchronous 
stability conditions according to an analytical approximation [9]. Besides, Balthazar gave some 
comments on synchronization in pre-resonance and resonance region between DC motors 
coupling with a flexible strut structure by numerical simulations, and “Sommerfeld effect” of 
self-synchronization of the system was also analyzed by numerical simulations [10]. Li studied 
double synchronous states of two motors with horizontal asymmetric structure, and found that the 
synchronous state can be obtained easily when the system operate in super-resonant state [11]. 
Synchronization condition and synchronous stability of an elastically coupled rotors in vibration 
systems are considered by Fang and Hou et al, it is indicated that the synchronous characteristics 
between rotors are also influenced by stiffness coefficient of coupling springs [12, 13]. Based on 
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active control strategy, Kong implemented ideal synchronization control between the three rotors 
by employing an adaptive sliding mode algorithm [14, 15]. The above scholars discussed the 
synchronization theory and synchronization control theory of rotors in vibration system, but 
theoretical research on the synchronization of rotors in vibrating isolation system is less reported. 

At present, with the wide application of vibrating machines, the adverse impacts in their 
operation process are also gradually appeared. Especially in the synchronous operation for large 
vibrating screens of offshore drilling platform, some vibration forces produced by the unbalanced 
rotors operating are transmitted to supported platforms, which can directly lead to platform 
vibration and generate noise. Meanwhile, some serious accidents are caused such as bolt  
looseness, fatigue failure of the supported platform and even hazardous for mankind's physical 
and mental health. In this context, Li proposed a vibrating machine with a two-stage vibration 
isolation frame and discussed its self-synchronization theory, which found that self-synchronous 
motion is also achieved when the parameters of vibration system simultaneously satisfy the 
condition of self-synchronous motion and the stability condition [16]. Anti-resonance machines 
of a new vibration machinery are proposed by Liu, as well as synchronization and synchronous 
transmission are studied on considering speed of motors, spring coefficients and geometric 
parameters of the system [17, 18]. Besides, Liu concerned self-synchronous motion of a dual-mass 
with two motors vibrating system, and analyzed quantitatively speed of two motors, phase 
difference between two motors and motion of the system in vibrating direction [19]. Therefore, in 
present work, taking dynamical model of the secondary isolation system with a dual-motor 
excitation for example, the synchronous stability will be discussed by the Poincare method, which 
provide theoretical guidance for designing new types of vibrating isolation machines. 

The synchronous characteristics of the secondary isolation system with a dual-motor excitation 
is discussed in the following sections. The simplified model is described by mathematical formula 
in Section 2. The stable approximation solutions of vibrating system are obtained by the Laplace 
transformation method in Section 3. The synchronization equation and stable condition of the 
vibrating system are obtained through Poincare-Lyapunov method in Section 4. The stable phase 
difference is numerically analysis through the theoretical results in Section 5. The results of 
theoretical analysis are verified through computer simulation in Section 6. Finally, the conclusions 
are summarized in Section 7. 

2. Simplified model description 

Fig. 1 shows the dynamic model with a dual-motor excitation in the secondary isolation  
system. The system consists of a rigid vibrating body, a isolation body, springs, unbalanced rotors 
and motors. The two induction motors are directly fixed installed in vibrating body, which is 
connected with the isolation body in the vertical direction and foundation in the horizontal 
direction by the springs (𝑘 , 𝑘 , 𝑘 ) [N/m]. The isolation body is directly connected to the 
foundation by two springs (𝑘 ) [N/m]. Two unbalanced rotors actuated by the motors produce the 
excitation forces to stimulate the motion of the whole system. And the distance between the pivot 
of two motors and the centroid of the vibrating body is 𝑙 [m]. 𝛽  [rad] represents the installed angle 
of motor 1 between 𝑜𝑥 and 𝑜𝑜 , and 𝛽  [rad] represents the installed angle of motor 2 between 𝑜𝑥 
and 𝑜𝑜 . Eccentric distance of the unbalanced rotors is denoted by 𝑟  [m]. The damping 
coefficients of the springs are 𝑓 , 𝑓 , 𝑓  and 𝑓  [N·s/m], respectively. 𝑥, 𝑦 and 𝜓 are displacement 
responses of centroid of the vibration body in 𝑥 -, 𝑦 - and 𝜓 - direction, respectively. 𝑦  is 
displacement response of isolation body in 𝑦 - direction. 𝜑   and 𝜑  are the initial phase of rotor 
1 and 2, respectively. 𝜎 represents the rotation direction of the rotors. The two rotors rotate in the 
same direction when 𝜎 = –1, and the two rotors rotate in the opposite direction when 𝜎 = 1. 

In reference frame 𝑜 𝑥 𝑦 , the center coordinates Φ  and  Φ  of the two unbalanced rotors 
can be separately expressed as: 
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Φ = −𝑙cos𝛽 − 𝑟cos𝜎𝜑𝑙sin𝛽 𝑟sin𝜎𝜑 , (1)Φ = 𝑙cos𝛽 𝑟cos𝜑𝑙sin𝛽 𝑟sin𝜑 . (2)

 

 
a) 

 
b) 

Fig. 1. The model of the secondary isolation system with a dual-motor excitation:  
a) dynamic model, b) the reference frame of system 

In the reference frame 𝑜𝑥𝑦, the center coordinates Φ  (𝑖 = 1, 2) of two rotors can be separately 
written as: Φ = Φ ΓΦ ,     Γ = cos𝜓 sin𝜓−sin𝜓 cos𝜓 ,      Φ = 𝑥𝑦 ,     𝑖  = 1,2. (3)

In this case. The kinetic energy 𝑇 of the vibration system can be obtained by: 

𝑇 = 12𝑚 𝑥 𝑦 12 𝐽 𝜓 12 𝐽 𝜑  12 Φ Φ 12𝑚 𝑦 , (4)

where, 𝐽  is rotational inertia of the vibration body, [Kg∙m2]; 𝐽  and 𝐽  are rotational inertia of 
the two rotors, [Kg∙m2]. 

The potential energy 𝑉 of the vibration system can be described as: 

𝑉 = 12𝑘 𝑥 12 𝑘 𝑦 − 𝑦 12𝑘 𝜓 12𝑘 𝑦 . (5)

The dissipation energy 𝐷 of the whole system can be given by: 

𝐷 = 12𝑓 𝑥 12𝑓 𝑦 − 𝑦 12𝑓 𝜓 12𝑓 𝜑 12𝑓 𝜑 12𝑓 𝑦 . (6)

Finally, dynamic equations of the system can be deduced by Lagrange equation: 𝑑𝑑𝑡 𝜕𝐿𝜕𝑞 − 𝜕𝐿𝜕𝑞 𝜕𝐷𝜕𝑞 = 𝑄 ,     𝐿 = 𝑇 − 𝑉, (7)

where, in the vibration system, the generalized force matrix 𝑄 can be assumed as: 𝑄 𝑄 𝑄 𝑄 𝑄 𝑄 = 0 0 0 𝑀 − 𝑅 𝑀 − 𝑅 0 , (8)
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where, 𝑀  and 𝑀  are the electromagnetic torque of induction motors. 𝑅  and 𝑅  are the 
friction and damping torque of the rotors. 

Substituting Eqs. (4), (5), (6) and (8) into Eq. (7), considering 𝜓 ≪ 1, 𝑚 ≪ 𝑚 , the dynamic 
equations of the system can be obtained as follows: 𝑀𝑥 + 𝑘 𝑥 + 𝑓 𝑥 = −𝜎𝑚 𝑟 𝜑 sin𝜑 + 𝜑 cos𝜑 + 𝑚 𝑟 𝜑 sin𝜑 + 𝜑 cos𝜑 , 𝑀𝑦 + 𝑘 (𝑦 − 𝑦 )  + 𝑓 (𝑦 − 𝑦 ) = 𝑚 𝑟(𝜑 sin𝜑 − 𝜑 cos𝜑 )       +𝑚 𝑟 𝜑 sin𝜑 − 𝜑 cos𝜑 , 𝑚 𝑦 − 𝑓 (𝑦 − 𝑦 ) + 𝑓 𝑦 − 𝑘 (𝑦 − 𝑦 ) + 𝑘 𝑦  = 0, 𝐽 𝜓 + 𝑘 𝜓 + 𝑓 𝜓 = 𝑚 𝑟𝑙[𝜑 sin(𝜑 − 𝜎𝛽 ) − 𝜑 cos(𝜑 − 𝜎𝛽 )]       +𝑚 𝑟𝑙 𝜑 cos(𝜑 − 𝛽 ) − 𝜑 sin(𝜑 − 𝛽 ) , 𝐽 𝜑 = 𝑀 − 𝑅 −𝑚 𝑟(𝜎𝑥sin𝜑 + 𝑦cos𝜑 )       −𝑚 𝑙𝑟[𝜓cos(𝜑 − 𝜎𝛽 ) + 𝜎𝜓 sin(𝜑 − 𝜎𝛽 )], 𝐽 𝜑 = 𝑀 − 𝑅 + 𝑚 𝑟(𝑥sin𝜑 − 𝑦cos𝜑 ) + 𝑚 𝑙𝑟[𝜓cos(𝜑 − 𝛽 ) − 𝜓 sin(𝜑 − 𝛽 )], 

(9)

where, 𝑀 = 𝑚 + 𝑚 + 𝑚 , 𝐽 ≈ 𝑀𝑙 , 𝐽 ≈ 𝑚 𝑟 , 𝑖 = 1,2. 

3. Stable approximation solutions of the system 

In the light of Eq. (9), the vibration equations are coupled in the direction of 𝑦 and 𝑦 . In steady 
state of the system, the displacements of the system are weakly influenced by the angular 
acceleration of the rotors, therefore, acceleration 𝜑  and 𝜑  closed to zero can be ignored. In the 
process, the following parameters are introduced as follows: 𝑓 (𝑡) = 𝜂 𝑟cos𝜑 − 𝜎𝜂 𝑟cos𝜑 , 𝑓 (𝑡) = 𝜂 𝑟 𝑟sin(𝜑 − 𝜎𝛽 )𝑙 − 𝜂 𝑟 𝑟sin(𝜑 − 𝛽 )𝑙 , 𝑓 (𝑡) = 𝜂 𝑟sin𝜑 + 𝜂 𝑟sin𝜑 , 𝜂 = 𝑚𝑀 ,     𝜂 = 𝑚𝑀 ,   𝑟 = 𝑙𝑙 ,    𝜔 = 𝑘𝑀 ,    𝜔 = 𝑘𝐽 . (10)

Submitting Eq. (10) into the first four equations of Eq. (9), the following equations are obtained: 𝑀𝑥 + 𝑘 𝑥 + 𝑓 𝑥 = 𝑀𝜔 𝑓 (𝑡), 𝑀𝜓 + 𝑘 𝜓 + 𝑓 𝜓 = 𝑀𝜔 𝑓 (𝑡), 𝑀𝑦 + 𝑘 (𝑦 − 𝑦 ) + 𝑓 (𝑦 − 𝑦 ) = 𝑀𝜔 𝑓 (𝑡), 𝑚 𝑦 − 𝑓 (𝑦 − 𝑦 ) + 𝑓 𝑦 − 𝑘 (𝑦 − 𝑦 ) + 𝑘 𝑦  = 0. (11)

The first two equations in Eq. (11) is no coupling term, which can be directly obtained by 
solving the second order differential equation. The latter two equations are coupled in directions 𝑦 and 𝑦 , and so the Laplace’s transformation method is employed to solve them under initial 
conditions 𝑦(0) = 0 , 𝑦 (0) = 0 , 𝑦(0) = 0 , 𝑦 (0) = 0 . Therefore, the transfer function of 
relevant formulas can be obtained by  

𝐺 (𝑠) = 𝑌(𝑠)𝐹 (𝑠) = 𝑀𝜔 𝑚 𝑠 + 𝑓 𝑠 + 𝑓 𝑠 + 𝑘 + 𝑘𝐺 , 
𝐺 (𝑠) = 𝑌 (𝑠)𝐹 (𝑠) = 𝑀𝜔 𝑓 𝑠 + 𝑘𝐺 , (12)
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where: 𝐺 = 𝑚 𝑀𝑠 + [𝑚 𝑓 + 𝑀(𝑓 + 𝑓 )]𝑠  + [𝑚 𝑘 + 𝑀(𝑘 + 𝑘 ) + 𝑓 𝑓 ]𝑠        +(𝑓 𝑘 + 𝑓 𝑘 )𝑠 + 𝑘 𝑘 . 
Assuming 𝑠 = 𝑖𝜔 , Eq. (12) can be simplified as: 

𝐺 (𝑖𝜔 ) = 𝑐 + 𝑖𝑑𝑎 + 𝑖𝑏 = 𝜇 𝑒 , 𝐺 (𝑖𝜔 ) = 𝑐 + 𝑖𝑑𝑎 + 𝑖𝑏 = 𝜇 𝑒 , (13)

where: 𝑎 = 1 − 𝑛 1 − 𝑛 − 𝑛 𝜂 𝑛 + 4𝜉 𝜉 𝑛 , 𝑏 = 2𝜉 𝑛 (1 − 𝜂 𝑛 − 𝑛 ) + 2𝜉 𝑛 (1 − 𝑛 ), 𝑐 = 𝑛 + 𝜂 𝑛 − 𝑛 𝑛 ,     𝑐 = 𝜂 𝑛 ,      𝑑 = 2𝜂 𝜉 𝑛 𝑛 ,      𝑑 = 2𝑛 𝑛 𝜂 𝜉 𝑛 + 𝜉 𝑛 , 𝜔 = 𝑘𝑀 ,      𝜂 = 𝑀𝑚 ,     𝜉 = 𝑓2 𝑀𝑘 ,   𝜔 = 𝑘𝑚 ,      
𝑛 = 𝜔𝜔 ,      𝜉 = 𝑓2 𝑚 𝑘 ,       𝑛 = 𝜔𝜔 , 
𝜇 = 𝑐 + 𝑑𝑎 + 𝑏 ,      𝛾 = tg 𝑏𝑐 − 𝑎𝑑𝑎𝑐 + 𝑏𝑑 ,     𝜇 = 𝑐 + 𝑑𝑎 + 𝑏 ,      𝛾 = tg 𝑏𝑐 − 𝑎𝑑𝑎𝑐 + 𝑏𝑑 . 

(14)

In this case, the approximation displacements of the system in steady state can be rewritten as: 𝑥 = 𝑟𝜇 [𝜂 cos(𝜑 − 𝛾 ) − 𝜎𝜂 cos(𝜑 − 𝛾 )], 𝜓 = 𝑟𝜇𝑙 𝜂 𝑟 sin 𝜑 − 𝜎𝛽 − 𝛾 − 𝜂 𝑟 sin 𝜑 − 𝛽 − 𝛾 , 𝑦 = 𝑟𝜇 𝜂 sin 𝜑 − 𝛾 + 𝜂 sin 𝜑 − 𝛾 , 𝑦 = 𝑟𝜇 𝜂 sin 𝜑 − 𝛾 + 𝜂 sin 𝜑 − 𝛾 , (15)

where: 

𝜇 = 𝑛(1 − 𝑛 ) + (2𝜉 𝑛 ) ,      𝛾 = tg 2𝜉 𝑛1 − 𝑛 ,      𝜂 = 𝑚𝑚 , 
𝜇 = 𝑛(1 − 𝑛 ) + (2𝜉 𝑛 ) ,     𝛾 = tg 2𝜉 𝑛1 − 𝑛 ,     𝜂 = 𝑚𝑚 , 
𝜔 = 𝑘𝑀 ,     𝜉 = 𝑓2 𝑀𝑘 ,    𝑛 = 𝜔𝜔 ,     𝜔 = 𝑘𝐽 ,      𝜉 = 𝑓2 𝐽 𝑘 ,      𝑛 = 𝜔𝜔 . 

(16)

In Eqs. (14) and (16), the parameters (𝜇 ,𝜇 ,𝜇 ,𝜇 ) are the coupling coefficient between the 
rotors, the vibration body and the isolation body, respectively. 

The vibration transmission in this paper is described by amplitude ratio in 𝑦and𝑦 direction. 
According to Eqs. (15) and (16), the amplitude of the system is the product of amplitude 
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amplification factor and sine function. Ignoring weakly damped of the system (i.e.  sin 𝜑 − 𝛾 ≈ sin 𝜑 − 𝛾 , 𝑗 = 1, 2), ability of the vibration transmission can be described by: 

𝜌 = 𝑐 + 𝑑𝜂 𝑐 + 𝑑 , (17)

where 𝜌 represents ability of the vibration transmission of the system. 

4. Synchronization and stability of the system 

4.1. Synchronous condition 

The synchronous behavior of the secondary isolation system with a dual-motor excitation can 
be estimated with the Poincare method, and so the phase angle of the rotors can be defined by: 𝜑 = 𝜔 𝑡 + 𝛼 ,    𝜑 = 𝜔 𝑡 + 𝛼 . (18)

Asumming 𝛼 is phase difference between rotor 1 and 2 i.e.: 𝛼 = 𝛼 − 𝛼 . (19)

According to Eq. (15), the two-order derivative of 𝑥, 𝑦 and 𝜓 with respect to time 𝑡 can be 
calculated. Substituting 𝑥, 𝑦 and 𝜓 into the last two formulas of Eq. (9), and then integrating and 
averaging this equation related 𝑡 over period 𝑇, respectively, synchronous indexes 𝑃  and 𝑃 , i.e., 
average load torque of the motors, can be obtained by: 𝑃 = 𝑀 − 𝑅+ 12𝑚 𝑟 𝜔 𝜎𝜇 𝜂 sin(𝛼 − 𝛼 + 𝛾 ) − 𝜇 𝜂 sin𝛾 − 𝜇 𝜂 sin𝛾 − 𝜇 𝜂 𝑟 sin𝛾−𝜇 𝜂 sin (𝛼 − 𝛼 + 𝛾 ) + 𝜇 𝜂 𝑟 sin (𝛼 − 𝛼 + 𝛽 − 𝜎𝛽 + 𝛾 )] , (20)𝑃 = 𝑀 − 𝑅+ 12𝑚 𝑟 𝜔 −𝜇 𝜂 sin𝛾 − 𝜎𝜇 𝜂 sin(𝛼 − 𝛼 − 𝛾 ) + 𝜇 𝜂 sin 𝛼 − 𝛼 − 𝛾−𝜇 𝜂 sin𝛾 − 𝜇 𝜂 𝑟 sin 𝛼 − 𝛼 + 𝛽 − 𝜎𝛽 − 𝛾 − 𝜇 𝑟 𝜂 sin𝛾 , (21)

where, 𝑀 = 𝑀 𝑑𝑡 and 𝑅 = 𝑅 𝑑𝑡, 𝑖 = 1, 2, which represents the electromagnetic 
torque and friction torque in the motor shafts, respectively. 

Eqs. (20) and (21) can be further rearranged as following: 𝑃 = 𝑀 − 𝑅 + 12𝑀𝑟 𝜔 𝜂 𝑊 + 𝑊 sin(𝛼 + 𝜃 ) + 𝑊 cos(𝛼 + 𝜃 ) , (22)𝑃 = 𝑀 − 𝑅 + 12𝑀𝑟 𝜔 𝜂 𝑊 −𝑊 sin(𝛼 + 𝜃 ) + 𝑊 cos(𝛼 + 𝜃 ) , (23)

where: 𝑊 = 𝑎 + 𝑏 ,     𝑊 = 𝑎 + 𝑏 , 
𝜃 = ⎩⎨

⎧arctan 𝑏𝑎 ,       (𝑎 ≥ 0),𝜋 + arctan 𝑏𝑎 ,      (𝑎 < 0),     𝜃 = ⎩⎨
⎧arctan − 𝑏𝑎 ,      (𝑎 ≥ 0),𝜋 + arctan − 𝑏𝑎 ,     (𝑎 < 0), 𝑊 = −𝜇 sin𝛾 − 𝜇 sin𝛾 − 𝜇 𝑟 sin𝛾 , 

(24)
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𝑎 = 𝜎𝜇 𝜂 𝜂 cos𝛾 − 𝜇 𝜂 𝜂 cos𝛾 + 𝜇 𝜂 𝜂 𝑟 cos(𝛽 − 𝜎𝛽 )cos𝛾 , 𝑏 = 𝜇 𝜂 𝜂 𝑟 sin(𝛽 − 𝜎𝛽 )cos𝛾 , 𝑎 = 𝜎𝜇 𝜂 𝜂 sin𝛾 − 𝜇 𝜂 𝜂 sin𝛾 + 𝜇 𝜂 𝜂 𝑟 cos(𝛽 − 𝜎𝛽 )sin𝛾 , 𝑏 = −𝜇 𝜂 𝜂 𝑟 sin(𝛽 − 𝜎𝛽 )sin𝛾 . 
In Eq. (24), 𝑊  and 𝑊  are defined as sine coefficients of lagging phase 𝛾  (𝑖 = 𝑥,𝑦,𝜓), 𝑊  

is defined as cosine coefficients of lagging phase 𝛾 . Therefore, the value of 𝑊  and 𝑊  is far 
smaller than 𝑊  on account of the small value of lagging phase 𝛾 . 

Therefore, the possible synchronous operation between the rotors can be determined according 
to Eqs. (22) and (23), i.e.: (𝑀 + 𝑀 ) − (𝑅 + 𝑅 ) + 12𝑀𝑟 𝜔 (𝜂 + 𝜂 )𝑊 + 𝑀𝑟 𝜔 cos(𝛼 + 𝜃 )𝑊 = 0, (25)(𝑀 −𝑀 ) − (𝑅 − 𝑅 ) + 12𝑀𝑟 𝜔 (𝜂 − 𝜂 )𝑊 = 𝑀𝑟 𝜔 sin(𝛼 + 𝜃 )𝑊 . (26)

When the two rotors operate in synchronous state, Eq. (25) can be applied to find the 
approximation of rated speed 𝜔 of the motors. 𝑀 + 𝑀  is the sum of the electromagnetic torque 
of the two induction motors; the term of 𝑅 + 𝑅  is the sum of the friction torque of the two 
rotors; the other items represent the load torque of the two rotors. Therefore, the equation of the 
vibrating torque between the rotors can be obtained by Eq. (25) when the rotors operate in the 
steady state. And the value of phase difference 𝛼 can be calculated by Eq. (26). Considering 
Eq. (26), the synchronous torque 𝑇  and the difference of residual torque 𝑇  can be 
defined as: 𝑇 = 𝑀𝑟 𝜔 𝑊 , (27)𝑇 = 𝑇 − 𝑇 , (28)

where, 𝑇 = 𝑀 − 𝑅 + 𝑀𝑟 𝜔 𝜂 𝑊 /2, 𝑇 = 𝑀 − 𝑅 + 𝑀𝑟 𝜔 𝜂 𝑊 /2. 
The 𝑇  is the synchronous torque, also known as the frequency capture torque; the 𝑇  is the difference between the motor 1 and 2 of residual torque. The 𝑇  and 𝑇  are the residual torque in motor 1 and 2, respectively. 

Substituting Eqs. (27) and (28) into Eq. (26), the phase difference between the rotors can be 
determined by: 

𝛼 = arcsin𝑇𝑇 − 𝜃 . (29)

According to Eq. (29), the phase difference between the rotors is a function related to the 
parameters 𝑇 , 𝑇  and 𝜃 . 

On the account of |sin (𝛼 + 𝜃 )| ≤ 1 , the synchronous condition of the system can be 
expressed by: 𝑇 ≥ 𝑇 . (30)

In the light of Eq. (30), in order to guarantee the synchronous operation between the two rotors, 
the synchronous torques of the system must be greater than or identical with the absolute value of 
the difference of residual torque between the two motors. 

The coefficient of synchronous ability of the system can be expressed by: 
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𝜍 = 𝑇𝑇 , (31)

where, 𝑇  is maximum of the load torque of the system, i.e., 𝑇 = 𝑀𝑟 𝜔 [(𝜂 + 𝜂 )𝑊 + 2𝑊 ]. 
The smaller coefficient of synchronous ability, the easy to implement of synchronous operation. 
When the system synchronization coefficient is greater than 1, it is difficult to realize synchronous 
motion for the system. In light of Eq. (31), the coefficient of synchronization ability is related to 
load torque 𝑇  and synchronous torque 𝑇 , that are the function of 𝜂 , 𝜂 , 𝑟 , 𝛽  and 𝛽  with 
damping ratio 𝜉  (𝑖 = 𝑥,𝑦,𝜓,𝑦 ). As shown in Fig. 2, the coefficient of synchronous ability 𝜁 is 
gradually increased with the increase of the installation angle |𝛽 − 𝛽 | when the two rotors rotate 
in reverse direction (i.e., 𝜎 = 1). And the coefficient of synchronous ability 𝜁 is the first decreased 
and then stabilized with the increase of 𝑟 , as shown in Fig. 2(a). Therefore, the smaller value of |𝛽 − 𝛽 | and the larger value of 𝑟  are in favor of reversely synchronous operation of the rotors. 
When the two rotors operate in the same direction (i.e., 𝜎 = –1), the coefficient of synchronous 
ability 𝜁 is the first increased and then the decreased with the increase of 𝑟 . And the maximum 
value of the coefficient of synchronous ability is appeared when 𝑟 = 1.4, as shown in Fig. 2(b).  

 
a) 𝜎 = 1 

 
b) 𝜎 = –1 

Fig. 2. Coefficients of the synchronous ability when 𝜂 = 0.02 and 𝜂 = 0.02 

 
a) 𝜎 = 1, |𝛽 − 𝛽 | = 𝜋/6 

 
b) 𝜎 = –1, |𝛽 + 𝛽 | = 𝜋/3 

Fig. 3. Coefficients of the synchronous ability when 𝜂 = 0.02  

However, the fluctuation of the synchronous coefficient is gradually decreased with the 
increase of |𝛽 + 𝛽 |. Therefore, synchronization ability of the system is gradually increased with 
the increase between two motors mounting distance. From Fig. 3(a, b), the coefficient of 
synchronous ability of the system is increased with the increase of the mass ratio 𝜂 . In other 
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words, the larger difference of the mass between the two rotors, the more difficult to implement 
synchronous operation of the system. 

4.2. Synchronous stability 

According to Bleckman’s method [4], the synchronous stability of system can be determined 
by synchronization indexes 𝑃  and 𝑃 , as shown in Eq. (32). It can be seen that the real part root 
of 𝜒 reflects the stability of phase difference between rotors. If the real part of 𝜒 is a negative 
number, the phase difference exists stability solution. If 𝜒 have a real part with a positive root, the 
value of phase difference is unstable. And if any one of roots 𝜒 is equal to zero, the central flow 
theorem can be applied to determine the stability of the synchronization. In light of Eq. (26), the 𝜒 can be obtained as: 

𝜒 = 𝜕(𝑃 − 𝑃 )𝜕𝛼  = −𝑀𝑟 𝜔 cos(𝛼 + 𝜃 )𝑊 . (32)

Therefore, the condition of the synchronous stability can be expressed as: cos(𝛼 + 𝜃 ) > 0. (33)

Considering Eq. (33), phase difference 𝛼 located in region of (−𝜋/2 − 𝜃 ,𝜋/2 − 𝜃 ) is stable. 
When the parameters of the system satisfy the synchronization condition and the synchronization 
stability condition, the synchronous motion of the system can be implemented.  

5. Numerical computations for theoretical analysis 

The stable synchronization behavior of the system can be obtained by Poincare method. 
According to Eqs. (29) and (31), the phase difference is determined by parameters 𝑇 , 𝑇  and 𝜃 , that is the function of frequency ratios 𝑛  (𝑖 = 𝑥,𝑦,𝜓,𝑦 ), damping ratios 𝜉   (𝑖 = 𝑥,𝑦,𝜓,𝑦 ), mass ratios (𝜂 , 𝜂 ), geometrical parameters (𝑙,𝛽 ,𝛽 ) and rotation direction of 
the rotors (𝜎). However, when the damping coefficients are very small, the synchronization state 
of the system is less affected by damping ratio. Meanwhile, the system is a far resonance system, 
and the value of frequency ratios is greater than or equal to 5. Therefore, mass ratios, the rotating 
direction and geometrical parameters are the important parameters to influence behavior of the 
proposed system.  

5.1. Synchronous state for 𝝈 = 1, 𝜼𝟏 = 𝜼𝟐, 𝒏𝒙 = 𝒏𝒚 = 𝒏𝝍 = 𝒏𝒚𝒄 = 5 

When the mass of the unbalanced rotors is identical and the rotors rotate in the opposite 
direction (i.e., 𝜎 = 1), the mass ratios (𝜂 , 𝜂 ) between the rotors and the vibrating body should 
be equivalent (i.e. 𝜂 = 𝜂 ). In addition, because of the type of two motors is the same, the residual 
torque difference between two motors should be zero, i.e., (𝑀 −𝑀 ) − (𝑅 − 𝑅 ) = 0 .  
Thus, Eq. (26) can be simplified as sin(𝛼 + 𝜃 ) = 0. According to Eq. (24), it can be obtained 
that 𝑎 = 𝜇 𝜂 𝜂 𝑟 cos (𝛽 − 𝛽 )cos𝛾  and 𝑏 = 𝜇 𝜂 𝜂 𝑟 sin (𝛽 − 𝛽 )cos𝛾 . Thus, there are 
two solutions for 𝛼 in this situation, i.e., 𝛼 = 𝛽 − 𝛽  or 𝛼 = 𝜋 − 𝛽 + 𝛽 . Considering Eq. (33), 
the stable solution for 𝛼 can be obtained, i.e., 𝛼 = 𝛽 − 𝛽 .  

5.2. Synchronous state for 𝝈 = 1, 𝜼𝟏 ≠ 𝜼𝟐, 𝒏𝒙 = 𝒏𝒚 = 𝒏𝝍 = 𝒏𝒚𝒄 = 5  

Consider the values of the dimensionless parameters in the system to be 𝜎 = 1, 𝜂 ≠ 𝜂 ,  𝑛 = 𝑛 = 𝑛 = 𝑛 = 5.  Because of (𝑀 −𝑀 ) − (𝑅 − 𝑅 ) = 0,  Eq. (26) can be 
simplified as sin(𝛼 + 𝜃 ) = [(𝜂 − 𝜂 )𝑊 /2𝑊 ]. Therefore, stable phase difference α of the 
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system can be obtained by combining with Eq. (31). According to Fig. 4, it is indicated that the 
value of the stable phase difference is gradually increased with the increase of 𝛽 , and decreased 
with the increase of 𝛽 . Comparing Fig. 4 (a) and (b), the value of the stable phase difference is 
weak influenced by the change of mass ratios 𝜂 . Meanwhile, the mounting distance between two 
motors is not influence on the stable phase difference of the system when two motors rotating in 
opposite direction. 

 
a) 𝛽 = 𝜋/6, 𝜂 = 0.02, 𝜂 = 0.03 

 
b) 𝛽 = 𝜋/6, 𝜂 = 0.02, 𝜂 = 0.04 

 
c) 𝛽 = 𝜋/3, 𝜂 = 0.02, 𝜂 = 0.03 

 
d) 𝛽 = 𝜋/3, 𝜂 = 0.02, 𝜂 = 0.04 

Fig. 4. Stable phase difference when 𝜂 ≠ 𝜂  

5.3. Synchronous state for 𝝈 = –1, 𝜼𝟏 = 𝜼𝟐, 𝒏𝒙 = 𝒏𝒚 = 𝒏𝝍 = 𝒏𝒚𝒄 = 5 

Considering the mass of the unbalanced rotors to be identical, Eq. (26) can be simplified as sin(𝛼 + 𝜃 ) = 0. And then considering Eq. (24) and Eq. (31), the stable phase difference can be 
obtained, as shown in Fig. 5. It follows that the stable phase difference is gradually increased with 
the increase of parameter 𝑟 , and decreased with the increase of the installation angles 𝛽 , 𝛽 . As 𝑟 = 𝑙/𝑙 , thus the synchronous state between the rotors is mainly determined by the installation 
position of the motors when the rotors operated in the same direction. 

5.4. Synchronous state for 𝝈 = –1, 𝜼𝟏 ≠ 𝜼𝟐, 𝒏𝒙 = 𝒏𝒚 = 𝒏𝝍 = 𝒏𝒚𝒄 = 5 

Considering the mass of the unbalanced rotors to be different, the mass ratios is different, such 
as 𝜂 = 0.02  and 𝜂 = 0.03  or 0.04. Thus Eq. (26) can be rewritten as  sin(𝛼 + 𝜃 ) = [(𝜂 − 𝜂 )𝑊 /2𝑊 ] under the condition of (𝑀 −𝑀 ) − (𝑅 − 𝑅 ) = 0. In 
this case, the stable phase difference is shown in Fig. 6 as two rotors rotate in the same direction. 
It can be seen that the stable phase difference between the rotors is also influenced by parameters 
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𝑟 , 𝛽  and 𝛽 . The stable phase difference of the system is weak affected by the mass ratios (𝜂 , 𝜂 ) 
of the rotors. And the phase difference between the motors is gradually increased with the increase 
of parameter 𝑟 . Comparing Fig. 6(a) and (c), the phase difference is gradually decreased with the 
increase of the installation angles (𝛽 ,𝛽 ). 

 
a) 𝛽 = 𝜋/6 

 
b) 𝛽 = 𝜋/3 

Fig. 5. Stable phase difference when 𝜂 = 𝜂  

 
a) 𝛽 = 𝜋/6, 𝜂 = 0.02, 𝜂 = 0.03 

 
b) 𝛽 = 𝜋/6, 𝜂 = 0.02, 𝜂 = 0.04 

 
c) 𝛽 = 𝜋/3, 𝜂 = 0.02, 𝜂 = 0.03 

 
d) 𝛽 = 𝜋/3, 𝜂 = 0.02, 𝜂 = 0.04 

Fig. 6. Stable phase difference when 𝜂 ≠ 𝜂  

6. Simulations results 

To further verify the validity of the theoretical analysis, the dynamic characteristics of the 
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system can be determined by Eq. (9) with employing Runge-Kutta method.  

6.1. The dynamic characteristics 𝝈 = 1, 𝜼𝟏 = 𝜼𝟐, 𝒏𝒙 = 𝒏𝒚 = 𝒏𝝍 = 𝒏𝒚𝒄 = 5 

The values of corresponding parameters in the simulation model are 𝑘 =  98596, 𝑘 = 98596, 𝑘 = 98596, 𝑘 = 9860, 𝑓 = 439, 𝑓 = 439, 𝑓 = 439, 𝑓 = 44, 𝜎 = 1, 𝛽 = 𝜋/4, 𝛽 = 𝜋/4, 𝑚 = 2, 𝑚 = 2, 𝑚 = 50, 𝑚 = 100, 𝑟 = 0.05, 𝑙 = 0.3, 𝐽 = 10. The dynamics characteristics 
of the system can be obtained by computer simulations, as shown in Fig. 7. As shown in Fig. 7(a), 
when the motors are supplied with the power source at the same time, the velocities of two motors 
are consistent in the whole operation stage as uniformity of the rotational inertia of the unbalanced 
rotors. According to Fig. 7(b), the phase difference between the rotors is stabilized to zero, which 
is good agreement to theoretical analysis in section 5.1. The displacement responses of the 
vibrating body in 𝑥- 𝑦- and 𝜓- directions are shown in Fig. 7(c, e, f); the displacement response 
of the isolation body in 𝑦 - direction is shown in Fig. 7(d). The displacement response in 𝑥- and 𝜓- directions are zero due to symmetrical installation of two asynchronous motors. Thus, the 
vibrating body only oscillates in 𝑦- direction. Comparing Fig. 7(d) and (e), the amplitude of the 
isolation body is far smaller than the amplitude of the vibration body, so the measure of vibration 
isolation in the system is effective. 

 
a) Velocity of the motors 

 
b) Phase difference between the rotors 

 
c) Displacement response in 𝑥 direction 

 
d) Displacement response in 𝑦  direction 

 
e) Displacement response in 𝑦 direction 

 
f) Displacement response in 𝜓 direction 

Fig. 7. The dynamic characteristics of the system when 𝜂 = 𝜂 , 𝜎 = 1 

6.2. The dynamic characteristics for 𝝈 = 1, 𝜼𝟏 = 0.02, 𝜼𝟐 = 0.03, 𝒏𝒙 = 𝒏𝒚 = 𝒏𝝍 = 𝒏𝒚𝒄 = 5 

The unbalanced rotors with the different mass are reversely driven by two motors. The values 
of the parameters in simulation model are assumed in follows: 𝑘 = 98596 , 𝑘 = 98596 ,  𝑘 = 98596, 𝑘 = 9860, 𝑓 = 439, 𝑓 = 439, 𝑓 = 439, 𝑓 = 44, 𝜎 = 1, 𝛽 = 𝜋/4, 𝛽 = 𝜋/3, 
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𝑚 = 2, 𝑚 = 3, 𝑚 = 50, 𝑚 = 100, 𝑟 = 0.05, 𝑙 = 0.3, 𝐽 = 10. The dynamic characteristics 
of the system can be obtained by computer simulations, as shown in Fig. 8. In the light of Fig. 8(a), 
the velocities of motors are different in initial stage as inconsistency of the rotational inertia of the 
unbalanced rotors, but it will be gradually stabilized at 157 [rad/s]. According to Fig. 8(b), it can 
be seen that the phase difference between the rotors is equal to –0.22 [rad], which is good 
agreement to the theoretical analysis in Fig. 4(c). In this case, the displacement responses of the 
vibrating body in 𝑥- 𝑦- and 𝜓- directions are shown in Fig. 8(c, e, f); the displacement response 
of the isolation body in 𝑦 - direction is shown in Fig. 8(d). Therefore, the vibrating body is 
oscillated in 𝑜𝑥𝑦 plane. And the vibration body is rotated around the x axis due to a moment of 
force produced by two unbalanced rotors, as shown in Fig. 8(f). Compared Fig. 8(d) with Fig. 8(e), 
the amplitude of the isolation body is also far smaller than the amplitude of the vibration body in 
vertical direction, so the measure of vibration isolation in the system is effective. 

 
a) Velocity of the motors 

 
b) Phase difference between the rotors 

 
c) Displacement response in 𝑥 direction 

 
d) Displacement response in 𝑦  direction 

 
e) Displacement response in 𝑦 direction 

 
f) Displacement response in 𝜓 direction 

Fig. 8. The dynamic characteristics of the system when 𝜂 ≠ 𝜂 , 𝜎 = 1 

6.3. The dynamic characteristics for 𝝈 = –1, 𝜼𝟏 = 𝜼𝟐, 𝒏𝒙 = 𝒏𝒚 = 𝒏𝝍 = 𝒏𝒚𝒄 = 5 

The values of corresponding parameters in the simulation model are 𝑘 = 98596, 𝑘 = 98596, 𝑘 = 98596, 𝑘 = 9860, 𝑓 = 439, 𝑓 = 439, 𝑓 = 439, 𝑓 = 44, 𝜎 = –1, 𝛽 = 𝜋/4, 𝛽 = 𝜋/6, 𝑚 = 2, 𝑚 = 2, 𝑚 = 50, 𝑚 = 100, 𝑟 = 0.05, 𝑙 = 0.3, 𝐽 = 10. The dynamics characteristics 
of the system can be obtained by computer simulations, as shown in Fig. 9. The velocities of the 
two motors are consistent in Fig. 9(a) due to the same value of the rotational inertia of two 
unbalanced rotors. The phase difference between the rotors is stabilized at –2.66 [rad] in 
synchronous state, as seen in Fig. 9(b), which is consistent with the theoretical analysis in Fig. 5(a) 
as well. The displacement responses of the vibrating body in 𝑥- 𝑦- and 𝜓- directions are shown in 
Fig. 9(c, e, f); the displacement response of the isolation body in 𝑦 - direction is shown in  
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Fig. 9(d). It can be seen from the simulation results, the vibrating body driven by the motors is 
oscillated in the 𝑜𝑥𝑦 plane, and the vibration body is rotated around the 𝑥 axis due to due to a 
moment of force produced by two unbalanced rotors. Compared Fig. 9(d) with Fig. 9(e), the 
amplitude of the isolation body is also far smaller than the amplitude of the vibration body in 
vertical direction, so the measure of vibration isolation in the system is effective. 

 
a) Velocity of the motors 

 
b) Phase difference between the rotors 

 
c) Displacement response in 𝑥 direction 

 
d) Displacement response in 𝑦  direction 

 
e) Displacement response in 𝑦 direction 

 
f) Displacement response in 𝜓 direction 

Fig. 9. The dynamic characteristics of the system when 𝜂 = 𝜂 , 𝜎 = –1 

6.4. The dynamic characteristics for 𝝈 = –1, 𝜼𝟏 = 0.02, 𝜼𝟐 = 0.03, 𝒏𝒙 = 𝒏𝒚 = 𝒏𝝍 = 𝒏𝒚𝒄 = 5 

The unbalanced rotors with the different mass are respectively driven by two motors, rotating 
in the same direction. At this time, the values of the parameters in simulation model are assumed 
in follows: 𝑘 = 98596, 𝑘 = 98596, 𝑘 = 98596, 𝑘 = 9860, 𝑓 = 439, 𝑓 = 439, 𝑓 = 439, 𝑓 = 44, 𝜎 = –1, 𝛽 = 𝜋/3, 𝛽 = 𝜋/6, 𝑚 = 2, 𝑚 = 3, 𝑚 = 50, 𝑚 = 100, 𝑟 = 0.05, 𝑙 = 0.3, 𝐽 = 10. The dynamics characteristics of the system can be obtained by computer simulations, as 
shown in Fig. 10. In th light of Fig. 10(a), the velocities of two motors are different in the started 
stage, but gradually stabilized at 157 [rad/s]. As shown in Fig. 10 (b), the phase difference between 
two rotors is stabilized to –2.68 [rad], which is fitted well to the theoretical analysis in Fig. 6(a). 
In this case, the displacement responses of the vibrating body in 𝑥- 𝑦- and 𝜓- directions are shown 
in Fig. 10(c, e, f); the displacement response of the isolation body in 𝑦 - direction is shown in 
Fig. 10(d). Thus, the vibrating body driven by the motors is oscillating in the 𝑜𝑥𝑦  plane. 
Compared Fig. 10(d) with Fig. 10(e), the amplitude of the isolation body is less than the amplitude 
of the vibration body in vertical direction, which is indicated that vibration displacement 
transmitting the foundation is weakened by adding a isolation body, thus the vibration isolation 
function of the system is reliable. 
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a) Velocity of the motors 

 
b) Phase difference between the rotors 

 
c) Displacement response in 𝑥 direction 

 
d) Displacement response in 𝑦  direction 

 
e) Displacement response in 𝑦 direction 

 
f) Displacement response in 𝜓 direction 

Fig. 10. The dynamic characteristics of the system when 𝜂 ≠ 𝜂 , 𝜎 = –1 

7. Conclusions 

In this paper, a dynamical model of the secondary isolation system with a dual-motor excitation 
is proposed to discuses the synchronization and stability by Poincare method. According to the 
theoretical derivation and numerical analysis, some conclusions are stressed as the following:  

1) To guarantee the synchronous operation between the two rotors, the synchronous torques 
of the system must be greater than or identical with the absolute value of the difference of residual 
torque between the two motors.  

2) Synchronization ability of the system is gradually increased with the increase between two 
motors mounting distance; meanwhile the larger difference of the mass between the two 
unbalanced rotors, the more difficult to implement synchronous operation of the system. 

3) When phase difference 𝛼 between two rotors is in region of (−𝜋/2 − 𝜃 ,𝜋/2 − 𝜃 ), stable 
condition of the system is realized.  

4) The phase difference between the rotors is influenced by rotation direction (𝜎), installation 
angle (𝛽 ,𝛽 ), the mounting distance between two motors (𝑟 ) and mass ratios (𝜂 , 𝜂 ). When the 
two rotors are rotated in the opposite direction (i.e., 𝜎 = 1), the stable phase difference is only 
determined by installation angles (𝛽 , 𝛽 ) of the motors, and the value of phase difference α is 
equal to installation angle difference (𝛽 − 𝛽 ). When the two rotors are rotated in the same 
direction (i.e., 𝜎 = –1), the value of phase difference α is related to installation angles (𝛽 , 𝛽 ) 
and the mounting distance between two motors (𝑟 ) of the motors. 

The value of the stable phase difference is gradually increased with the increase of the 
mounting distance between two motors (𝑟 ), and decreased with the increase of installation angles 
(𝛽 ,𝛽 ). The stable phase difference is weak affected by the mass ratios (𝜂 , 𝜂 ) when the mass 
difference between the rotors remains small. However, when the mass difference between the 
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rotors is too great, the system is difficult to realize synchronous operation.  
5) According to simulations results, vibration displacement transmitting the foundation is 

weakened by adding an isolation body, thus the vibration isolation function of the system is 
reliable. 
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